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PREFACE 


* ^ * 

When a new editioH- of my “ Text-book of Thermodynamics 
with special reference to Chemistry ” (1913) was called for, it 
seemed desirable that the treatment should be simplified as well as 
brought up to date. Practically every part has been rewritten, 
and in some cases alternative proofs have been given. The 
equations have, as far as possible, been stated in a form capable 
of direct numerical application, and many examples, with answers, 
have been provided. Some trouble has been taken in selecting 
what appeared to be the most accurate values of the constants 
and data given in the text, and many references to the literature 
of the subject, all, with one or two exceptions which proved 
inacCfessible, verified with the originals, are given. The reader 
may in this way quickly turn up the recent (or standard) publica- 
tions in any case where further information is required. A special 
featiure is the inclusion of a good deal of recent work published in 
American journals, because it is particularly the countrymen of 
Willard Gibbs who have in recent years contributed most effec- 
tively to Chemical Thermodynamics. The accurate experiments; 
and the ingenious and original treatment, of the American 
workers on this subject will make all admit gratefully the debt 
which students in other countries owe to them. The examples 
quoted, however, are selected from the work of men of all 
nationalities, and a narrow outlook has been avoided as far as 
possible. The quotations are given in accordance with a list of 
abbreviations provided at Uie end of the book. 

The symbols used are such as seemed most likely to be familiar 
tn chemists, and most of the recommendations of the Internationa] 
Commission for the Unification of Physico-Chemical Symbol^ 
have been adopted. It is to be hoped that the farther labo^ 
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of tliis Commission will result in producing an adequate list of 
physico-chemical sjunbols acceptable by all workers. A list of 
the symbols used is also given at the end of the book. 

With the object of saving space the numbers of the equations 
are given consecutively. Important equations are printed in 
black type. Equations which depend on the assumption of 
ideal gases are numbered in square brackets. Cross references 
are, for the same reason of economy of space, given to numbered 
equations or to paragraphs, the numbers of the latter appearing 
on the inside edges at the tops of the pages. A full index to pages 
is provided. The reader will usually find it helpful to make use 
of the cross references as though they formed part of the text 
where they occur. Repetition of equations would have increased 
the size of the book very materially. 

I wish to acknowledge the valuable assistance I have received 
from my former students, Messrs. G. C. Attfield, B.Sc., and S. K. 
Tweedy, B.Sc. (who is responsible for most of the answers to 
examples), and from my colleague. Professor C. H. Lees, D.Sc., 
F.R.S., who very kindly looked through the proofs and made 
many useful suggestions. Mr. G. J. Wells, A.M.I.C.E.,M.I.Mech.E., 
I must thank for most useful assistance with the new diagrams. 

J. R. PARTINGTON. 

Londok, 

February, 1924 . 
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CHAPTER I 

Specific and 'Latent Heats 

I. True and Mean Specific Heats. — Let a mass m of a given 
material be heated through a small temperature interval 
The Jieat absorbed (taken positive) may be represented by ; 

8Q = me . 80 (1) 

where me is the heat capacity of m, i.e., the amount of heat absorbed 
per 1° rise in temperature under specified conditions {e.g., constant 
volume, or pressure), and c is the specific heat {i.e., the heat capacity 
of unit mass) under the given conditions. 

For a finite rise in temperature from 0^ to the heat absorbed 
is : 


me { 0 . 2 - 0i) 


which gives a definition of c, the mean specific heat over the interval 
of temperature 6^ — 6^ > which is called the trm specific heat 
at the temperature 0, under the given conditions, may depend on 
the temperature, hence the sufiBx : =f{0). 

Ji $2 — di'is infinitesimally small : 

$2-62 = {6 + iBe) - (0 - J 80 ) = B0, 

then, for unit-mass (m = 1), under the specified conditions, 

_ Lim ^Q_dQ 

. aa ~ ja •I®/ 


I The Bysabol $ is used throughout to denote temperature measulied on any 
scale, unless the scale is specified. 


1 
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We see from (2) that ; 




( 4 ) 


hence c is the mean value of Cg over the range $2 — 

n we adopt a graphical representation {x — d,y = Cg) we see 
that is proportional to the heat absorbed, and is repre- 
sented by the area !)• 

If we draw EF horizontal and at 
such a height that : 

area EF^j^i = area 

then^ the ordinate of EF repre- 
sents c. 

2 . Change of Specific Heat with 
Temperature. — We can evaluate 
Jc^d only if we know the depend- 
ence of Cg on 6 , i.e., Cg as a func- 
tion of 6 . C 0 may depend. on other variables besides 0 , e.g., on 
pressure (this is the case with and Cp for actual gases, cf . §§ 31, 
36), or change of composition on heating (§ 89). 

The dependence of Cg on e we can obtain : 

(1) Theoretically , — ^For example : 

(а) From the Kinetic Theory of Gases we know that for a mol M of an 
ideal monatomic gas, such as argon, at constant volume, Mc„ has the value 
2*98 gm. cal., and is independent of temperature. 

(б) From the Quantum Theory (see Chapter XVIII.) difierent forms of the 
function e„ f{0) for a monatomic solid, such as silver, may be found. 



(2) Experimentally . — This is the most usual method, but is diffi- 
cult, since specific heats alter only slightly with temperature over 
moderate intervals. As a first approximation c is usually regarded 
as a constant. From the experimental result that c varies only 
slowly with temperature, we can express its dependence in the 
form of a power series * : 


Cg —f {0) = o -[- b0 c0^ -f- d0^ -f- • • • • (6) 

where a =/ (0) = Cq for ^ = 0, say at the freezing-point of water. 

The unit of heat is defined by equation (2) by making the true 
specific heat of some standard substance equal to unity under 
specified conditions. If (i.) the gram is the unit of mass, (ii.) 02 — 
01 = 16J® C. — 14J® C., and (iii.) water is the standard substance, 


I See H. 111., p. 12s. 
* B. Jtf., p. 171. 
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then Q is defined as the 16® gram-calorie, which we shall adopt 
as the unit of heat, and denote simply by “ cal.” 

A definite interval of temperature, 1, must be chosen, since c 

varies with temperature. At 16® 0. the specific heat of water is 1, but at 
other temperatures, if Q is still measured in 15® calories, the specific heat of 
water will no longer be unity. 

According to the measurements of Rowlands (1880), Bartoli and Stracciati 
(1892), Lti<fin (1896), Callendar and Barnes (1902), and Dieterici (1906), the 
true specific heat of water in terms of the 15® calorie is as follows,^ tempera- 
tures being measured on the hydrogen thermometer : 

e®C. 0 . 6 10 16 20 26 30 

c 1-008 1-006 1 0013 1 0000 0-999 0-998 0-998 

At temperatures higher than 30®, the results of Barnes give : 

37-6® to 66® : 0-99733 + 3-6 x 10-«(d -37-6)* + 10-’ (B -37-6)» 

66® to 100® : 0-99860 + 1-2 x 10-*(d -66) + 2-6 X 10-’ (B -66)*. 

The latest measurements made at the German Eeichsanstalt (Holbom, 
Scheel and Henning, “ Warmetabellen,” 1919) give : 

S® C. 0 6 10 16 20 26 30 

c 1-006 1*0030 1*0013 1*0000 0*9990 0*9983 0*9979 


in excellent agreement with the results given above. 

K ^2 = ^1 = Q/lOO is defined as the mean calorie^ the 

value of which has been variously estimated at 0-03 to 0-2 per cent, larger 
than the 16® calorie ; it may be taken as equal to the latter. The zero 
calorie (0® — 1®) is 1*006 times the 16® calorie.* 

It is usually sufficient in series (6) to take terms up to 6^ only 
(in the accurate equations for the specific heat of water given 
above, terms up to 6^ are included) : 

= a + 60 + C02, 

or, with a more convenient notation, 

= Cq + a0 + (^0 == constant). 


Then Q/m 


rBz 

c/d = (C( 

Si J Bl 


— (^a 


{Cq + d$ 

+ + • (6) 


Put 6^ = 0, 0J, = 6, then : 


Q/m = J ofl* + J W*. 


From (4) when Si 



Differentiate both sides with respect to 0 : 

d {5d)ldd =Cg . 


( 7 ) 


^ Nenut» ** Theoret. Ohem.,” 8-10 aufl., p. 12. 

S Of. Romberg, Proe, Amer, Acad, Arte and 8ci,, 1022, 57, 377, for tho ratio of 
the calorie at 7^ to that at 20*. 
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To find the true spedjio heat from the mean specijio heat over a 
range of 6 reckoned from zero, multiply the mean speeifie heat by 6 
and differentiate with respect to 0. 

Conversely, to find the mean spedfie heat from the true specific 
heat, integrate the latter over the desired range of temperature, and 
divide by the range of temperature. 

3 . The Specific Heats of Gases. — The methods used in the 
determination of the specific heats of gases at moderate tempera- 
tures are described in text-books of physics {e.g., Preston). Usually 
the specific heat at constant pressure (unless otherwise stated, 
1 atmosphere), Cp, is determined, and the value of the specific heat 
at constant volume, c», is calculated from this, either (i.) from the 
value of the difference of the specific heats (cp — c^), which can be cal- 
culated from the characteristic equation of the gas (Chapter VIII.), 
or (ii.) from the value of the ratio of the specific heats Cpjcv = y, 
which may be measured by the cooling of the gas on adiabatic 
expansion (§ 37), or from the velocity of sound in the 
gas (§ 38). 

The direct measurement of c» by Joly’s method, in which the 
weights of steam condensed on a copper globe filled with gas under 
pressure and on a vacuous copper globe, suspended from the two 
arms of a balance, are compared, is very difficult to carry out so 
Ks to give accurate results.^ 

' The specific heats of gases at constant volume at low tempera- 
tures have been measured by Eucken.^ 

The specific heats of gases at high temperatures, at constant 
volume, have been determined by an explosion method.^ A known 
amount of detonating gas ( 2 H 2 -f- O 2 ) is mixed with a known 
amount of an inert gas (e.g., H^, O 2 , A, but not ^ or N 2 ) and 
exploded by an electric spark in a strong steel bomb. The 
heat evolved is allowed to pass into a water bath in which the bomb 
is imme^d,and can be measured. This heat, Q, is primarily 
imparted to the water vapour produced by the explosion and to 
the inert gas. If the temperature immediately after the explosion 
is $ 2 ,, and if is the temperature to which the system is afterwards 
cooled in the water bath, then : 

Q = {fii ~ ^1) -f- m^.fj, 

r P. B. a.. 1886. 41. 362 ; ibid., 1889, 47. 218 ; P. T., 1892, 182. 73 ; ibid., 
1894, 185, 943. 

t B. B., 1912, p. 151. 

I M. Fier, Z. B., 1909, 18^ 636; 1910, 16, 897; Z. p. 0., 1908, 62, 397; N. 
Bjeiram, ibid., 1912, 79. 613. 637 ; W. Siegel, ibid., 1914, 87, 641; of. JeUinek, 
“ Lelub. der physikaliooben Chemie,” toI. 1, pp. 182-190, 1914. 
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a correction being applied for the latent heat of condensation of 
the steam. In this equation, m-y and are the masses of the 
steam and of the inert gas, and c^, Cg, the mean specific heats. It 
is assumed that Cy (or C2) is known. The value of 6 ^ is found 
from the pressure developed in the explosion : 

J’2/;»i = (^2 + 273)/(0i + 273) 

where py is the initial pressure (a correction being applied to for 
the change of volume due to the reaction 2H2 + O2 = 2H2O). 

The determination of the maximum pressure during the 
explosion is a matter of no small difficulty. Older workers ^ had 
made use of a piston confined by a spring, but this moves much 
too slowly, and gives too low values for the maximum pressures. 
Pier used a fairly thin corrugated steel membrane covering a hole 
in the bomb, and reflected a beam of light from a mirror attached 
to the membrane. By registering the reflected beam on a rotating 
drum of sensitive film, he obtained a sharp maximum of pressure 
instead of a rounded peak as in the older observations. Vibra- 
tions of the membrane, and explosion waves, must be avoided. An 
accuracy of about 1 per cent, is claimed, but it is doubtful if this 
was attained. 

By means of such measurements the following values for the true mole; 
oular heats in gm. cal. at constant volume were found (the table includes 
older measurements by Begnault, Wiedemann and Strecker ; it was compiled 
by Nemst,* and takes no account of small differences exhibited by gasei 
such as N 2 and O 2 , SO 2 and CO 2 ) : 



0® 

100° 

300° 

500° 

1200° 

2000° 

A . . . . 

2-98 

2-98 

2-98 

2-98 

3*0 

3*0 

I . . . . 

— 

— 

— 


3*0 

3*0 

N 2 , 0„ HCl, CO . 

4-90 

4-93 

617 

6-35 

6*76 

6*22 

H, . . . . 

4-76 

4*78 

602 

6-20 

6*6 

6*0 

CI 2 . 

6-86 

5-88 

612 

6-30 

6*9 * 

. 7.4 

H,0 

5*93 

6-97 

6-46 

6*96 

8*6 

12a 

co„so, . 

6-80 

7-43 

8*63 

9*43 

11*1 

11*6 

NH, . 

6-62 

6-82 

7-41 

8*62 



(C2H.)20 . 

c. 32 

32*6 

41-6 

— 

— 


Air * . 

4-96 

4-99 

6-02 

6*13 




1 For a summary of the older work, see Haber’s “ Thermodynamios of Teclblilal 

Qas Beaetions,” transl,, 1908, ch. 6 . '' 

2 P. Z., 1912, 18, 1064; of. Z. B., 1911, 17, 272; of. Partington, P. 8., 1922, 
17, 734. 

* Partington and Shilling, F. 8., 1923, 18, 386 ; Bngint»ing, 1923, 
Jan. 19th, p. 82; Dixon, Campbell and Parker, P. B, 8,, 1920, 100 , 1 . 
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Except in the case of monatomic gases (and even in this case 
there may be a slight increase at very high temperatures, and in 
the case of helium perhaps a slight decrease below 2‘98 at very low 
temperatures),^ the specific heat in all cases increases with rise of 
temperature, the increase being more rapid the more complicated 
the molecule of the gas. The significance of this will be con- 
sidered later (see § 127). 

4 . The Specific Heats of Solids. — The methods used in the 
determination of the specific heats of solids at moderate tempera- 
tures are described in text-books on heat (e.g., Preston’s). The 
specific heats of solids at very low temperatures are of importance in 
connection with the Quantum Theory, and a brief account of the 
methods used may be given here.® 

The copper calorimeter consists of a weighed block of copper 
placed inside a Dewar tube. There is a hole bored in the block, 
and a thermocouple is also inserted in the block, in good contact 
with it. A known mass of the substance, at a known temperature, 
is dropped into the cavity of the block, the latter having first been 
cooled to a known temperature by immersion in liquid air. The 
rise in temperature is measured by the thermocouple, and the 
mean specific heat of the substance calculated in the usual way. 

In the vacuum calorimeter, a block of the substance itself, or a 
small silver vessel containing the substance, is furnished with a 
heating coil of platinum, carrying an electric current. The 
resistance of this coil at the same time gives a measure of the 
temperature. The block is hung by fine wires inside a glass 
vessel which is exhausted to as low a vacuum as possible, to 
eliminate loss of heat by conduction or convection. Loss by 
radiation is negligible at very low temperatures. The material is 
first cooled to a low temperature by immersing the apparatus in 
liquid air or liquid hydrogen, a little hydrogen being left in the 
gl^ vessel to conduct away the heat until the required low 
temperature is reached, when as good a vacuum as possible is' 
established. By the addition of successive small quantities of 
heat, and measurement of the resulting rises in temperature, the 

1 Cf. Partington* F, 8„ 1922, 17, 734. 

8 For details see Simon, A, P., 1922, 68, 241 ; Nernst, A. P., 1911, 86, 395; 
“ Theory of the S<^d Stote,** London, 1914 ; ** Die Qrundlagen des nenen 
W&rmesatzes,” 1918; Ti<4irl>. <1. physik. Chem.,’* Tol. 2, pp. 483-609; 

Arndt, ** Handbnoh der pliyf-ikalisrh-rlioRiisrhon Teohni^'* 1916, pp. 463-466; 
Lewis, ** A System of Physical Chemistry,” 1921, vol. 3 ; Harper, 8ci, Paper Bur. 
Stand., Washington, 1915, No. 231 ; K. Onnei and Keesom, Communicatione of 
Leyden Lah., No. 143 (1914), and A. A., 1916, 18 » 1247, and later papers ; Griffiths. 
P. T., 1913, Sj^ 119; 1914, 814 , 319. 
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true specific heats over a wide range of temperatures c»n be f oimd. 
At very low temperatures, a resistance thermometer of lead 
instead of platinum is used. 

The very remarkable result of these measiirements was the great 
drop in the specific heats of solids at very low temperatures, which 
had previously been established by experiments of Dewar. This 
is evident from the curves in Fig. 2, giving the atomic heat = 
specific heat X atomic weight, as a function of absolute tempera- 
ture. Its will be discussed later (§ 130) in connection 

with the Quantum Theory. According to Eicharz an allotropic 



Fr<m ParlingU>n*t ** Inorganic Chemistry^** by permUHon of 
Messrs, MacmiUan, 

form with the higher specific heat has the smaller density, but 
this does not appear to hold for tin.^ 

5. Latent Heats. — In some cases the definition of Q by 
equation (2) fails, since Q is finite whilst $2 — 0i is zero. Heat 
absorbed by a body at constant temperature is called htera heat. 
In such cases, e.g., in the liquefaction of ice at 0*’ C., the heat 
absorbed by the system must be measured by the fall in tempera- 
ture of some other system supplying the heat {e.g., hot water), or 
by the energy equivalent of heat supplied by an electric current 
passing through a resistance coil. 

1 Wigand, Z. S., 1014, 20, 38; specific bests si fwy high (smperafurss, White, 
A. 1919, 47, 44 ; Latimer, J. A. C. S., 1022, 44, 2130. Worthing dees the 
following values for the atomic heats of tni^ten and carbon at high tempera- 
tures : tungsten, at 027° 0., 6-25 ; at 2127° C., 7'3S ; carbon, at 027* 0.,.6-86, 
and at 1727* 0., O'OO (F„ 1018, 180, 707). This shows that atomic heats einieed 
the value 3B at high temperatures. Sm also Magnus,' A, 1010, 48, 983. ■ 
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There are two important latent heats, corresponding with the 
changes of physical state of unit mass of a pure substance at a 
definite temperature, usually the melting or boiling point under 
1 atm. pressure, viz., the latent hecU effusion^ denoted by L/, and 
the latent heat of evaporation^ denoted by L^. The methods of 
determining these will be found in the text-books on heat ; only 
oiie method for determining the latent heat of fusion will be 
described, which differs from previous methods in that it does not 
necessitate a knowledge of the specific heats of the solid and 
liquid.^ 

To a weighed amount of the substance, contained in a calorimeter, a 
known amount of heat is supplied by an electrical resistance coil immersed 
in the substance, which is initially at the melting point, but is wholly solid. 
This condition is ensured by immersing the calorimeter in a bath of fused 
substance containing some solid. The temperatures of the bath and calori- 
meter are always equal, so that no heat transfer occurs. When the tempera- 
ture in the beaker on heating with the coil just begins to rise, all the solid is 
fused, and if C is the (constant) current in amperes, R the resistance of the 
coil in ohms, and t the time in seconds during which heat is supplied : 

Ly = C2Rf/4-2 m gm. cal., 
where m is the mass of the substance. 


EXAMPLES I. 

1. Find the mean specific heat of iron over the range of temperature 
100® C. — 200° C. if the true specific heat is (Pionchon) o = 0*11012 + 
0*0000506 e + 0-0J64 e*, which holds from 0° C. 660° C. 

2. The mean specific heat of copper is 0*0939 -f 0*00001778 0 between 16° 
and its melting point. Find the total heat which would be given out when 
1 kilogram of melted copper is cooled from its melting point, 1066°, to 16°. 
The latent heat of fusion is 43 cals, per gram. 

3. According to Magnus (1916) the heat evolved when 1 gm. of platinum 
cools from T to To is 

Q = 0*031590 (T - To) + 2*9234 x 10-« (T* - To*). 

Find an expression for the mean specific heat of platinum, c, between the 
temperatures T^ and T. Find also an expression lor the true specific heat 
at temperature T and calculate its value at 30° C. (T is temperature in 
degrees absolute ; T = 0° C. + 273.) 

4. Assuming 0^ (true) for Hj to be 6*60 + 0*0009 T, find the heat absorbed 
when 60 gm. of are heated from 0° 0. to 600° C. 

6. If the mean specific heat of carbon dioxide is (Holbom and Austin) 
Cp = 0*2028 + 0*04692 0 —0*07167 6*, find the true specific heat at 600° 0., 
and obtain a formula for the true molecular heat in terms of absolute tempera.^ 
ture (T * 6 -f 273). 

1 K. Stratton and J. R. Partington, P, M,, 1922, 42, 436. For other values 
of ^see table in § 135. Latent heats of gases at low temperatures, see Euoken, 
B. A, 1916, 18, 4 ; Mortimer, J. A. 0. 8., 1922. 44 , U16. 
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6. Nacoari (1887) gives the following expressions for the true speoifio heats 
of some metals at a temperature t^ 0 : 

Cu . . . 0 = 0-092 + 0-042126 1. 

Pb . . . c = 0-0297 + O-O4I358 1. 

Zn . . . c = 0-0907 + O O4444O t. 

Cd . . . 0 == 0-0546 + O O42367 t. 

Calculate in each case the mean specific heat over the range 0® — 100® C. 

7. Find the heat absorbed on heating 100 grams of CO2 from 16® %o 
1000® 0. at constant volume if the true molecular heat at constant vdLume 
is = 6-60 + 0-00193 $. 

8. The true specific heats per 1 gram for COj at constant pressure 
(Wiedemann) are : 

0 ® 100 ® 200 ® 

0-1952 ... 0-2169 ... 0-2387 

Find a formula for the true molecular heat from 0® to 200® C., the mean 
molecular heat between 100® and 200® absolute, and the total heat given out 
on cooling 1 mol from 200° to 0® C. 

9. Op for water vapour up to 2000® C. is 8-81 — 1-9 . 10~* T + 2-22 . 
10-6T2. Find the mean molecular heat between 100® and 1000® 0. 

10. Holborn and Henning (1906) give for the mean Cp of steam in terms 
of that of air as unity, the following values : 

110®~-270®C., 1-940; 110®~-440® 0., 1-968 ; 110®— 620® C., 1-946 ; 110®— 
820® C., 1-998. Assume the value Cp = 0-2365 (1 + O-O440) for air and find 
an equation for the mean Cp for steam and the true specific heat at 360®. 

11. Holbom and Jacob ^ find the specific heat of air at 69® under p 
atm. pressure (1 — 200 atm.) as : 10* Cp = 2413 + 2-86 p + 0-0j6 p* — 
O-O4I p*. Find the value of {dCp ldp)T^ at 100 atm. 

12. A flue gas leaving a chimney at 230® C. had the composition by 
volume COa 8%, CO 4%, Oa 8%, Nj 80%. Find the heat carried away by 
the gas per c6. m., referred to the standard temperature 15® C., assuming 
the data given in (8) and Cp (Og, Ng, CO) = 6-60 -f- 0-001 T. 

13. A mixture of excess chlorine and hydrogen was e^loded in a Pier 
bomb. The initial temperature of the mixed gases was 0® C. and the partial 
pressure of the Clg is 0-666 atm. The maximum pressure registered on 
explosion was 3-74 atm. Calculate 0,, for Cla if only 1 mol of HCl is formed, 
given that Q for HCl is 22,000 cals, (evolved) and that for HCl = 4-900 + 
0-00046 e. 

14. The true specific heat of aluminium is given by the formula 0 = 0-2116 
+ 0-00009607 e (d° C.). A1 melts at 668-6® C. and its latent heat of fusion 
is 61 cals, per gram. Calculate the heat required to fuse 600 gms. A1 from 
26® C. 

16. The mean molecular heat at constant pressure of water vapour at any 
temperature may be taken from the formula ; Qp == 6-8 + 0-0029 $• Find 
Cp between 100® and 200® ; also the amount of heat given out by 1 mol of 
water vapour in cooling from 200® to liquid water at 0® at constant pressure 
if L4 = 537 gm. cal. per gm. ; Cp (liquid fropa 0® to 100®) ==* 1-0. 


1 B. 1914, 213, 



CHAPTER II 


The First Law of Thermodynamics 

6. The Mechanical Equivalent of Heat. — It is a matter of 
observation that work expended against friction is converted into 
heat. If a measured amount of work A is expended in stirring 
water, the quantity Of heat Q produced is found from the rise in 
temperature of the water. The ratio A/Q is called the mechanical 
equivalent of heat, denoted by J. 

The value of J depends upon the units in which A and Q are 
measured. If we take the erg ^ as the unit of work, and the 16° 
calorie as the unit of heai, the mechanical equivalent of heat is the 
number of ergs of work which must be completely expended in 
stirring water such that the temperature of 1 gram of water is 
raised from 14^° C. to 15|° C. It is found that J = 4*1842 X 10’ 
ergs.^ 

In other units, the value of J is, of course, different. Thus, if 
Q is measured in gram calories and A in gram-centimetres, 
J = 42,670. The value of J is known with an accuracy probably 
not greater than 1 part in 1000. 

J. P. Joule in 1843 made the important discovery that the 
value of J was independent of the method in which work is con- 
verted into heat, and depends solely Qn*the units of heat and 
work. If A units of work are converted completely into heat, and 
Q units of heat are produced, then : 

A = JQ (8) 

where J is a constant, the mechanical equivalent of heat. With 
suitable units for A and Q, we can make J = 1, and in that case : 

A = Q (8a) 

1 The erg is the work done by a force oi 1 dyne moving its point of application 

through 1 cm. The dyne, or C.G.S. unit of force, is that force which imparts to 
a mass of 1 gram an acceleration of 1 cm. per see, per sec. The dimeneions of 
force and energy are [rnsf^j and [ms2t-^], respectively, where m -• mass, 
s «» length, t -• time. * 

2 Physikalisch-technische Eeichsanstalt Warmetabellen,*’ 1019; mean of 
previous results is J •• 4*186 x 10^ ergs per 16*’ cal. Cf. Winkelmann* 
^Physik,” m., 637 ff,; A. W* Smith, P. B., im, 88, 173. 

10 



7 THE FIRST LAW OF THERMODYNAMI^ 11 

It is convenient to adopt work units (ergs) as fundamental, and 
in that case quantities of heat are measured in work units when 
equation (8a) is used. Unless otherwise stated quantities of heat 
will be assumed in future to be measured in work units, and care 
must be taken in using the equations that the physical magnitudes 
are expressed in corresponding units. 

The experiments of Joule were begun in 1840^; the first series was 
pubUshed in 1843,* giving J = 459-62 gm. m. per cal. The second series, 
also in 1843, corrected in 1845,* gave 424*6. The third series, comprising the 
well-known water-stirring experiments, was made, and the results published, 
between 1845 and 1849 * ; the result was 424*3. In 1844 ® he measured the 
heat of compression of a gas, finding 436*1 ; in the same year the cold 
produced by expansion gave 448*2. These were not considered accurate. 
The electric calorimeter method was published in 1867,® giving J = 4*167 
X 10’ ergs per 15® cal. The last series of experiments, on water stirring, 
which gave 4*171 x 10’, was made in 1878.’ When Nemst * speaks of “ the 
fundamental researches of Joule (1850),’* after mentioning Mayer • (1842) 
and Helmholtz (1847), it appears as though he has not quite done justice 
to the former. Neither Mayer nor Helmholtz made any experiments. 
Mayer’s claims have repeatedly been urged. Lippmann^* repeats the 
mistake of Bertrand.^* 

7, Energy. — The simplest interpretation of Joule’s results is 
to assume that heat and work are merely difierent forms of some 
physically real entity called energy {jq ivepyeia),^^ which is con- 

1 P. T., 1850, 140, 63. 

2 P, M„ 1843, 28, 263, 347, 435, “On the Calorific Effects of Magneto- 
Electricity and on the Mechanical Value of Heat.” The numerical values are 
recalculated by Qraetz, Winkelmann’s “ Physik,’* III., 540 ff. 

5 P. Jf., 1846, 27, 206, “ On the Existence of an Equivalent Relation between 
Heat and the Ordinary Forms of Mechanical Power.” 

♦ P. M,, 1846, 27, 206. “ On the Existence of an Equivalent Relation between 
Heat and the ordinary Forms of Mechanical Power ” ; ibid., 1847, 81, 173, “ On 
the Mechanical Equivalent of Heat as determined by the Ifeat evolved by the 
Friction of Fluids”; 0, JR., 1847, 25, 309; P. T., 1860, 140, 61, “On the 
Meohanieal Equivalent of Heat.” 

6 P. M., 1846, 26, 369, “ On Changes of Temperature produced by the Rare- 
faction and Condensation of iir.” 

6 B. A., 1867, i.. 612. 

7 P. T., 1878, 168, 366. 

• “ Theoret. Chem.,” 8-10 Aufi., 1921, p. 11. 

2 A,, 1842, 42, 233 : The “ law ” was obtained as follows : “ Krafte sind 

Ursachen, mitbin findet auf dicselbe voile Anwendung der Qrundsatz ; eausa 
cBquat effectum. Hat die Qrsaohe c die Wirkung e, so ist c e.” 8ee the confused 
i deas on pp. 236, 238, 239 of Mayer’s paper. 

10 Helmholtz, “ Ober die Emaltung der Kraft,” Berlin, 1847 ; Ostw. Klass., 
No. 1. 

11 gee es^cially Tyndall, P. if., 1864, 28, 26. In a MS. note to his copy of 
this paper, in my possession, Tyndall adds : **It might have been well had the 
blood run less warmly through these pages. * J. T.” 

12 “Abhandl. und Vortrige,” 1906, i, 661 ; see, however, Chem. Z., 1923, 47, 807. 

1« Cf. § 19. ^ 

14 The result 6f the theory of relaHvity that the energy U has a mass m given 
by the equation U « mc2, where c is the velocity of light, prevents our saying 
that “ energy is immateriaL” See Cunningham, “ Relativity and the Slewmir 
Theory,” 1921, p. 80. ^ 
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served in all transformations between the two forms. This is 
rendered probable by the fact that there are other entities besides 
work which can be converted into heat in accordance with equa- 
tion (8). It is convenient to measure ultimately all forms of 
energy in work units, say in ergs, and energy may be defined as 
work or anything which is produced from, or can be converted into, 
work. The following forms of energy have been recognised : 
potential energy and kinetic energy of mechanical systems ; heat ; 
radiation ; chemical energy ; atomic or radioactive energy ; 
electrical energy ; magnetic energy ; surface energy. 

Chemical energy is energy a system possesses which is capable of 
liberation as heat (or some other form of energy), as a result of 
chemical changes which the system may undergo. 

We have no means of mcasnriflg the absolute amount of energy 
associated with a system, but only the changes of energy when the 
system undergoes changes of state. 

With the metaphysical significance of energy we are not con- 
cerned : the definitions have been framed so as to avoid it as far 
as possible. 

8. The First Law of Thermod 3 rnamics. — The truth of the 
following statement is assumed : 

It is impossible to construct a rnachirie which shall produce no other 
effects than the generation or destruction of mechanical work, or any- 
thing equivalent to mechanical work, i,e., of any form of energy, 

A machine which would produce or destroy ^ unlimited quanti- 
ties of work without producing any other changes would consti- 
tute a perpetual motion. As a result of the failure of numerous 
attempts in former years to construct such a machine we may 
assert that the above statement has been arrived at by experi- 
ment. It is called the First Law of Thermodynamics. 

Before Joule’s experiments, begun in 1840, heat was generally regarded 
as an imponderable material substance, and called calonc.^ Many sugges- 
tions had been made, however, that it was really a “ form of motion,” ® t.c., 
the same in essence as kinetic ener^. Experiments of Rumford in 1798,^ 
and of Davy ® in 1799, had shown that heat could be produced in unlimited 

1 Spurlos versenken.” 

2 On earlier theories of heat see Boerhaave, ” Elementa Chemiae,” Leyden, 
1732, Vol. I., pp. 126 ff. ; Black, ** Lectures on the Elements of Chemistry,*’ 
Edinburgh, 1803, Vol. I., pp. 30 ff., 117, 167. Also Scheele, “ On Air and Fire,** 
Eng. tr., 1780. The name caloric is due to Lavoisier, ** Elements of Chemistry,** 
tr. 1798, p. 63. 

i First by Lord Bacon in Novum Organum, Eng. tr. of Works, London, 1901, 
vol. 4, p. 164. 

4 P.J*., 1798,88,180. 

8 ** Sioav on Heat an^Light,” Works, vol. 2, p. 11^ 
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amounts by Motion* and the value of J calculated from Kumford’s ezperi- 
ments differs by oidy about 10 per cent, from the accepted value. The 
particular form of the dynamical theory of heat which identifies the eneiOT 
of a gas with the kinetic energy of its molecules was foreshadowed by 
Bernoulli.^ 

Although the failure of perpetual motion apparatus to prodiice ener^ 
from not^g may be regarded as a firmly established experimental fact, the 
converse case of the destruction of energy is perhaps not so dir^tly 
demonstrated. 

9 . Cyclic Processes . — k system which, after any process or 
series of processes (changes), returns to its initial state, is said to 
have undergone a cyclic 'process (or a cycle of changes). 

The important conception of a cyclic process is due to Sadi Carnot.* 

Let Q units of heat be absorbed by the system and A units of 
work be done by the system in the cycle. Since no other energy 
changes occur (cycle), these two are equivalent : A = Q. If this 
were not the case, the given cycle could, by repeated execution, 
produce or destroy unlimited quantities of energy without any 
other changes occurring, which is impossible. 

If the change is not cyclic, i.e., the initial and end states are 
different, no relation between A and Q can be written down 
a priori. We shall suppose that in this case A and Q have been 
separately determined by experiment. Two cases are possible.: 

I. A = Q, although the process is not cyclic. A process of this 
kind we shall call an aschistic process (a, not; o-x^fco, I divide). The 
expansion of an ideal gas at constant temperature will be shown 
(§ 33) to be such a process. 

II. A is not equal to Q. This is the general case. 

If we exclude the possibility of other energy changes outside 
the system, and if the First Law of Thermodynamics is true, there 
must in Case II. have been some energy change in the system itself. 
We define this as the change of intrinsic energy of the system, a» 
follows : 

0-A=Ua-U, (9> 

where U, and U, are the intrinsic energies of the system before and 
after the change. If the heat and work changes occur in difEerent 
parts of the system, or at different times, either simultaneously or 
separately, we can write (9) in the form : 

SO - SA = Ua - U, = AU . . . . (10> 

Equations (9) and (10) are merely definitions of the increase of 

•« 

X ** Hydrodynamioa,” Strasburg, 173^^. 202. 

* Eeflexious sur la puissance motnoe du feu, et sur les maoUnes proprea 
d^velopper oette puissance/* 1824; reprinted and translated^ of . § 26. 
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intrinsic energy (U 2 — Uj), and give no information as to the 
separate values of Uj and Ug. The intrinsic energy was first 
described by Lord Kelvin.^ 

10. The Principle of Conservation of Energy. — The change of 
intrinsic energy of a system undergoing any change of state defends 
solely on the initial and final states of the system and is independent 
of the manner in which the change from one state to the other is 
effected. 

Let the change from the initial state A to the final state B be 

carried out along the path M (Fig. 3), 
and let the increase of intrinsic 
energy be AUm- Then let the change 
be reversed by carrying the system 
from the state B to the state A along 
another path, N. Let the increase 
of U be — AUn- The two changes 
constitute a cycle, hence the total 
change of U is zero. Thus AUm — 
AUif = 0, or AUji = AUn* 

The same method may be applied 
to any other possible direct change 
instead of M, but the proof depends 
on the existence of at least one path 
(N) along which the change from A 
to B can be reversed. If this does not exist {e.g., radioactive 
changes) the principle can only be inferred. 

If ,Q and A are very small we may write (9) as : 

SQ — 8A = dU, and for a finite change : 

/SQ -/SA =ydU = U 2 - Uj .... (11) 

If the change is a cyclic process : 

(/)SQ-(/)SA = (/)dU = 0 

or (/)8Q = (/)8A (12) 

where ( J ) denotes integration round a cycle. 

The notation adopted in (11) expresses the fact that dU is a 
perfect (or complete) differential, i.e., the change of U depends only 
on the initial and final states, and is independent of the path. 8Q 

1 Tran*. B. 8. Bdin, 1861. 


N 
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and SA are not perfect differentials, since each depends on tile 
path of change.^ 

Equation (10) shows that an aschistic change is a special case of an 
isenergic change, and the latter expression will be used exclusively 
in what follows. 

II. The Compression of a Gas, — As an example of the appli- 
cation of the First Law of Thermodynamics we may consider the 
compression of a gas. 

Let a given quantity of the gas be enclosed in a cylinder in 
which there is a piston of area a moving without friction. Let 
the initial state (A) be a volume at a pressure at a tempera- 
ture 6. Now let the gas be compressed to a volume V 2 . This 
change can be carried out in an infinite number of ways. Heat will 
be produced by the compression, and there will be two limiting 
cases in the manner of compression : — 

(1) The heat produced is allowed to "pass out through the walla 
of the cylinder to a large water-bath, in which the cylinder is 
immersed, in such a way that the temperature of the gas remains 
constant. This is called an isothermal compression. Let the final 
pressure reached by this method be pg, and let the final state of 
the gas be denoted by B (V^, Pg). 

(2) The heat generated by the compression is completely re- 
tained in the gas by the 
cylinder, which may be 
assumed to have perfectly 
non-conducting walls, or 
else the compression is 
carried out so rapidly that 
no appreciable transfer of 
heat by conduction (which 
is relatively slow) can occur. 

This is called an adiabatic 
compression. Let the final 
pressiire be pq, and call the 
state of the gas C (V 2 , pq). 

It is an experimental fact 
that pq >• Pg. 

If we represent V as abscissa and p as ordinate, the area enclosed 

^ A proper understanding of thermodTnamioi regnires a knovledw of the 
properties of perfect differentiaU. The reader is referred to H. M,, §§ 67j_ 116, 
in vhioh the treatment adopted is that of Clansins, “ Die Heohanische Wirine- 
theorie,” 3 vols., 1876 ; Eng. tr., Browne, 1870. 
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between the curve p — /(V), the axis of V, and the two extreme 

ordinates, is (Fig. 4) I pdV.^ But, for a small change of volume, 

jvi 

dV, 

pdY — p . (adx) = (pa) . dx = Vdx, 

where dx is the (upward) displacement of the piston, and P = pa 
is the force acting on the piston.** But force X displacement 
along it = loork pdY = BA. 

Thus the area in question, is a measure of the work done, 
or spent, in the change of volume : 

/pdV = SA (13) 

When dx is an outward displacement, i.e., in the direction of the 
force, the work is positive (work done), i.e., in expansion work is 
done by the system. In compression, work is spent on the system. 
In other words, if dV >■ 0, then BA >• 0, whilst if dV < 0, then 

aA<o. 

The curve representing the various values of p corresponding 
with the various values of V, will obviously depend on the nature 
of the compression. Between the two limiting curves, AC for 
adiabatic, and AB for isothermal, compression, there will be an 
infinite number of possible compression curves, one of which is 
represented by a dotted line, these corresponding with different 
extents to which heat is allowed to escape from the system, and 
hence there will be an infinite number of expressions for the work. 
The work depends entirely on the path of change. 

The heat evolved in the compression will also vary in amount 
from the maximum in isothermal compression to zero in adiabatic 
compression. (It must be emphasised that Q denotes the heat 
absorbed from, or — Q that evolved to, external bodies, by the 
system. Although heat is generated in the system itself by 
adiabatic compression, Q is still zero, since no exchange with the 
environment has occurred.) The heat evolved depends entirely on 
the path of change. 

The two final states represented by B and C are different. The 
gas at C has a higher temperature than that at B. But if the gas 
at C is cooled at constant volume until its temperature corresponds 
with B, i.e., the initial tempmiature, the changes along ACB and 

1 See below. § 13, also IT. if«, § 100. 

8 See H. M., § 106. 
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AB reach the same final state from the same initial state. Hence 
(11) shows that the changes of intrinsic energy along ACB and AB 
are equal, i.e.y 2Q — 2A = Ub — Ua is constant, where Ua = 
/(Vi, 0) and Ub =/ (Vg, 0) are the intrinsic energies in the states 
A and B respectively. 

Since AU depends only on the initial and final states, cRJ is a 
perfect differential. 

Criterion of Euler, 

Let dz = Xdx + Ydy (X = fi(x,y) ; Y = )> then dz is a 

perfect (or complete) differential when 

dhjdxdy == dhjdydx 

or dXjdy = dY jdx. 

This will be used in future discussions.^ 


EXAMPLES II. 

1. The following figures were found by Joule in one of his water-stirring 
experiments. The water equivalent of the calorimeter and contents = 
6316*97 gms. ; the observed rise in temperature on stirring = 0*3196° C., 
the estimated cooling (from Newton’s Law) being equivalent to — 0*0067° C. 
The fall of the weights, which were equal to 26318*223 gms., was 3201*001 cm., 
and the drop was repeated 20 times, the mean velocity of fall being 
6*16 cm. /sec. The elasticity of the string does work 11701*287 gm. cms. 
each drop. Part of this, however, is spent in producing vibration in the 
apparatus and in producing soimd. The latter portion of this waste of 
energy Joule determined by measuring the work necessary to obtain from a 
’cello a note of the same pitch and intensity. In the case of water, however, 
we may neglect these two sources of error. Calculate from these figures the 
value of J, neglecting the resistance offered by the air to the fall of the 
weights (for which, however. Joule corrected). 

2. The following figures were those obtained by Joule in the best experi- 
ment on the thermal effects of an electric current in his researches on the 
value of J. A coil of Pt-Ag wire (doubled on itself to prevent induction) 
well insulated by a thin coating of shellac and mastic varnish, was immersed 
in an insulated Cu calorimeter full of water. The current passing through 
the wire was measured by the defieotion produced on a tangent galvano- 
meter, and the rise in temperature of the water was observed on an accurate 
thermometer : 


Water equivalent of calorimeter and contents 
Corrected rise in temperature 
Time current is passing (t) , . . 

Resistance of coil (R) . i . . 

Defieotion of galvanometer (Q) . 

Constant of galvanometer (k) . 

Horizontal component of Earth’s Field (H) . . 


= 6081*96 gms. 

= 1*312° 0. 

= 1 hour. 

= 98963 X 10-» ohma 
= 30° 46' 16". 

= 3*0426. 

= 0*16967 dynes. 


Calculate the value of J in ergs ; if g wJ*^J81*3 cm. /sec.* at Manchester, 
calculate also J in gm. cm. (N.B. — ^Heating effect of current =» C*Rt ; also, 
for tangent galvanometer, C » Hk tan S, where 0 cmrcnt.) 


1 E. M., S 67, 

0 .». 


0 
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3. Find the change of intrinsic energy (aU) which takes place when 
100 grams of water evaporate at 25^ C. under a pressure of 750 mm., assuming 
that water vapour behaves as an ideal gas. Express the result in (a) caloriegr 
(6) ergs. 

4. Find the change of intrinsic energy when 20 grams of ethyl alcohol are 
vaporised at the boiling point, given that is 206 cals, per gram and that 
the specific volume of the vapour at the boiling point is 607 o.c. per gram. 
Neglect the specific volume of the liquid. 

6. Find the work done in ergs and in gm. cal. when the volume of a 
system increases by 6 litres under a constant pressure of 1 atm. 

6. Assuming the equation pv = (1 + 0/273) for a gas, where p, v = 

pressure and volume at temperature 0® C., Po,Vo = pressure and volume at 
0® C., find an expression for the work of isothermal expansion from a volume 

to a volume at temperature 0. In the case of air, 1 c.c. weighs 0 001293 
gm. at Po = 1 atm., and 0 = 0. Find the work in gm. cal. and in gm. cm. 
when 1 litre of air expands to 10 litres at 17® C. 

7. The law of expansion of a gas is == comi. Find the work done 
in gm. cals, when 1 litre at 10 atm. pressure expands to a pressure of 1 atm. 

8. Find the energy in ergs given out when 1 kgm. of iron (specific heat 
0*1175) cools from 250® to 10° C. 

9. The melting point of Znis 419° C., and its latent heat of fusion is 
28 cals, per gm. Find, in ergs, the energy lost by 300 gms. of this metal 
on cooling from 600® C. to 0® C., the true specific heat being given by the 
equation (B^de, 1865) c = 0*0865 + 0*000064 0. 

10. Joule determined the value of the mechanical equivalent of heat by 
measuring and equating the work performed on compressing a gas and the 
resulting heat liberated. Calculate J from the following figures found in an 
experiment working on these lines : The air was compressed into a Cu 
reservoir of volume 2237 c.c . ; the atmospheric pressure = 771*65 mm. and 
the initial volume of air compressed = 23,482 c.c. The reservoir was 
immersed in 1361*07 gms. water, the temperature of which rose 0*981® C. 
(N.B. — Joule corrected for radiation and for the friction due to the piston 
working in the pump. Assume ideal gas.) 



CHAPTER III 

Applications of the First Law of Thermodynamics 

12 . Specific and Latent Heats. — We can represent (Zm, the 
increase of intrinsic energy of unit mass of a substance as a function 
of V and 0 : 

du = (duldd)vdd + {duldv)gdv .... (14) 

where (duldd)v is the rate of change of u with 0 when v is constant, 
and {duldv )0 the rate of change of u with v when 6 is constant. 
Both, in general, are functions of v and 

But 8Q = (Zm 4- ; and BA — pdv 

8Q = {duldd)vd0 + [{duldv)g + p]dv . . . (16) 
In (15) put dv = 0, then : 

c„ =(0O/aex = (au/ae)„. . . . (i6) 

since (0Q/9fl)® is the heat absorbed per unit mass per 1° rise in 
temperature at constant volume, i.e., the specific heat at constant 
volume, c®. 

If we write (16) in the form : 

BQ, — Cedd + [{du/dv )0 -j- p]<iv .... (17) 
and put d 0 = 0, we find : 

(0Q/0v) 9 = (0M/0V)* + j) (18) 

Now (0Q/0«;)« is the heat absorbed per unit increase in volume at 
constant temperature ; it is a latent heat, and is called the latent 
heat of expansion, denoted by Z®. Hence : 

(0w/0v)fl = lv — p (19) 

Also from (17) : SQ = c^dd + l^dv 

or dQ/d 0 = d® 4- 4 • dv{d 0 . 

Now dQld0, which is a specific heat, can have all possible values, 
depending on all the possible values of dvjd 0 (see § 11). Hence 
there is an infinit e number of specific heats for a substance, depend- 
ing on the manner of expansion as heat is absorbed. 

If the expansion takes place at constant pressure : 

«^=(ao/0e)p = c„4-*.»-(0*’/3e)p . . (20) 

19 0 9 
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since {dQldd)p is the amount of heat absorbed per unit mass, for 1® 
rise in temperature at constant pressure, i.e., the specific heat at 
constant pressure, Cp. This has a definite value, since {^vjd 6 )p has 
a definite value. The coefficient of expansion of the substance is : 

-iS), 8» 

where Vo = volume at 0 ° C. 


If the substance is an ideal gas, and we take one mol, M, then Mc„ = 
C 4 .,Mcp = Cp. Also pv = RT » = RT/p, and {dvjde)p = R/p. 

Thus, from (20) : Gp = (dQ/de)p = G„ + . R/p. 

But Cp — C„ = R (34a) = p. 

13. Work done by a Fluid on Change of Volume. — A fluid is 
defined as follows : 

(1) The pressure exerted by it on a plane area is always at right 
angles to the area. 

(2) The pressure at a point in the fluid is equally great in all 
directions. 

In both cases the fluid is assumed to be at rest. 

We see that the work done in expansion depends on these two 
assumptions. 

In all cases the work done in the very small expansion Sv of a 
fluid is given by : 

A = pSv 

where p is the pressure to which the surface is exposed.^ 

The work done in a finite expansion from volume to voliune 
is 

A = I pdv 
Jvi 

and is represented graphically as shown in Fig. 6.® 

If the point representing the state of the gas (i.e., a definite value 
of V associated with a definite value of p) traces out a closed loop 
and so returns to the initial point, the work done in the cycle is 
positive when the loop is traced out in a clockwise sense, and 
negative when it is traced out in a counter-clockwise sense.® For, 


1 See H. M., § 107. 

2 The p, V diagram is known as the Indicator Diagram. It was first used by 
James Watt, but the applications to thermodynamics were pointed out by 
Qapeyron in 1834* Cl. § 11 and § 29. 

’ See E. M.p $ 111. 
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in Fig. 6, if the expansion occurs along AaB, and the compression 
along B/3A, then : 

work done in the expansion = area AaBvjV^ ; 
work spent in the compression = area B^AvjV ^ ; 
nett work done = area AaBwgVi ~ ^•'rea B^AvjV^ 

= area AaBjS = area of the loop. 

This is positive when the loop is traced out clockwise, since area 
AaBvgVj is > area BfiAvjV^. If the loop is traced out counter- 
clockwise, the larger area is negative, corresponding with a 



compression, and the nett work is negative. If more than one 
loop is traced out, the nett work is the algebraic sum of the areas. 

The work done in the expansion along AaB may be written down 
in the form ^ : 


= pdv = (p^v^ - - • 

Jvi Jp] 


*P2 

vdp 

Pi 


( 22 ) 


In the case of an ideal gaa undergoing isothermal expansion, 
by Boyles' law, 


/*P2 

pdv = — I vdp 
VI Jpi * 


(23) 


1 See H, M, § 104. If the gas expands suddenly from a pressure pg to a pres- 
sure p 2 by rushing through a yalve, the work done is p^v^ - and 
represents the work lost as oompared with expansion in a cylinder. 


• pxea 
— \vd% 

hx 
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In other cases the two expressions are different. 

For 1 mol p = RT/o : 

CZ 

= RT I — = RT In ^ . where In = natural logarithm = log*. 

Jvi 

N.B. — “ log ” means logio, In a = 2-3026 log a. 

14. Units of Work. — The unit of work done in expansion 
depends on the units of p and v. Its dimensions are those of 
energy, viz., [ms^/t®] (§ 6 , note). 

In C.G.S. units, p is in dynes per cm®., and v in cm®. 

If p is in grams weight per cm®., and v in cm®., pv = [gm. wt.] X 
[cm.]. 

A convenient unit for gaseous expansion is obtained by measur- 
ing p in standard atmospheres (76 X 13-69646 X 980-616 = 1-013 
X 10® dynes/cm®, at sea-level and latitude 46° C.) and v in litres. 
The work done by expansion through 1 litre under a constant 
pressure of 1 atm. is called a lUre atmosphere {1. atm.). The unit 
of pressure called the megdbar is 10 ® dynes per cm®. 

p = 1 atm. = 1013225 dynes per cm*. = 1033-2625 gm. weight per 
cm*, at sea-level and latitude 45° 0. 

V = 1 litre = 1000-027 cm>. 

.-. p X c = 1 1. atm. = 1013226 x 1000-027 = 1013-26 X 10« ergs 
= 1033-2802 X 10’ gm. cm. 

But 1 gm. cal. = 4-184 x 10’ ergs. 

.'. 1 1. atm. = 24-22 gm. cal. 

or 1 gm. cal. = 0-04129 1. atm. 


Table showing Relations between the various Units. 


— 

Brga. 

Joules. 

16° Cal. 

Lit. Atm. 

Gm. cm. 

1 Erg a 

1 

10-7 

1 

023901x10-7 

9*8692 X 10-10 

1*01977 X 10-8 

IJoule ■■ 

107 

1 

0*23901 

9*8692 X 10-8 

1*01977 X 1(H 

116® cal. « 

4184 X 107 

4*184 

1 

4*129 X 10-a 

4*2667 X 104 

lUt. atm. 

1 01326x109 

101*325 

24*22 

1 

1*0333 X 106 

3gm. cm. » 

9*80616 X 102* 

9*80616 X 10-5 

2*8437 X 10-8 

9*6777 X 10-7 

1 


15 . Thermal Coefficients. — A. fluid of invariable chemical 
composition (gas, liquid, and in many cases solid) is completely 
defined as to its state by the values of any tm of the variables ; 
V = specific volume (volume of unit mass ; or, alternatively, p the 
density, or mass of unit volume), p = pressure ; 6 = temperature, 
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provided that the efiects of electrification, magnetisation, internal 
stress, and surface tension are negligible, as is usually the case. 
The state of the fluid can thus be represented by the equation : 

Mv,0) = O (24) 

Thus, the state of an ideal gas is defined by : 

pv — RT/M = 0 

where R is the gas-constant and M the molar weight. 

The state of a fluid obeying Van der Waals’ equation is defined by : 

(p + p) («— *)— M ^ 

Equation (24) is called the characteristic equation, or the 
equation of state, of the fluid. 

If a small change of state {dv, dp, dO) occurs, the small amount 
of heat absorbed per unit mass may be represented by any one of 
the three equations : 

8Q = Cvd6 -1- Wn'l 

= Cpdd -1- Ipdp I (26) 

==y9dv + ypdpj 

In these, and Cp are the specific heats at constant volume and at 
constant pressure ; and Ip are the latent heats of volume change 
and pressure change ; and and 7 ^ are coefficients which have 
received no special names. 

These six magnitudes, which are not necessarily constants, are 
known as the thermal coefficients of the fluid. Their physical 
meanings are defined by the equations when one differential is 
equated to zero : 

E.g., in 8 Q == c„d6 + l,idv put dd =0 

{dQldv)g = lv= amount of heat absorbed per unit increase 
in volume at constant temperature, per unit mass. 

16 . Theorem of Reech : Ratio of Specific Heats. — Consider an 
isothermal change of the fluid ; 


dd = o (SQ), = ipdp dp — {BQyip 

(dp\ 


(SQ)g = Igdv /. dv = (BQ)Jlv 

\dv) 

0 ip 

Consider an adidbatic change : 

SQ = 0 Cpdd ■{■Ipdp—O dp^—ydd 

Ip 


\ wm^ 

CgdO -f- Igdv =0 dv ^ — ^dd 

V 9 o> 

/q Cjp 

Thus : idpldv)^{dpldv)g = Cpjcp = 7 . . . , 

1 • 

. ( 26 ) 
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This is known as Beech’s theorem (1864) ; it is perfectly general 
and does not involve either law of thermodynamics.^ 

1 7 . Elasticity and Compressibility. — The coefficient of elasticity, 
e, of a fluid is defined as the limiting value of : 

{small increase of i>reAS'tr()'{rf.i'iltii><j fractional decrease in 

volume). 

Let hjt be the increase of pressure, hv the increase in volume, the 
initial volume, e.g.y the specific volume, then ; 

€ = Lim - BpIiBvfvo) = -Vo^ (27) 

The value of e will depend on that of dpjdv, i.e., on the conditions 
under which the compression is executed. Bv and Bp have oppo- 
site signs in stable states (cf. § 46), hence e is positive. The 
reciprocal of the elasticity : 

T] = — Ijvo . dvjdp (27a) 

is the coefficient of ('»" pr- 

There are two important special values of e, according as the 
compression is carried out isothermally (e^), or odicdMtically (eq). 
Then ; 

cq/ej = {dpjdv)^ / {dpjdv)^ 
and hence, by Beech’s theorem : 

€o/€s = Cp/C„ ( 28 ) 

i.e., the ratio of the specific heats at constant pressure and at 
constant volume is equal to the ratio of the adiabatic and iso- 
thermal elasticities. 

18 . Relations between Thermal Coefficients. — Consider the two 
sets of equations ; 

I. SQ = Ctidd -1- Wv (o) 

= Cpdd -f Ipdp ( 6 ) 

= y4v -t- Ypdp (c). 

II. d$ = {ddldp)ifilp + (ddldv)^v (a) 

dv = {dvldd)pd0 + {dvldp)gdp (b) 

dp = {dp/dv)flv + {dp/dd)^d (c). 

1 See Pnhem, C, R,, 1906» 148» 371, for extension. 

8 Table of oompressibility coefficients in Jellinek, “Phys. Chem.,** I., 511; 
Landolt-Bomstein, dth ed., 58 S , ; Eiohards and others, numerous papers in 
J. A» C. 8, to date. Also Bridgman, Proc. Amer» Acad, Arts and 8ci,, 1928, 58. 
160 . 
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In II.o, put d0 =0 (isothermal change) : 

(d0/dv)pdv + (d6ldp),4p = 0 
_ _ (d0/dv)p 
\dv/ g~ (d0/dp)v 

\d0/ {dv/dp)0 
(dy\ ^ _ (dpld0)v 
\d0) p {dpldv)g 
In Il.a, put dp = 0 (isopiestic change) : 

(dvld0)p = ll(d0/dv)p 

Similarly 

and (^0/dp)v = ll(dpld0)v 


Similarly 

and 


. . (29) 


. . (30) 


Relations II., (29) and (30) are quite general and hold for any 
three variables f{p, v, 0) = 0 . 

If we fix the values of the two differentials in any one of equa- 
tions I., those in the other two equations are fixed, since there are 
only two independent variables. From the above set of equations 
we readily find a number of relations between the thermal co- 


efficients, such as : 

Cv =Cp -{■ lp{dpld0)v (31) 

Iv = Wpldv)0 (32) 


They are all purely mathematical and independent of thermo- 
dynamics. 

19 . Difference of Specific Heats. — For change of unit mass of 
a fluid at constant pressure, we find from (16) : 

cp — c„ = [p -f (0u/a«)(,](a®/0e)p . . (33) 

The term p(dv/d0)p represents the external work done per 1 ° rise 
in temperature; the term (9«/0t;)j . (0v/9^)p represents the increase 
in intrinsic energy per 1 ° rise in temperature at constant pressure. 
In the case of liquids and solids the first term is usually negligible 
in comparison with the second ; in the case of gases the second 
term is usually very small in comparison with the first. 

In the case of an ideal gas we shall assume (§ 33) that (duldv)^ = 0 : 

Cp — == p(dv/de)p [34] 

= (pressure) x (increase in volume 
per P rise in temperature at 
constant pressure) 

=> work of expansion per 1° rise in 
temperature. 
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Now pv=ET/M = R/M, 

or Oj, — Ct, == R = 1*987 gm. cal. per mol . . . [34a] 

It is important to notice that this result applies only to ideal gases. In the 
case of air the value of Cp — is 1*993 at 17®, and in the case of carbon 
dioxide at the same temperature it is 2*038.^ In the second case the diffe- 
rence from the ideal value, 1*987, amounts to about 2*5 per cent. 

It is evident that if Cp and Cv (or Cp/Cv) and {duldv)s are known 
for a substance, the application of equation (33) will give a value 
of the mechanical equivalent of heat, but {duldv )0 is hardly known 
for the majority of substances. 

In the case of air Cp = 0*2389 cal., ^ cpjcv = 1*403,^ Cv = 0*1702, ,\cp- c® 
= 0*0687 cal. 

If we assume that this difference is entirely spent in doing work against the 
atmospheric pressure, t.c., (duldv)^ = 0, then 

{cp — ct?) X J == pressure x increase of volume. 

The volume of 1 gm. of air at 0® C. = 773*4 c.o., and the increase in volume 

? er 1® is very nearly 1/273 of the volume at 0®, hence the expansion is 
73*4/273 = 2*83 c.c. Also, 1 atm. = 1033 gm. per cm^ 

external work = 1033 x 2*83 = 2923*4 gm. cm. 

Thus 1 gm. cal. = 2923*4/0*0686 = 42,615 gm. cm. == J, which is in fair 
agreement with the value oirectly determined, 42,670 (§ 6). 

The assumption (dujdv)^ = 0 tacitly introduce by Mayer * was called 
into question by Joule in 1845, who showed by experiment (§ 33) that it is 
very approximately true for air. Mayer’s calculation was, by chance, very 
nearly right, but he can hardly be credited with the first determination of the 
meclianical equivalent of heat. 

20 . Enthalpy ; Total Heat ; Heat Function. — In any change 
of a system : the heat absorbed at constant volume : 

Qv = Ug — Ui = increase of intrinsic energy ; 
the heat absorbed at constant pressure : 

= (Ua - Ui) + A = (U, - Ui) + - Vi) 

= {U2 + — (Ui + 

_ jj jg* 

where H = U + pV (35) 

The heat absorbed at constant volume is the increase of U, that 
at constant pressure the increase of H. 

1 J. R. Partington, P, JR, 8„ 1921, 100* A, 27. 

2 E. Wiedemann, A, P„ 1876, 167, 1 ; the value deduced from CplCv by means 
of Berthelot’s equation (§ 37) is 0*2391 gm. oal. 

* The statement that Mayer defended the assumption by reference to an 
experiment made by Gay Lussac (Bertrand, ** Thermodynamique,** Paris, 1887, 
p. 66) is incorrect. There is no mention of such experiments in Mayer’s original 
communication, and he does not even point out that he is making any assumption. 
The quotation given by Bertrand is given in Mayer’s paper issued in 1846, after 
the publication of the work of Joule, who is not mentioned. 



20 


APPLICATIONS OF THE FIRST LAW 


27 


Q is independent of the path of absorption at constant volume ; 
at constant pressure the path is fixed. dQ» = dU, and dQp = 
(iH are therefore perfect differentials. The function H was called 
by Gibbs the heat function at constavt pressure, and denoted by x ; 
the name enthalpy has been proposed by Kamerlingh Onnes ^ 
(ro' dahnos = heat). It is usually called by engineers the total 
heat, or heat content, but these names refer to an obsolete period in 
the theory of heat. 

By differentiation : 

(aH/8T)p = (9Qp/ST)p =cp (36) 

(0H/0^))j = idV/dp)^ + V + P (0i;/0p)t = fp + v . (36a) 
since dU + pdv = 0Q (see (26) and § 19). 

EXAMPLES in. 

1. The coefficient of expansion of alcohol is 0 0. 110. Find the external 
work done (in ergs) when 1 litre of alcohol is heated from 0® to 26® C. under 
1 atm. pressure. 

2. The coefficient of cubical expansion of copper is 50*1 x lO"*. Find the 
ratio of the external work done to the heat absorbed when a kilogram of 
copper (density 8*93 ; specific heat 0-0936) is heated from 0® to 250® C. at 
1 atm. pressure. 

3. The specific heats of COj are Cp = 0-1996 and = 0*1631 at 17® C. ; 
the coefficient of expansion is 0-00372 and the density at 0® C. is 0-0019768 
gm./o.o. Find (du/dv)^ at 17® 0. Assuming this constant, find the heat 
absorbed when 1 litre of CO^ at 17® C. expands to 11 litres without external 
work. 

4. Show that : = yp(dpldB)^ ; ip = 7p + 7p J ^php = — 

The value of for air is 0*1704, and = Pq(1 + 0-00367 B) ; 
find the value of yp at 1 atm. pressure in gm. cal. per atm. 

6. Show that : y^ == Cp(dBldv)p, The value of Cp for air is 0*2391 ; the 
coefficient of expansion is 0*(K)3673 ; find the value of y„ at 0® and 1 atm. 

6. The adiabatic compressibility of benzene at 20® C. is 66*25 x 10“* 
atm. the isothermal value being 96*3 X 10 " The specific heat Cp ( 1 atm.) 
is 0*4084. Find c^. 

7. Find the isothermal elasticity of a fluid (p + a/v*) (v — 6) = k, where 
a, b, k are constants. 

8. The following isothermal compressibilities in megabar (1 megabar 
= 10® dynes per sq. cm.) are given by Richards® : mercury 3*71 x 10 ■-®; 
CCI4 89*6 X 10 ®. Find the decrease in volume of 1 litre of each liquid when 
the pressure is raised from 1 to 100 atm. 

9. The coefficient of expansion of benzene is 0 * 64124 ; the density at 20® C. 
is 0*879. Assuming the result of £x. 6, ^ndX^ldv)^ in gm. oal. per o.o. 
per gram of benzene. 


1 See Porter, F. S,, 1922, 18, 140 ; it is usually denoted in engineering treatises 
by H, whioh (as Greek eta) may also stand for enthalpy. 

8 Z. p. a, 1907, 61. 171. 
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10. The value of for hydrogen is 3*40. Assume an ideal gas and find 
the value of c^, 

11. Show that Cp --Ct, == [v---(0H/0|?)x]( 01>/3T),,. Find (0H/0|))x at 
17® in gm. cal. per atm. per gm., for CO 2 , using the data of Ex. 3 and the 
value = (1/po) . (0P/0T),; =. 0-00373. 

12. One mol of hydrogen is heated from 0® to 100® 0. at 1 atm. pressure ; 
find the increase in enthalpy. Assuming a perfect gas, find the increase in 
intrinsic energy, (c^ for Hj = 3*70.) 



CHAPTER IV 


Thermochemistry 

21. Thermochemistry. — The two equations 

U 2 — Uj = Q» {v const.) 

Hg — Hj = Qp (p const.) 

are fundamental in thermochemistry. In the study of heats of 
reaction, however, it is usual to take heat evolved as positive. We 
shall then write = — 0® and Qp = ^ Qp, when 

Uj Ug = Qt ) ; and Hj Hg == Qp . . . (37) 

Now dU and dH are perfect differentials, hence the heat evolved 
in a chemical change is independent of the intermediate stages and 
depends only on the initial and final states when : (i.) the volume 
is constant (J2 = — Ug) or (ii.) when the pressure is constant 

{Q == Hi — Hg). This is Hess’s Law, which is true only when one 
or other of the two conditions v = const, ox p = const, is fidfilled. 
The applications of Hess’s Law are fully considered in elementary 
text-books of physical chemistry. In reactions between solids 
and liquids Qp is so nearly equal to Qp that no special conditions 
need be assumed. 

22. Kirchhoff’s Equation. — It is an experimental fact that the 
heat of reaction depends on the temperatme. The extent of 
dependence may be calculated as follows : 

(1) Let the initial material system I be heated at constant 
volume, or constant pressure, from the temperature 0 to the 
temperature 6 + d$. The heat absorbed will be r<d^ where Fj is 
the heat capacity of the initial system at constant volume or at 
constant pressure. Now let the system I be changed to the 
material syst^ F, the final system, at the temperature 6 •+■ d$. 
Let the heat evolved he{Qe + dQg), where Q 0 is the heat of reaction 
at d. The total evolution of heat is —Tidd -f {Q^ -|- dQ^. 

(2) Let the system I be converted into the system F at the 
temperature 6. The heat evolved is Qg. Now let the system F 
be heated to ^ -j- at oonstant volume or pressure. The heat 

so 
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absorbed is Tjdd where F/ is the heat capacity of the final system. 
The total evolution of heat is — Tjdd + Qg. 

The two amounts of heat are equal by Hess’s Law, hence ; 

- + {Qe + dQt) =-rfde + Qg 


or (38) 

We note that Qg may be Q„ or Qp. If it is Q^, we can put 
Qv = — AU = Uj — U 2 , hence 

dAU 

-^ = (r/-r<. . . 

This is Kirchhqff’s Equation }■ If Qj, is concerned 

(38b) 


The heat capacities Fj and F/ are usually functions of temperature. 
In the initial system we have : 

Fj = Sn{G{ 

where = no. of mols of substance i, and Cj = molecular heat of 
substance i. According as the reaction occurs at constant 
volume or pressure we must take c„ or Cp, both true specific 
heats at the temperature 0 :C„ = Mc», = Mcp. 


For the_^wol system we have, similarly : 

F^ = ^HfC/ 

thence : 

^ = 2n.Ci - (39) 

or 2>vC,(/) - . . . (39a) 

In general C< = fi{d), and C/ = ff{d) (40) 


and in some cases it may even be necessary to consider the effect 
of pressure as well as temperature on the specific heats. 

The above equations enable us to calculate the heat of reaction 
at any temperature when the heat of reaction at one temperature 
and the specific heats of all the substances involved at all tempera- 

1 G. KirohhoS, A. P., 1858, 108, 177 ; Ges. Abh., 1882, p. 464. 
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tures in the range considered are known. By integration of (38) 
we have : 


J01 


. . (41) 


Qe — 00 (Ci — r/)d^ (41a) 

Example , — The heat of formation of steam at constant volume : 

H 2 + iOa = HaO (gaseous). 

Initial System, Final System, 

Ct,(Ha) 1=4-660 + 0-76 x lO-^T C,(HaO)i = 6-760 + 1-666 . lO-^T - 
CrlOa) 1 (assumed = Nj) : 01878 . lO-^T* + 0-1824 . 

= 4-860 + 0-76 . 10-8T lO-^Ts — 0-1308 . lO-i^T^ 

= C,(Ha) + iC,(Oa) = T; 

= 7-076 + 1-126 . 10-8T 

Thus Vi 1-326 ~ 0-441 . 10-2T+ 0-1878 . lO-sT^- 0-1824 . 10-»T® 
+ Q-1308 . 10-i5T« 

= dQ^lde. 

By integration : 

= qO + 1.326T - 0-2206 . lO’^T^ + 0-626 . lO-^T^ — 0-466 . 10~»T« 
+ 0-218 . 10“i«T« 

where == heat of reaction at 0° K. (The above are all absolute tempera- ‘ 
tures.) 

According to Pier,^ Q^for steam at 290° K. is 67,290 cal. 

67,290 = 02 + 385-6 - 18-67 + 16-43 — 3 27 or 0^ = 56,911 cal. 

(The remaining terms are negligible at 290° K.) 

Thus Qv = 66,911 + 1-326T-- 0-2206 . 10-8T2+ 0-626 . 10-6T«~ 0-466 . 10“® 
T* + 0-218 . 10-i8Tfi. 

This is a complete solution of the problem of finding the heat of formation 
of steam at constant volume at any temperature from its value at one 
temperature, provided the values of c are known over the range of 
temperatures. 

If solids or liquids take part in the reaction we must, of course, 
include their heat capacities in r< and T/. 

If we are considering ideal gases (p const.) we can put : 

Qp — Q® ~l" A. ~ Q» “t" v (^2 ^i) ~ Q® ^i) • [^2] 

where and n, numbers of mols of gas in the initial and 

final systems. If Q is in gm. calories, R = 1-987, or 2 with suffi- 
cient approximation. 

The heat of reaction is independent of temperature only when 
Tf = Tf. This is approximately the case in reactions between 
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solids, since according to Joule ^ the molecular heat of a solid is 
additively composed of the atomic heats of its constituents. The 
value of r then remains constant when the redistribution of 
atoms occurs in a chemical change. 

EXAMPLES IV. 

1. The heat of formation of liquid water from its elements (2H2+O2 = 
2H2O) is 137,000 cals. If the molar heat of evaporation of water, is 
9,500 gm. cals., calculate the heat of formation of steam from its elements. 

2. n the molecular heat at constant pressure of HBr is 6*6 + 0*001 7T, 
of Br2 (gas) 6*5 + 0*0064T and of Hg, 6*5 + 0*001T, find an expression for the 
heat of formation at any temperature of 2HBr from its elements. 

If the heat of formation at 320° C. is 12,100 cals, per mol HBr, find the 
heat of formation of 1 mol at 727° C. 

3. The heats of formation of CO and HgO (gas) at 17° C. are 29 kg. cal. 

and 68 kg. cal. Find the heat of the reaction (at constant pressure) : 
C + HjO = CO + Hg at 1000° K., assuming the following true molecular 
heats at constant pressure : Carbon, 1*1 +0-0248T --0-0512T2 ; H2O, 8*81 
-O OalOT + 0 06222T2; CO, 6*60 + O OOIT ; 6*60 + O OgOT. 

4. The heat of formation of CO 2 from CO and JO 2 at 273° K. being 
68,000 cals., and the true molecular heats as follows : 

Cy = 6*106 + 0 00334T - 7*35 x lO-^T* (COg) 

Cy = 4*68 + 0 000268T(CO and O2), 
what is the heat of formation of 2CO2 I^* ^ 

Find a formula for the heat of reaction at any temperature, and find 
Q at T = 1000° K. 

6. The heat of formation of CO2 at constant pressure at 15° C. is 68,000 
gm. cal. Assuming an ideal gas, find Qy. Assuming the data in No. 3, taking 
Cp for O2, the same as for CO, and Cp for CO2 as 7*0 + 0*0271T --0*05l86T2, 
and all the gases ideal, find Qy as a function of T and calculate its value at 
1000° C. 

6. Oiven the heats of reaction : CO + JOg = COa + 68 kg. cal., and 
Hi +^Oa = HaO (gas) + 68 kg. cal., at 17° C., and assuming the values of 
Oy for HgO as 6*78 + 0*0a286 6 and for CO2 as 6*6 + 0*02387 B (Mallard 
and Le Chatelier), find a formula for the heat of the reaction CO + HjO 
= COa + Hj, and calculate the values at 800° C. and 1200° C. 


1 P. if., 1844, 26, 334; usually known as “ Woestyn’s law ” (1848). 



CHAPTER V 

The Second Law of Thermodynamics 

23. Transformation of Heat into Work, — The definition of 
energy implies that all the forms of energy are interconvertible. 
A quantity of any other form of energy can be completely con- 
verted into heat, but it is found that the conversion of heat into 
any other equivalent form of energy is in general either impossible 
or only partly possible, unless other changes occur as well. The 
conversion of heat into work, where “ work ” means any form of 
energy other than heat, is restricted by certain conditions, which 
points to an essential difference between heat and other forms of 
energy. The restrictions are twofold : 

1. Those depending only on the particular manner in which a 
given process is carried out, and removable by alteration of this 
without changing the essential features of the process. 

2. Those inherent in the process itself and not controllable by any 
means in our power. 

A process which can be performed backwards so that all changes 
occurring in any part of the direct process are exactly reversed in 
the corresponding part of the reverse process, and no other changes 
are left in external bodies, is called a reversible process in the 
thermodynamic sense. (A very special type of reversibility.) 

Each class of restriction referred to may be shown to involve a 
corresponding type of irreversibility. 

Some changes cannot in any actual circumstances be reversed 
in the thermodynamic sense (Restriction 2). Such are : 

(1) Production of heat by friction. ( 2 ) Passage of heat from 
one body to another at a lower temperature by conduction or 
radiation. ( 3 ) The spontaneous mixing or diffusion of matter of 
different kinds, e,g,, the mixing of red and black ink, or of gases. 

Such changes are called intrnisically irreversible. 

Other changes may become reversible in the limit with suitable 
arrangement of conditions (Restriction 1). Such are called 
conditionally irreversible. As an example we may consider the 
expansion of a gas. This becomes reversible when : (i.) the 

O.T. 38 D 
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pressure, p, of the gas differs only infinitesinially from that on the 
frictionless piston, so that a change i Bp will send the piston up or 
down ; (ii.) the temperature of the gas differs only infinitesimally 
from that of the thermostat, so that a change + ST will change 

an absorption into an emis- 
sion of heat (Fig. 7). Under 
these ideal conditions the 
changes of volume occur 
reversibly, but then infinitely 
slowly : the system is in 
equilibrium. Equilibrium is a 
state which is independent of 
time. A reversible change is 
a continuous succession of 
equilibrium states : it is an 
id€<d change. If we have a 
finite pressure difference, 
rapid motions are set up and 
heat is produced by fluid 
friction. If the temperature differences are finite, heat passes 
from the warmer to the cooler body by conduction or radiation. 
Both these are intrinsically irreversible changes. Friction of the 
piston would also lead to irreversible conversion of work into 
heat. 

24 . Reversible Transformation of Heat into Work. — In order 
that the reversible transformation of heat^ into work shall be 
posable : 

1 . All bodies concerned in the transformation must be left in 
the same state as they were in at the start, otherwise the process 
will not be reversible in the thermodynamic sense. 

2. If transfer of heat occurs between bodies, their temperatures 
must differ only infinitesimally, i.e., the transfer must be isothermal. 

3. If a body is to be brought successively in contact with 
other bodies at different temperatures, its temperature must be 
brought to equality with these by adiabatic compression or 
expansion before contact. 

Any arrangement which converts heat into work is called a heat 
engine ; the conditions for its reversibility follow : 

1 The essential difference between heat and other forms of energy, which is 
generally overlooked, was clearly expressed by Gibbs (** Scientific Papers,** I., 
406) : ** I use the term ‘ equivalent * sirictly to denote reciprocal convertibility, 
and not in the loose and often misleading sense in which we speak of heat and 
work as eqoiyalent when there is only a one-sided conyertibility.** 




]p 



p*dp 



-*■ <- 

T 
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expansion ^ i c ompressi on 
Fig. 7. 
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( 1 ) It must work in cycles. ( 2 ) Heat must be exchanged 
isothermally between heat reservoirs and the working substance of 
the engine. (3) Changes in temperature of the working substance 
must be achieved adiabatically. We assume equality of inside 
and outside pressures and absence of friction. 

25 . Carnot's Cycle. — Sadi Carnot, in 1824, first studied, in a 
perfectly general manner, the reversible conversion of heat into 
work.^ Ilie result is independent of the particular type of 
process used, provided all the processes satisfy two conditions : — 

1 . They must be cyclic. 2 . They must be reversible. 

Carnot's cycle comprises four operations ; two isothermal and 
two adiabatic. 

Let there be given a source of heat (‘^ hot body ") at a tempera- 
ture Ti, and a refrigerator {“ cold body ") at a temperature Tj, 
where T^ > In order that finite quantities of heat may be 
added to or taken from these without changes of their tempera- 
tures, we may suppose them to consist of large reservoirs of water, 
or, better still, reservoirs of steam and of ice, which would pre- 
serve constant temperatures during withdrawal or addition of 
heat. 

Nothing is assumed about the temperatures, and one result ol 
Carnot’s investigations is a definition of temperature which depends 
only on the properties of heat, and is independent of the behaviour 
of particular thermometric substances, such as mercury, or a gas, 
in terms of the expansion of which temperature scales are usually 
defined. 

Further, let there be given a cylinder and piston, absolute 
non-conductors of heat, closed at the bottom by a perfect con- 
ductor of heat, and containing the working substance, which for 

1 Reflexions sur la puissance motrice du feu et sur les moyens propres a 
developper oette puissance’* (Paris, 1824; first edition exceedingly scarce; 
English translation by R. H. Thurston, 1890). Carnot’s notebooks show that he 
was convinced that the caloric theory of heat (assumed in the memoir) was 
incorrect, and he surmised that ; “ Heat is simply motive power, or rather 
motion which has changed form. Whenever there is destruction of motive 
power, there is at the same time production of heat in quantity proportional to 
the quantity of motive power destroyed. Reciprocally, whenever there is 
destruction of heat, there is production of motive power . . . motive power is 
in quantity invariable in nature — that is, correctly speaking, never either produced 
or destroyed.” This passage is reproduced in facsimile of Carnot’s own writing 
opposite page 91 of the edition of the “ Reflexions, Paris, Gauthier- Villars, 1878, 
and is printed on page 94. Before his death in 1832, therefore, Carnot had 
arrived at both the fundamental laws of thermodynamics. 

2 We use Ti, Ta for the temperatures instead of $ 1 , da» since we shall later on 
adopt the former notation. This is not necessary, since nothing is assumed in 
the present discussion as to the particular scale of temperature adopted~>an 
important circumstance. 
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simplicity may be supposed to be a gas, although no restrictions 
are placed upon it. Finally, there is provided a stand for the 
cylinder, composed of a perfect non-conductor of heat (Fig. 8). 




Fio. 8. 


The piston is assumed to move without friction, and all the 
changes are carried out reversibly. 

(1) The working substance at the temperature Tj is compressed 

adiabatically, by placing 
the cylinder on the non- 
conducting stand, imtil 
its temperature rises to 
Tj. The compression is 
represented on the p, v 

/(I, absorbed From diagram by the adia- 
source. batic curve AB (Fig. 9), 

'TTTTV' point A representing 

\ V the substance in its 

A initial state. (In Car- 

net’s original descrip- 
V . ^ „ tion, the cycle com- 

Qe rejected coreFrig. fenced at C.) 

9 ■' (2) The cyUnder is 

placed on the source 


Q 2 rejected to rePrigF 


Fio. 9. 


and the substance allowed to expand isothermally at Tj imtil any 
arbitrary quantity of heat, Qi, has been absorbed. This step is 
represented by the isothermal curve BC. 

(3) The cylinder is transferred to the stand, and the working 
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substance allowed to expand adiabatically until its temperature 
falls to T2. The expansion is represented by the adiabatic curve 
CD. 

(4) The cylinder is placed on the refrigerator, and the working 
substance compressed isothermally (curve DA), until the point A 
is reached, the heat Qj being rejected, and the working substance 
returning to its initial 
state. The cycle is P 
completed. 

Since all the opera- 
tions are conducted 
reversibly, it follows 
from § 24 that the 
cycle may be con- 
ducted in the reversed 
sense, beginning at A 
(Fig. 10), expanding 
along AB, with ab- 
sorption of heat Q2 
from the refrigerator, 
compressing adiabati- 
cally along BC till the Fig. 10. 

temperature rises to 

Tj, compressing isothermally along CD, the heat being rejected 
to the source, and finally expanding adiabatically along DA to 
the initial state. In the direct cycle the work done is represented 
by the area of the loop ABCD (clockwise), in the reversed cycle the 
work spew< is represented by the same area (counterclockwise, 
see § 13). 

26. The Second Law of Thermodynamics . — It is impossible to 
construct a machine which shall vxyrk in cycles and produce no effects 
other than the abstraction of heat from a reservoir and the raising of a 
weight. 

Let us now apply the two laws of thermodynamics to Carnot’s 
cycle. 

1. The cyclic process is isenergic, AU = 0, Qi — Q2 = A. 
{First Law.) 

2. In the application of the Second Law we establish two 
propositions : 

(a) Of all possible heal engines worhing with fixed temper alures of 
source and refrigerator none can be more efficient than a reversible 
Carnot’s engine. 
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The efficiency of a heat engine is measured by the fraction of the 
quantity of heat absorbed from the source which is converted 
into work : N = A/Q^. 

In a cycle A = Qj-Qa, /. N = (Qi~Q2)/Qi • • • ( 43 ) 


Let [a] and [/8] be two engines with same source and refrigerator, 
[a] is a reversible Carnot’s engine, [/ 3 ] any other engine. If 
possible let [yQ] be more efficient than [a\ 

Let each engine be arranged to absorb the same heat per 
cycle. Let [^] work [a] backwards. This is possible since [a] is 
a reversible engine. In a complete cycle the compound engine 
performs the following operations : 


{ takes heat from the 
source. 

does work A', 
rejects heat Qg' to the 
refrigerator. 


( returns heat to the 
source. 

absorbs work A. 
takes up heat Qg from 
refrigerator. 


The efficiency of [/ 3 ] is = A'/Qi, that of [a] = A/Qj, 

where by hypothesis. Thus A' > A. But A' + Qg' = 

A + Qg = Qi by the first law, hence Qg' <; Qg. 

Thus, the compound engine does work A' — A and absorbs heat 
Qg — Qg' from the refrigerator. This result is not in contradiction 
to the first law, but contradicts the second, hence ^ N^. 

(6) All reversible engines working in cycles with the same tempera- 
tures of source and refrigerator are equally efficient. 

Let [yQ] now be a reversible engine. We have shown that [y8] 
cannot be more efficient than [a]. But the functions of the 
engines may now be interchanged, [a] cannot be more efficient 
than [/8] /. [a] and [yS] are equally efficient. 

27. Moutier’s Theorem . — The work done in any isothermal 
reversible cycle is zero : 

(A)t = 0 (44) 


For if (A) j >• 0, the result is incompatible with the Second Law of 
Thermodynamics. If (A),j •< 0 , the result is possible if the cycle is 
irreversible, since we can always waste work by friction. But if 
the cycle is reversible, we can carry it out in the opposite sense, and 
then (A) j >■ 0, which is impossible. Hence (A) j =0 in an 
isothermal reversible cycle. 

Since the process is a cycle, A = Q, — Q,, hence the -i’*' 1 'i.'-- 
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sum of the quantities of heat absorbed or emitted during an 
isothermal cyclic process is zero : 

(0)t = » (44a) 

which is a second form of Moutier’s theorem.^ 

28. Absolute Temperature. — Carnot’s investigation shows that 
the efficiency of a perfectly reversible engine depends ordy on the 
temperatures of its source and refrigerator. We can therefore 
define these temperatures, in terms of a reversible engine, in such 
a way that they are absolute, and independent of any particular 
thermometric substance (Hg, air, Hg, etc.). We have some choice 
of definition, but it is desirable to make the result fit in as nearly 
as possible with existing scales. The best of these is that of the 
gas thermometer. Now : 

N = (Qi — Q2 )/Qi = 1 — Q2/Q1. a function of and Tj only 
(Carnot), /. Q^/Qj = F{Ti, Tg). 

The simplest choice of F{Tj, T2) which is compatible with the 
gas scale is : 

Qi/Q2 = Ti/T2 ( 45) 

This equation fixes the ratio of the tvx) temperatures. Then : 

Oi — O 2 Ti — Tj 

Oi “ Tx 

Similarly, (Q2 — = (Tj — T3)/T2 and so on. Divide the 

first equation by the second : (Qi — Q2)/(Q2 — Q3) = (Ti — Tj)/ 
(T2 T3). Let Qj Q2 = Q2 Q3, then T^ T2 = T2 T3. 

We can easily see that this definition of equal intervals of temperature 
is equivalent to the following : The differences between the 
temperatures of a succession of heat reservoirs are equal when 
equal amoimts of work are done by each of a series of reversible 
engines working between them and arranged so that the (w + l)th 
engine receives the heat rejected by the wth one. 

The zero of absolute temperature {“ absolute zero ”) is also fixed 
by the definition. Put Tj = 0^*^ (^6)> (Qi ~ Qa)/Qi = 

Qj = 0. The temperature of the refrigerator is zero when all the 
heat absorbed from the source is converted into work. T is 
essentially positive. It is only when a reservoir at the absolute 
zero is available that the whole of a given quantity of heat can be 
converted into work. 

The size of the degree is obviously perfectly arbitrary. If Tj' is 
1 J. Moatier, Bulletin tie h Soeittt fluiomathique, Angiut lUh, 1876. 
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the temperature of water boiling under 1 atm. pressure, and T 2 ' is 
the temperature of melting ice at the same pressure, we shall put 
Tj' ~ T 2 ' = 100, so that the degree shall be the Centigrade degree. 
To make the scale correspond with the gas scale we shall see (§ 36) 
that we must put Tg' = 273® (or 273*09® exactly, § 61). 

Equation (46) ^ may be regarded as the fundamental quantitative 
expression of the Second Law of Thermodynamics. 

The formula may be applied in considering the efficiency of a refrigerator, 
i.e., a mechanism which is used to abstract heat from a body {e.g., water, in 
its conversion into ice) and to give up this heat to a warmer body. This is 
usually effected by making use of the latent heat of evaporation of liquefied 
ammonia or carbon dioxide, the gas being then reliquefied by compression 
and the heat evolved communicated to cooling water. The efficiency of a 
refrigerator is measured by the ratio heat extracted from cM hodylwork 
expended = Qj/A = Q2/(Qi — Q2) = Tj/CTj ~ Tj) for reversible working. 
This fraction is greater the smaller the value of Ti — T2, so that it is more 
economical to cool the whole mass through a small drop in temperature than 
to cool a portion to a lower temperature and then mix this very cold part 
with the rest. If T^ — Tj is very small, Q2 is much larger than A. Work 
may be obtained by means of a cold body, such as an iceberg, available 
as a cold reservoir. Conversely, to cool a body below the temperature of 
its surroundings requires the expenditure of work, and if this is produced 
by a heat engine, of fuel.* 

29 . Clapeyron’s Equation. — Let heat SQ be absorbed by unit 
mass of a fluid which is undergoing a reversible change of state. 

We have then : SQ = c,4T 
If^v. Suppose T is constant, 
whilst p varies according to the 
characteristic equation, then 
= Ivhv, where is the htera 
heat of expansion. 

Suppose imit mass of fluid taken 
round a small reversible Carnot’s 
cycle ABCD, between the tem- 
peratures T and (T — ST). If 
the changes are small, ABCD 
(Fig. 11 ) may be regarded as a 
parallelogram (i.e., we neglect 
Flo. 11 . quantities of the iAird order in com- 

parison with those of the second). 

hv = PQ = the small increase in volume, and SQ = the 
small amount of heat absorbed at the absolute temperature T. 



1 On the themodynamio definition of temperature, of. Bryan, 
dynamics,” pp. 45 ff. 

2 Lncke, ‘^Engineering Thermodynamics,” p. 1142; Inohley, “ 

JTeat Engines,” Oh, VII. ; F. 8., 1022, 139 ff. 


‘‘ Thermo- 
Theory of 
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The work done in the cycle is (5A) = area ABCD = area FBCE 
= FB . PQ. 

But FB = increase of pressure per ST rise in temperature at 
constant volume = (&p/0T)„ . ST, and PQ = Sv 



But (SA) = SQ by the Second Law, 



This important equation ^ is a quantitative expression of the 
Second Law which applies to a large number of experimental 
cases. 

30. Difference of Specific Heats of a Fluid. — From (20) and 
(47): 

Ci, - c„ = T(0i5/aT)p(8p/eT)« . . (48) 
= - T(0«/aT)p2/(9*’/ap)T . (49) 
= -T(0®/0T)p»(0p/0t>)T . (50) 

from (29), giving the difference of specific heats at constant 
pressure and at constant volume in terms of the coefi&cients of 
expansion and of compressibility (or elasticity).® 

Now, the coefficient of cubical expansion 

= {dv/dT)p/vo = a 

and the coefficient of isothermal compressibility 
= - {dv/dp)^fVo = ri^ 

Cp — Cp = Ta®»o/»)x = Ta®/Y).i. p . , (50a) 

where p = density. 

In the cose of mercury at 0° : 

Cp = 0 0333 gm. oal. ; T = 273 ; = 1/13-696 ; a = 1-812 X 10 ** ; 

u = 3-9 X 10"*o.o. per atm. = 3-9 x 10"*/1013226 c.o. per dyne per cm*. 

. _ 273 X 1013226 x (1-812 x lO"*)* , 

. . {Cp Cf) - 3.9 X 10-« X 13-696 X 4-184 x 10» 

= 0-0041 gm. oal. 

.-. et> = 0-0333 - 0-0041 = 0-0292 oaL 
Cp/c„ = 1-14. 

1 B. P. E. Clapeyron, Journ. de VEcoh pelyteehnique. Pari*, 1834, 14, 173; 
transL in Taylor’* “ Scientific Memoir*,” toL 3. 

i Of. Kleiber, A. P., 1916, 46, 1064; Tyrer, O.8., 1913, 108, 1676 ; 1914, 105, 
2634; E. p. 0., 1914, 87, 169. 
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31 . Effect of Pressure on Specific Heat. — From (16) and (19) 
du — CpdT + (?» — ^>) dv, a perfect differential. Thence (§ 12) : 

(3c»/c)«)j = d{k - flJdH 

from (47) (jde^lZv\ = T(Z^plhT^X . . . (51) 
Again : 

dtt = SQ — SA = (cpdT H- l^p) — pdv from (II. 6 ) § 18 : 

dAi = [cp ~ p . (0v/(iT)j,] dT + — P • (9^/9p)x] 

a perfect differential. Thence (§ 12 ) : 

^[cp-p . (Sv/ST)p]j = ^ [^j. - 

Differentiate, and substitute from (47), (29), and (32) : 

Ip = lvl(dpldv)^ = T(dpldT)tl(dpldvX — - T( 0 t)/ 0 T)p 
dlpIdH == - (dvldT)p - TidhIdTX 

(9cp/ap)T = - T(02r/aT2)p . . . (52) 

Equations (51) and (52) give the effects of changes of volume and 
pressure on the specific heats. The effect of temperature, i.e., 
(dcp/dT)^ and (0Cy/9T)^ cannot be calculated by thermodynamics. 

Experimental results in this field are very scanty. The earlier results ‘ 
are somewhat contradictory : the general conclusion is that increases 
with pressure up to a maximum peculiar to each gas and then decreases. At 
reduced pressures ^ the ratio decreases with reduction of pressure. The 
effect of pressure on has been investigated by Joly.® His results are : 
Air . . . . = ‘ITISI + -02788^ (p = density). 

COa . . . . == *16677 + *2064p. 

Ha . . . • decreases with increasing density. 

The best results yet obtained are probably those of Holbom and Jacob.* 
For air, at 69® C. and a range of pressures from 0 — 200 kg./om^. , their results 
are expressed by ; 

Cp X 10* = 2413 + 2-86p + -OOOSp* - -OOOOlp*, 
where p is in kg. /cm*. Thus increases from (0*2416)^ « i to (0-2926) p ^ gOO. 
The empirical equations of Vogel * and Noell • also agree quite well with 
Holbom and Jacob’s results. For nitrogen at a temperature of 81° K. 
Valentiner ’ finds : 

Cp = -2476 4- -000451^ - -0346 p/s 

where p/s = actual pressure/saturation pressure. 

1 Begnault, de V Acad,, 1862, 26, 1 ; Lussana, Fortschritte der Phys., 1896, 

1, 346 ; 1897, 1, 331; N, C., 1906, 10, 192 ; Witkowski, P. 1896, 41, 288 ; 
Koch, A, P., 1908, 26, 661 ; ibid,, 27, 311. 

2 Keutel, Dias,, Berlin, 1910 ; Thibant, A, P., 1911, 66, 347 ; SchOler, A, P., 
1914, 45, 913. 

8 P. JR, 8„ 1890, 48, 440 ; 1888, 45, 33 ; 1894, 55, 390 ; P. P., 1891, 182, 73. 
4 B. B„ 1914, 1, 213. 

6 ifiU Forach, dtvi, lng„ 1911, 108 and 109. 

4 8itz, Kgl, Bayer, Akad,, 1913, 213. 

T A, P„ 1904, 15, 74, 
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EXAMPLES V. 

1. Show that : 

Cp == p0v/9T)p + (0u/0T)p ; Ip p(0v/0P)t + (0«/0P)t 

and interpret the meaning in words. 

2. Show that (0Cy/0v) = 0%/(0u0T) for a fluid. 

3. Show that 7 |, == p + (0u/0v)p and interpret in words. 

4. Show that (0u/3v)x ^ second law is required. 


6. Show that if p/T == f(v) is the characteristic equation of a fluid the 
intrinsic energy will be inde^ndent of the volume. 

6. An ideal air engine wo™ on the following cycle : air is taken into the 
cylinder at 1 atm. pressure and 12-8° C., and is compressed adiabatically 

c fc , 

according to the equation pv ^ const, until the pressure rises to 37*4 
atm. Heat is then taken in at constant pressure and then the air expands 
adiabatically to 5 times its volume. The air is then exhausted at the end 
of the expansion stroke, the heat being rejected at constant volume. Find 
the percentage of heat converted into work, assuming Cp = 0*2375 and 
c^= 0*1691. 

7. The coefiScient of expansion of pentane is 15*9 x 10"* ,* its compressi- 
bility is 314 X 10"® megabar"^ at 20°. Find the latent heat of expansion. 

8. A reversible engine works between the temperatures 200° and 20°. 
Find the thermodynamic efficiency. 

9. Show that if and Tjqare the isothermal and adiabatic compressibilities 
of any substance : 

•ne = ^Q+T(0v/0T)p2/CpV. 

The adiabatic compressibility of ether at 0°C. is 114*45 x 10"® atm.'^, the 
density is 0*7362, the specific heat 0*5290, and (0v/0T) = 0 02203. Find 

10. Find the ratio Cpfc^ for CSg given the following data : coefficient 
of cubical expansion = 0*00114; compressibility = 78 x 10"® atm.~*; 
density = 1*292 (Thorpe), all figures referring to a temperature of 0° C. The 
value of Cp is related to the temperature t° C. by the equation (Regnault) 
Cp = 0*2352 + 0000162t. 

11. The following values apply to bromine : 

Cy = 0*1071 ,* density 3*102/25°; coefficient of expansion 0*0al04; 
compressibility 52*6 X 10"® atm."^. Find in cal. 

12. The specific heat of copper at constant pressure is (50°) 0*0936 ; the 
density is 8*93, the coefficient of cubical expansion 0*045142, the compressi- 
bility 0*54 X 10"® megabar"^ Find and the ratio Cpjc^ 


13. Integration of equation (52) gives Cp — c^ 



the specific heat of a gas under a constant pressure p and c^ the specific heat 
under a pressure of 1 atmosphere. The value of (d*v/dT®)p may be calculated 
from anv equation of state. Using van der Waals’ equation, calculate the 
value of Cp when p = 50, 100, and 200 atm., for a mixture of Nj + 3H2, 
given that c^ =s 0*80 and that the constant a in van der Waals’ equation » 
0*6 (vol measured in litres at 27° C.). 

14. The specific volume of mercury is given by 

= vo[l + 0*018161^/100 + 0*0478(0/100)®.] 
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The speoifio heat at 1 atm. is given by 0*033458 —0*041074$ + 0*0, 385$*, 
and the density at 0^ is 13*5955. Find the speoiho heat at 25"^ C. under 
100 atm. pressure. 

15. The coefficient of pressure jS, where p^ = Pq( 1 + ^8$), for carbon 
dioxide is 0‘0a373. Find the latent heat of expansion at 0° C. and 1 atm. 
pressure. 

16. The coefficients of expansion a, densities p, and compressibilities of 
the following elements are given. Calculate Cp — Cy (compressibilities per 
megabar = 10« dynes/cm.*) : 

A1 Cu Hg 

U X 10« . . . 1-3 0*64 3*71 

a X 10« . . . 76*5 60*1 181*7 

^(15*^0.) . . . 2*65 8*93 13-684 



CHAPTER VI 
The Ideal Gas 


32. Thermodynamics of Gases. — ^In the development of 
thermodynamics a prominent part has been played by gases^ 
which exhibit a simpler behaviour than liquids or solids. Many 
of the properties of dilute solutions will later be shown to follow 
equations very similar to those which hold for gases. In the 
present chapter the properties of gases will be considered in detail, 
and for simplicity an ideal gas, to which all actual gases may be 
supposed to approach in the limiting cftse of low pressures, will 
first be studied. The consideration of the deviations of actual 
gases from the ideal state will be taken up in Chapter VIII. 

33. The Ideal Gas. — The definition of an ideal gas may be 
framed in more than one way ; we shall define it as a gas which 
obeys Boyle's law and Joule's law. 

Boyle's Law. — By experiments with the well-known U-tube 
containing air confined by mercury, Robert Boyle, ^ in 1662, 
showed that for pressures varying from 30 inches of mercury to 
117-3^ inches (1 atm. = 30 in.) the pressure of a given quantity of 
gas varies inversely as the volume when the temperature is 
constant. By making use of a straight tube, containing air, 
which could be raised from a trough of mercury, Boyle showed 
that the same law held down to pressures of IJ in. of mercury. 
The results may be summarised in the equation (Boyle’s Law) : 

pv = const. = (T constant) .... [63] 

Later experimenters found deviations from Boyle’s Law. The following 
table shows the relative volume which the particular gas will occupy when the 
pressure is reduced from the given value to atmospheric, the temperature 
being 16 ° C.* 

1 ** New Experiments Physico>Meohanical tonohing the Spring and Weight 

of the Air,’* second ed., Oxford, 1662. The experiments are contained in an 
appendix : ** A defence of the doctrine . . . against the objections of Franeisous 
l2nu8,” which is not contained in the first edition (1660). ** Works,” ed. Biroh, 

foL, 1744, i., 100 ft. The same law, with the same experiments and analogies as 
those given by Boyle, was put forward, without any claim to novelty, by Mariotte 
in 1676 (” Oeuvres de Mariotte,” Leyden, 1717, i. I., 149 ff.). 

2 Cochrane, in ” Physical and Chemical Data of Nitrogen Fixation,” H.M. 
Stationery Office, 1918; of. Amagat, A, 0. P., 1893, 89, 68, 505; Kamerlingh 
Onnes, etc., references in Jellinek, ” Phys. Chem.,” L, 834 ff. ; Preston, ” Theory 
of Heat.” 
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Gas. 

1 atm. 

60 atm. 

100 atm. 

160 atm. 

200 atm. 

Ideal 


1 

60 

100 

lil 

200 

H, . . . 


1 

48-5 

93*6 


176-4 

N, . . . 


1 

60*6 


KsH 

190-8 

Air . 


1 

60-9 


mmm 

194-8 

0, . . . 


1 

— 


■Bifl 

212-6 

0,(0® C.) . 


1 

62-3 


161-9 

218-8 

CO, . 


1 

690 

1 

477 » 

4981 

6161 


The results show that, with the exception of hydrogen, all the gases named 
are at first more compressible than an ideal gas, but at high pressures all 
gases are less compressible than an ideal gas. Helium at moderate pressures 
shows almost exact agreement with Boyle’s Law ; neon is less compressible 
and behaves like hydrogen, which Begnault called a “ gaz plus que parfait.” 

Joule's Law . — In 1845 Joule carried out experiments to test 
the validity of Mayer’s (implicit) assumption (§ 19) that the energy 
of a gas is independent of the volume.® 

If a volume of gas is allowed to expand without doing external 
work, 2A = 0. If the energy of the gas is independent of the 
volume, AU = 0 

2Q = AU — 2A = 0, i.e., no heat should be absorbed or 
emitted. 


Two copper vessels, A and B (Fig. 12), the first containing air at 
22 atm. pressure, and the second vacuous, were immersed in a can 



Fio. 12. 


doing external work]. The globes 


of water. On opening the 
taps in C connecting them, ex- 
pansion occurred, but after 
stirring the water its tem- 
perature was unchanged : 
“ no change of temperature 
occurs when air is allowed to 
expand without developing 
mechanical power ” [i.e., 

and the taps were then placed 


1 Liquid at pressures greater than 90 atm. 

2 P. M,t 1846, 26, 369. The experiments were finished before Mayer’s first 
reference to Gay Lussac’s earlier work was made. Cf. notes to §§ 6, 19. Leslie 
(“ Experimental Enquiry into the Nature and Propagation of Heat,” 1804, 
p. 633) found that the change in temperature produced when hydrogen rushes 
into a receiver exhausted to 0-1 atm. is the same as that produced by air. Gay 
Lussao {Mimoirea d^Arceuil, i., 1807), allowed ^.ir, carbon dioxide, and oxygen 
to rush from one globe into a vacuous globe, and observed the changes on two 
thermometers at the centres of the globes. The cooling in the first globe was 
very nearly equal to the heating in the second globe, the maximum change of 
temperature being in all oases less than 1® C. The results depended on the positiona 
of the thermometers, and the conclusions drawn were erroneous. The correct 
explanation was first siven by Joule. 
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in three separate cans of water, as shown, and the experiment 
repeated. A fall of O-SOS" C. per kgm. of water occurred in A, 
a rise of 0*606° C. in B, and a rise of 0*078° C. in C. Within the 
limits of error the same amoimt of heat is absorbed by the air 
expanding from A and doing work as is evolved by the compres- 
sion of the gas in B. Thus 2Q = 0. 

Since Joule’s thermometer would not record changes less than 
1*88° C. in the air} Lord Kelvin, in 1861, suggested modifications 
of the method, and in 1862-1862 he and Joule carried out, in 
Joule’s brewery, at Salford, the “ porous-plug ” experiments 
described in § 43. These showed a slight cooling with air and CO 2 
and a slight heating with Hj. For permanent gases the result of 
Joule’s first experiment may be taken as very nearly correct : the 
intrinsic energy of a gas is independent of the volume (temperatme 
constant) : 

{duldv)^ = 0 (Joule’s Law) [64] 

An ideal gas is one which obeys equations [63] and [64]. 

We may now apply the two Laws of Thermodynamics. 

First Law. — Equation (19) gives : 

(9Q/9®)t = = {du/dv)^ + p = p • . . [66] 

Second Law. — Clapeyron’s equation (47), and [66] give ; 

?, = T(0;,/0T), = y {dpldT), = pl1 . .[66a] 

lni> = lnT-f/(t;) 

or p = A 2 T (v constant) [66] 

where is a constant.* 

A combination of [63] and [66], representing the state of a given 
mass of gas at any pressure, volume, and temperature, is known 
as the general gas law. 

Let the initial volume, pressure, and absolute temperature be Pi, Vj, Tj, 
and let the state be changed to p^, v,, T,, in two steps : 

(i.) Keeping v = Vj change to Tg and let p^ have changed to p. Then 
by [66] : 

p = AgTj = PiTg/T, 

1 In Gay Lussao’s, and in Leslie’s experiments, the temperatures were measured 
in the gases (air, Hz* CO 2 ) and were constant to about 0*1® C. 

2 This result is equivalent to the law known as Charles’s or Gay Lussao*s» 
that the coefficient of expansion is the same for all gases (see § 33). In 1801 Dalton 
found the same value for the coefficient of expansion of air as Gay Lussac, whose 
experiments were published a year later. The results obtained by Charles were 
never published but communicated verbally to Gay Lussac ; he found by means 
of rather crude experiments that carbon dioxide and air expand equally for 
equal elevations of temperature (Dixon, if. if., 1891, 4, 36). 



48 CHEMICAL THERMODYNAMICS 33 

(iL) Keeping T change Vi to Then p changes to 
[53] ; 

pvi = p,«), = *1 PiViTJTi = 

/. PiVjTi = p,»,/T,. 

Thus, generally, pe/T = const. 

The value of the constant depends on the quantity of gas, but 
since a mol of any gas exerts the same pressure at the same 
temperature when confined in the same volume (Avogadro’s law) ^ 
we may conveniently define the constant for 1 mol ; it then has 
the same value for all gases (assumed ideal) ; and is known as the 
gas constant, R. Thus : 

pF = RT [67] 

If p and T are constant, the volume is proportional to the 
quantity of gas, hence for n mols : 

pV = »RT . - [67a] 

If m is the mass of gas, M the molecular weight, n = w/M, hence 
pV = RT(m/M) [67b] 

or, for unit mass : 

pt) = RT/M [67c] 

where v is the specific volume ; V in [67] is the molecular volume. 

34 . The Gas Constant, R. 

The numerical value ‘ of B depends on the standard adopted for atomic 
weight. If oxygen — 16-000, then M is 32. At 1 standard atmosphere 
pressure and at the temperature of melting ice, 32 grams of oxygen occupy 
a volume of 22,412 c.o. (corrected for a slight deviation from the ideal state, 
see § 61) : 

p = 1 , T = 273-09, V = 22-412 litres. 

R = 1 X 22-412/273-09 = o'oSaoy lit. atm./degree C. 

= 0-08207 X 1013-26 X 10* = 8-3156 x lo’ erg/i” C. 

= 0-08207 X 1033280 = 84801 gm. cm./i° C. 

= (8-3156 X 10’)/(4-184 x 10') = 1-9875 gm. cal./i* C. 

= 8-3156 joules/i^ C. 

35 . The Gas Scale of Temperature. — ^If a is the coefficient of 
expansion of an ideal gas {§ 30) then we define the gas temperature 


as : 

. (T)==^»C.+l/a [68] 

From (29), putting 0 = T, and {dvjdpj^ = — vjp, from Boyle’s 
law, we ^d : 


{dvldT)p— v(3p/0T)t,/p = v/T from [ 66 a], or {dvjdT)plv — 1 /T. 

1 See the author’s Textbook of Inorganic Chemistry/’ Macmillan & 0o.» 
Chapter IX. 

2 Of. Henning, Z, P., 1921, 69 69* 
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Let T = Tq, the temperature of melting ice, and let v then be 


Voy then : 

( 0 t;/aTyi;o = a = l/To [ 68 a] 

But T = 0 + T^and (T) = 0 + 1 /a 

T = (T) [ 68 b] 


i,e.y the gas temperature, measured on an ideal gas thermometer, is 
the same as the ^solute temperature. 

Special experiments (§ 61) give 1 /a = 273-09 = Tq. 

The coefficient of expansion of an ideal gas has the value 
1/273-09 = 0-003662. 

The following table shows how far the measured values for actual gases 
deviate from the ideal value : 


Gas (at 0'’— 100°) 
Ideal gas 
Hydrogen 
Nitrogen . 
Carbon dioxide 
Sulphur dioxide 



a (at 1 atm.). 

/3. 


. 0 003662 

0-003662 


. 0 003661' 

0003663 


. 0-003677 

0-003676 


. 0-00372 

0-00373 


. 0-00390 

000385 


The figures under are the values of the pressure coefficient : 


^ = (02,/9T)>o (69) 

For the ideal gas j) = RT/vM 

(0p/0T) =R/Mv /3 = R/i)oMv 

^ = l/To = a [ 60 ] 


The actual values of a and /3 differ slightly from one another 
and from the value for the ideal gas.^ 

36 . Ratio of Specific Heats of Ideal Gas. — Equation [64] 
shows that the specific heat at constant volume, c. = (9m/ 3T)^, in 
the case of an ideal gas depends only on the temperature, and not 
on the actual volume (or pressure). 

The heat absorbed in the thermal expansion of an ideal gas is : 

8 Q = c»dT + Wv = CvdT + fdv per gram, from [ 66 ], 

= CpdT + RTdv/v per mol. 

In isothermal expansion from Fj to F 2 (dT = 0) : 


Qfc=RT 






* = RTln!i 

V Vi 


= RTln( 3 )i/j)j) 


. [61] 
. [62] 


1 Of. Landolt-Bbmstein, *'Tabellen*’ ; JeUinek, ** Phys. Chem.,*’ !.» 354 ff. 
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In adiabatic expansion (SQ = 0) : 

0 = C,4T + pdv = C«(n: + RT - = CJT + (Op -C„) - dv 

V V 

from [34a]. Divide by TCv : ^ — 1 ^ ~ = 0 

or ^ + (7 - 1) 7 = 0 

In the integration of [63] we may further assume Ci, independent 
of T {not implied in the definition of the ideal gas), /. Gp and 7 
are independent of T 



+ (7 - 1 ) 


dv 

— = const. 

V 


or 

InT + {7 — 1 ) In v = const. 


or 

Ivy “ ^ = const 

• . [64] 

Thus 

(Tj/Ta) = (vaK)v - 1 = ipjp^)(y - i)/v . 

. . [64a] 

or 

P2IP1 = (^ 1 /^ 2 )^ P'^^ = const. = k . 

. . [64b] 

By means 

of [64] 7 may be found ^ by experiments involving 


adiabatic expansion. 

37 . Experimental Determination of 7 by Adiabatic Expan- 
sion. — The first experiments on the determination of y were 
made by Clement and Desormes, in 1812, but the results were not 
published until 1819.^ A glass globe is fitted with a stopcock and 
a manometer. The gas is compressed into the globe to a few 
cm. of mercury above atmospheric pressure. When the tempera- 
ture has again equalised, the pressure is read off. The tap is 
suddenly opened, and the gas allowed to expand adiabatically to 
atmospheric pressure, P. The tap is at once closed, and the gas 
allowed to warm up again to the atmospheric temperature. The 
pressure p 2 is then read off. Now 

^>l/P = 

where and are specific volumes 


_ logyi - logP 

^ logi?i - log^>a 


[ 66 ] 


The most accurate experiments made by this method are those of 
Edntgen (1870-73).3 


1 y for mixtures, of. Leduc, C. B., 1915, 160, 838. 

* J. P,t 1819, 89, 321 ; Laplace, “ M^oaniquo Celeste,’* toI. 5, p. 138. 
» A. P., 1870, 141, 652 ; 1873, 148, 580. 
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The method was improved by Lummer and Pringsheim/ by 
Makower,* and by the author.® A larger globe (60 — 120 litres) is 
used, and instead of closing the tap after expansion (which intro- 
duces errors) it is left open and the temperatures before and after 
expansion, T^ and Tg (absolute) are found by means of a very thin 
(0-001 — 0-01 mm. diameter) platinum wire resistance thermo- 
meter in the centre of the globe. It is then readily shown from 
[64a] that : 

^logPi^logP 

^ iog(pi/P)-log(Ti/T2) • • • • 

A correction must be applied for the radiation to the thermometer from the 
walls of the globe, amounting to about 0 002 on 7, and since the gases do not 
obey the laws of ideal gases, a correction is also necessary to reduce the value 
of 7 calculated by [66] to the true value.* 

This correction is given in § 61. Let 7', corrected for radiation, be the value 
calculated by [66], and 7 = c^/c^ the true value. Then 7 = 

where <>> = 1 + (r' — 1 ) "-t* ( 67) 

» = (Pi + P)/2po ; T = 2T,/(T, 4- T,) 

Pg and Tg being the critical pressure and the critical temperature (absolute) 
of the gas. 

From the value of 7 the separate values of Cp and C^, may be calculated by 
a modification of [34a], which takes account of the deviations from the ideal 
state. The correction will be shown (§ 51) to be 

Cy - C, = r(i + ^ 3^ = 1-987 (1 + ITT*) . . (68) 

where tt = p/p^ ; r = TJT. 

The value of Op reduced to the ideal state is : 

The toork done in the adiabatic expansion of an ideal gas is : 

A = Jpdv = kj(dvlvy) = {pjVi - P2Vz)j{y - 1) 

= (Ti — T,) per mol [69] 

38. Velocity of Sound in a Gas. — The velocity of propagation 
of sound through a fluid is given by the equation ® : 

u* = — . dp/dv — dp/dp = e/p ... (70) 


1 A. P., 1898, 64, 665. 

2 P. M., 1903, 6 , 226. 

» P. Z., 1913, li 969 ; P. B. 3., 1921, 100, 27. 

* Equation [66] requires no such oorreotion ; of. § 61. 

» Maxwell, Tlieory of Heat,** 1897, p. 223 ff. ; Rayleigh*8 “ Sound,** 1896^ 
II., § 246 ; Lamb, Dynamical Theory of Sound,** § 69. The formula is a 
modification by Laplace and Poisson, about or before the year 1807, of the formula, 
u — due to Newton {Prii^eipia, IL, Prop. 48). 
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where e = elasticity, and p = density = 1/v, of the fluid at 
rest. 

The isothermal elasticity of an ideal gas is found thus : 

(dpjdv)^ = — kjv^ from [63] 

[71] 

The isothermal elasticity of an ideal gas is equal to the pressure. 

If we substitute this in (70) we get Newton's formula for the velocity of 
sound : 

u= \/pIp= 

This gives for air, at 0° C. : 

p = 76 X 13*59 X 981 = 1013215 dynes/om*. approx. 
p = 0*00129 gm./cm.® 

/. u = 280 metres per second. 

This value is much too low ; Newton attempted to explain the discrepancy 
between this and the observed value (i.) by supposing that the sound was 
propagated with an infinite velocity through the actual solid particles of the 
air, (ii.) by the effect of vapours floating in the air. 

Laplace and Poisson pointed out that the rapid compressions 
and expansions in the sound wave are adiabatic rather than 
isothermal, so that €q must be substituted in [70], not 
The adiabatic elasticity of an ideal gas is : 

= - v{dpjdv)ci 

From [64b] “ ky/v^ ~ ^ 

[72] 

u = a/ ypjp — V ypv = V 7 RT/M . . . [73] 

or 7 = u 2M/RT [73a] 

The velocity is independent of p (pv == const.), proportional to 
VT, and inversely proportional to VM. Taking 7 = 1403, [73] 
gives for air at 0® C. ; u = 280 X V 1*403 = 331-6 m./sec., in 
accordance with observed values. 

On account of deviations from the gas-laws [73] requires correction. 
This (§ 51) is given by ; 

= 

where tt = ; t = TJT. 

The velocity of sound in free dry air at 0® was found by Hebb * to be 

31-44 m. per sec., and 331*28 m. per sec. These give, by equation (74), 

« 1*4039 and 1*4026, respectively, the mean, 1*4033, being almost exactly 

the value (1*4034) found by the author by the adiabatic method. 

1 Of. Amagat, ** Notes snr la physique,** 1912, p. 3. 

2 P. B, 1905, 20, 89 ; Trans, Boy, 00 c. Canada^ 1919, 18, iii, 101. 
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Instead of measuring the velocity in &ee air, it may be determined in tubes. 
This method was used by Renault and others ; the most recent determina- 
tions are due to Dixon, CampDell and Parker.^ Corrections for the damping 
effect of the walls of the tube are then necessary. The result for air at 0® 
is in good agreement with the above figure ; values for this and other gases 
were found at high temperatures. 

Finally, the method of stationary waves may be used. A column of gas 
in a tube is set in vibration and the positions of the nodal points found, either 
by the distribution of fine dust in the tube,^ or by exploring with a hearing 
tube or by moving a piston along the tube and measuring the positions of 
maximum and minimum sound. In a method lately used by the author 
and W. G. Shilling up to 1000° C.* the source of sound was a telephone 
actuated by a valve oscillator which gave a perfectly steady frequency 
(3000 per sec.). A movable piston and a hearing tube were used. 

39 . Limiting Densities. — Avogadro’s law makes the ratio of 
the weights of equal volumes of two gases, imder the same condi- 
tions of temperature and pressure, equal to the ratio of the mole- 
cular weights. In practice it is usual' to determine the normal 
density, i.e., the weight in grams of 1 litre of the gas, measured at 
0° C. and 1 atm, pressure, the weight being reduced to sea- level and 
45° latitude. The ratio of the normal densities of two gases 
should then be equal to the ratio of the molecular weights, and as 
32 is adopted as the molecular weight of oxygen {O 2 = 32), the 
molecular weight of any other gas could be found by a comparison 
of its normal density with that of oxygen. 

In reality, owing to deviations from Boyle's law, resulting in 
slightly unequal compressibilities, this method will not give exact 
results, but as the deviations become smaller with diminishing 
pressure, and, iu ( ordihur to experiments of the late Lord Rayleigh,^ 
apjfear to vanish at very small pressures, it may be assumed with 
some confidence that the ratio of the densities of two gases at very 
low pressures, i.e., the ratio of the limiting densities >0), will 
give the exact ratio of the molecular weights (D. Berthelot, 1899).® 

If a mass W gm. of gas occupies at 0° C. a volume v under a 
pressure y, the quotient Wjpv may be called the density per unit 

1 P. R. 8 ., 1921, 100, 1. 

2 Kundt, A. P., 1868, 186, 337, 627 ; Kundt and Warburg, ibid., 1876, 167, 
353 ; Wiillner, ibid,, 1878, 4, 321 ; Strecker (higher temperatures), ibid., 1881, 
18, 20 ; 1882, 17, 86 ; Capstiok, P. B. S„ 1893, 64, 101 ; 1896, 67, 322 ; Behn 
and Geiger, D, p. 0., 1907, 9, 667 ; Partington, P. Z., 1914, 16, 601 ; Partington 
and Cant, P. M., 1922, 48, 369 ; Partington and Shilling, ibid,, 1923, 46, 416. 

2 F, 8., 1923, 18, 386. Cp/c^ for mixtures of gases: Leduo, C, B., 1916, 
160, 338. See **The Specific Heats of Gases,** by Partington and W. G. Shilling 
(Benn Bros., 1924). 

4 P. T., 1901, 106, 205 ; 1902, 198, 417. 

6 J. P., 1899 [iu], 8, 263 ; cf. Guye, J. 0. P., 1908, 6, 769; Abegg, “Hand- 
buoh der Anorg. Ghemie,** III, 8, pp. 22 5.; Young, ** Stoichiometry,** 1918, 
p. 44. 
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'pressure. If the gas obeyed Boyle’s law this would be the same 
at all pressures, since then fv = const. Owing to deviations from 
Boyle’s law, the quotient depends on the pressure. If p = 1 , we 
have the normal density ; if p — >■ 0 the quotient approaches the 
value for an ideal gas, the limiting density. The ratio of the limit- 
ing densities of two gases is equal to the ratio of the molecular 
weights : 

M» ; M* = Wal{po%)a : W,,l{poVo)b .... (76) 

where 'PqVq is the limiting value of pv as > 0 . 

If D is the normal density of a gas, D = WjpiV^y where PiV^ is 
the value of pv f or ^ = 1 


Ma:Mi,==Da(pivJpoVo)a'Db{PiVi/Po%)b • • (76) 
The ratio (piOi/poVo) may be determined by two methods ^ : 

(i.) For gases deviating only slightly from Boyle’s law between 
zero pressure and 1 atm. (Hg, Og, Ng, CH 4 , CO) the relative devia- 
tion from Boyle’s law may be assumed to be proportional to the 
pressure : 

{PoVo - pv)/po% = Ap (77) 

where A ia a. constant for each gas at 0° C., called the compressi- 
hility coefficients Its value may be found from two measurements 
of pv between 1 atm. and zero pressure or may be calculated from 
the characteristic equation (cf. § 61). Thus, when p pv = 


Pi^i> 


(Pi^iIPo%) = 1 - ^ 


or 


“” 1 ) 6(1 - Ai) 


Normal density. Compressibility coeflf. 
Hydrogen . . . 0 089873 ... -0 00064 

Oxygen . . . 1*42900 ... +0*000964 

lim. dens. H _ mol. wt. H 2 _ 0*089873(1 + 0*00064) - . ^ 

Urn. dens, b mol. wt. O 2 ~ 1*42900(1 -0*000964) “ 

If O 2 = 32*00, Ha = 32/16*876 = 2*0166 H = 1*0078, which is in 
almost exact agreement with the value found by Morley from the synthesis 
of water. 

(ii.) In the case of more compressible gases (COg, NgO, HCl, 
NHg) the assumption made in (77) is no longer valid. It is better 
then to determine p^Vo by extrapolation of a ciirve giving pv at 
various pressures. 

1 Berthelot, Trav. et Him. du Bureau Internai. Poide et liieurte, 1907, toL 13 ; 
Abegg’R “ Anorg. Chem.,” Ill, 8, 22 S. ; Gray and Burt, O. 3., 1909, 95, 1033 ; 
Burt and Edgar, P. T., 1916, $116, 393 ; Leduo, A. de P., 1918, 9, 6 ; Guye, 
J. 0. P., 1919, 17, 141. 
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Normal density of HCl = 1*63916 ; (for an arbitrary mass of gas) » 
64803 ; (extrapolated) = 66213, hence : 

Limiting density of HCl = 1*63916 x = 1*62698. 

Normal density of Oa = 1*42900, and the following values of piVj, 
(extrapolated), and hence the limiting densities of Oa were found ; 


PlVi. 


Lim. dens. O 2 . 

139,628 

139,769 

1*42766 

138,969 

139,087 

1*42768 

66,256 

66,311 

1*42760 


Mean 

1*42762 


Mol. wt. of HCl = 32 X (1*62698/1*42762) = 36*469, 

/. at. wt. of a = 36*469 - 1*008 = 36*461. 

The value found by the direct synthesis of HCl by Edgar^ was 36*462, in 
excellent agreement. The determination of atomic weights by the limiting 
density method gives results at least as accurate as those found by chemical 
methods, and in some cases it has disclosed previously unsuspected sources 
of error in the latter. The atomic weight of silver, which was the real 
standard in the gravimetric method, formerly taken as 107*94, has been 
shown to be 107-88, from the values for Cl hnd N found by the method of 
limiting densities. 

The following table gives the compressibility coefficients of 
some common gases at QP C. (Lord Rayleigh) ^ : 

Oxygen . + 0*00094 Carbon Monoxide + 0*(XX)81 

Hydrogen — 0*00053 Carbon Dioxide . + 0*00668 * 

Nitrogen . +0*00056 Nitrous Oxide . +0*00747 

Burt (1910) gives : Neon, — 0*(X)105 ; Helium, O-OOCKX). 

Gray and Burt (1910) give : Hydrogen Chloride, + 0*00748. 

EXAMPLES VI. 

1. Find the values of the gas constant R in the following units : (a) 1 cub. 
ft., 1 lb., 1® F. ; (6) 1 cub. ft., 1 oz. ; 1° C. 

2. Calculate in calories, joules and gm. cm., the heat absorbed when 
60 gm. of oxygen are expanded isothermally at 16® C. from atmospheric 
pressure to a vmume of 100 litres. Find the initial volume and final pressure. 

3. Find (1) the work in ergs necessary to compress 60 grams of oxygen 
isothermally from 20 litres to 1 litre at a temperature of 16® C. and (2) the 
amount of work done by the gas if allowed to expand again adiabaticaUy to 
its original volume. 

4. Find the work in ergs done under the following conditions ; (1) Iso- 
thermal expansion of 1 mol of ideal gas from Vj = 1 litre to Vj == 10 litres 
at 17® C. (2) Adiabatic expansion of 1 mol of oxygen firom 1 litre to 10 
litres, the initial temperature being 0® C. and the ratio of the specific heats 1*4. 

6. Find the value of a litre atmosphere in ergs and in gram centimetres 
if the density of mercury is 13*696 at 0®. 

6. A gas initially at the pressure 800*90 mm. and temperature 19*6® 0. is 

1 P. T., 1908, 209, 1 ; a continuation of work by Dixon and Edgar, ihid,, 1906, 
205, 169. 

8 Cf. Young, ** Stoichiometry,*’ London, 1918, p. 45. 
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allowed to expand adiabatically to pressure 766*6 mm. The temperature 
immediately after expansion is 14*66^. Assuming ideal gas calculate 
y = Cplc^, If the critical pressure and temperature of the gas are 39 atm. 
and — 140® 0., find the corrected value of 7, and calculate Cpt and 

7. A quantity of argon at 0® C. and 1 atm. is expanded adiabatically to 
0*1 atm. Find its final temperature (7 = 1*667). 

8. Five litres of a gas at 27® C. are expanded adiabatically to a volume of 
6*02 litres at 6® C. Find and (assume ideal). 

9. Show that for a gas for which only pv = RT is assumed : 



10. The velocity of sound in O 2 at 0® C. is 3*172 x 10* cm./sec. The 
density of 0 2 at this temperature is 1*42900. What is the ratio of the specific 
heats of 0 2 at this temperature (p = 1 atm.) ? 

11. If the velocity of sound in hydrogen is 1286 metres/sec. find C^/C^ 
for this gas, if its density is 0*08987 (temp. = 0® C. ; pressure = 1 atm.). 

12. The velocity of sound in water at 26® C. is 1467 m./sec. The isothermal 
compressibility of water is 48*9 x 10”® per megabar (10® dynes/cm®.). Find 
the ratio cpjcv for liquid water. The coefficient of expansion is (10® — 20® 0.) 
16 X 10“® ; confirm the above value for the velocity of sound. 

13. The velocity of sound in carbon monoxide at 0® is 3*371 x 10* cm./sec. 
Find 7 on the assumption of ideal g9,s. The critical pressure and temperature 
are 36*9 atm. and — 141*1® 0. Find a corrected value of 7 and calculate Op 
and 

14. The half wave-lengths of sound in air and nitrous oxide at 12*26® C. and 
1 atm. were found in a particular experiment to be 7*072 cm. and 6*496 cm. 
Assuming y'= 1*402 for air, and the critical constants of NjO as p^— 76 atm., 
Tjj = 308*6® K., those of air as p^ = 39 3 atm. and T^ = 132*6® K., find 
Cplvf c„ and Op for the gas. 

16. The normal density of NaO is 1*9777 gm./lit. Find the molecular 
weight of this gas, given that the normal density of hydrogen is 0*089873. 
(H-1.) 



CHAPTER VII 


Changes of Physical State 

40. The Clapeyron-Clausius Equation. — Clapeyron's equation 
(47) applies to heterogeneous as well as to homogeneous systems. 
The latent heat of expansion, 1^, is the heat absorbed per unit 
increase in volume of the system, whereas the latent heat of 
evaporation or fusion, or L/ (§ 6), refers to the change of unit 
mass of one phase into another. Let vi and Vg be the specific 
volumes of the liquid and vapour, then, for evaporation : 

k = Le/(v^ - vi) /. from (47) 

= (79) 

Since Vg > > 0 /. dp/dT >* 0. The total differential co- 

efficient dpjdT is used, not (0p/9T)t„ since p depends only on T. 

The external work is p{vg — vi), hence the increase in intrinsic 
energy in evaporation is 
= Li, which 
is called the internal latent 
heat. 

Equation (79) was obtained 
by Clapeyron, W. Thomson, 
and R. Clausius,^ and is 
exact. 

AUemative Deduction. — Let a 
quantity of liquid and vapour 
be in equilibrium in a cylinder 
with a piston, under a vapour 
pressure p — 5p, at a temperature 
i— 5X. 

Let PR, QS (Fig. 13) be the 
isotherms T — 5T and T, where P Fkj, 13 , 

and Q correspond with pressures 

(p — 5p) and p. PR and QS are horizontal since, so long as two phases are 
present, p depends only on T. 

Let the system be taken round a reversible Carnot’s cycle : 

1. Compress adiabatically along AB until the temperature reaches T. 

1 Clapeyron, J. de VEeole polytechniquet Paris, 1834, 14 , 173 ; ClaasiuB, A. P., 
1860, 81, 168 ; Thomson, P. M., 1860, 87, 123. 
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2 . Transfer the cylinder to the hot reservoir and expand isothermally 
until unit mass of liquid is evaporated ; the change in volume is ==: BO, 
and the heat absorbed is L^. 

3. Transfer to the non-conducting stand and expand adiabatically along 
CD till the temperature reaches T — 5T. 

4. Transfer to the cold reservoir and compress isothermally along DA till 
the initial state is reached. 

Since 5T is small the segments of the adiabatics AB and DC may be 
considered straight lines. Draw BF and CE perpendicular to the volume 
axis. 

Work done in cycle = area of parallelogram ABCD 

= area of rectangle FBCE = FB x BC. 

But FB = increase of pressure at constant volume due to rise of tempera- 
ture 5T = (dp/dT)5T ; 

and BC = increase of volume due to evaporation of unit mass of liquid = 

Vg -vi ; 

/, work done in cycle = (dp/dT).5T(t;^~-r|) = L^ST/T by (46) 

L, = T(Vg ^ Vi). dp/dT (79) 


Example. — Evaporation of water at 100° C. under 1 atm. pressure : 

T = boiling point = 273 + 100 = 373 ; 

Vg = sp. vol. of saturated vapour = 1674 c.c. (Watt, in 1763, found 
1800 C.C.); 

Vi = sp. vol. of liquid = 1 c.c. very nearly ; 

% = 27-12 mm. Hg per T C. at 100° C. 


27-12 X 1,013,226 , . 

= dyne per cm.^ per 1° C. 

T 373 X 1673 X 27 12 x 1,013,226 , 

== Tool^-ias-^no^ 


= 639*7 cal. (obsd. 638*7 ^ cal. ; Black, in 1764, found experimentally 
460; Watt, later, 633 cal.).* 


Density of Saturated Vapour. — Equation (79) gives an indirect method of 
finding the density of saturated vapour : p = IfVg. A direct method was used 
by Fairbaim and Tate,® and improved by Knoblauch, Linde, and Klebe.® 
Another method is to make use of the Law of Cailletet and Mathias (§ 47). 
Young * also finds that log (l/Vg) = A + B log p, where p is the vapour 
p^sure, A and B constants for each substance. Or ; dpjdp = Bp Ip. 
The ratios of the actual densities of vapours to the ideal densities (calculated 
by the gas laws), have been determined by Young.® Numerical data in 
Winkelmann.’ 


The latent heat of evaporation per mol is = ML^, and if Vi = 
Vg == MVg 

dpjdT = X,jT{Vg -Vi) ( 80 ) 


1 Experimental values of : Jellinek, “ Phys. Chern,,” I., 677. 

2 Cf. Preston’s “ Heat,** 1894, p. 304. 

8 P. T., 1860, 160 , 186 ; P. M., 1861, 21 , 230. 

4 MitteiL Forschungsarheit. auf d. Qebiet d. Ingeniturwestns, 1906, 21 , 33. 
.6 Z.p. C., 1910, 70, 620. 

0 P. M., 1892, 88, 163. 

7 “ Pbysik,** III., 962 ff. 
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Vi may be neglected in comparison with F, at temperatures not 
near the critical 

dp/dT = A,/TF, (81) 

If the saturated vapour obeys the gas laws (approximately true 
at low temperatures, /. low vapour pressures), then F, = ET/p 
dp/dT = Aep/ET* 

1 dp _ dlnp _ Xe 
p • dT “ “dT“ - RT2 • • • 

Example , — In the case of water (see above) : R = 1*987 gm. cal., p == 
760 mm., T == 373 ; dp/^ = 27*12 mm. per 1® 

/. Le = AjM = (1*987 X 3732 X 27*12)/(760 X 18) = 648*0 cal. 
This is about 2 per cent, larger than the observed value ; under this pressure 
the vapour is far from ideal. 

The following table ^ gives the values of dp/dT for some common liquids 
at the boiling point : 



Substance. 

Boiling Ft. 
(°K.). 

dpIdH 

Substance. 

Bolling R. 
CK.). 

<2p/<rr 

Chlorine . 

239*4 

33*2 

Chlorobenzene . 

pM 

20*6 

Bromine . 

331*76 

26*2 

Ether 


26*9 

Mercury . 

629*76 

13*4 

Acetone . 

KMiSiB 

26*4 

Ammonia . 

240*1 

37*7 

Ethyl alcohol . 

361*3 

30*36 

Sulphur . 

717*66 

12*2 

Ethyl acetate . 

360*16 

26*1 

Sulphur dioxide . 

262*9 

33*7 

Aniline . 

467*4 

19*6 

Benzene . 

363*2 

23*46 

Phenol . 

466*0 

20*5 

Toluene . 

383*7 

21*76 

Ethyl formate . 

327*3 

26*6 

m “Xylene . 

412*0 

2M 

Acetic acid 
Water 

391*6 

373 

23*9 

27*12 


Integrate [82] on the assumption that is independent of 
temperature : 

/. Inp = — Ae/RT + const [83] 

or if Pi, P 2 ^re the pressures at Tg : 

Xe=,^5^1nr? = 4-576,J^^ logical. . [84] 

The approximation : independent of is sufficient only over a very 

restricted range of temperature (say 10—20®. In the case of water, *« 
638*7 at 100® and decreases by 0*63 cal. per 1® between 90® and 100®). [84] 
may serve to determine A^ from the vapour pressures at two tempmtures 

1 Young, Distillation Prinoiples and Processes,*’ 1922, p. 14. 
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fairly close together, but [83] will not be exact for p except over a restricted 
range of T. If [83] is put in the form : 

log p = A/T + B [85] 

the “ constant ’* A really depends on temperature.^ 

A closer approximation is : a linear function of T : 

Ax = Xq + aT (a constant) (86) 

Inp dT = -AjRT + (a/E)lnT+cons«. [87] 

logi> = A/T+BlogT+C. . . [87a] 

where A, B, and C are constants. This equation, due to KirchhofE,^ 
was shown by Juliusburger ^ to apply with a maximum error of 
3 per cent, to over 70 substances up to the critical point. It is 
probably the most useful vapour-pressure equation, and holds also 
for solutions when the constants are varied with concentration.^ 

Biot’s vapour pressure formula (1844) ; log p = a -|- haJ where 

a, 6, c, a, are constants, and t = C. — const ^ and Magnus’s formula 
(1844) : p = a6^/(^ + c), where a, 6, c are constants, are only of historical 
interest. Regnault modified Biot’s formula to In p = a — where a may 
be taken as 0*9932. 

Bertrand’s formula (1887) ® : p = A[(T — B)/T]^, where A, B, and n are 
constants, gives good results. The value of n may usually be taken as 60.® 
Eankine (1849)’ used the equation log p = a—iS/T — 7/T2, where a, i8, 7 
are constants. 

Van der Waals’ formula (1899)® : log(Pc/p) = a(TJT - 1), where p^, 

are the critical values and a is 3*0 approximately, although not strictly 
accurate (cf. § 49), gives useful results.® According to Von Jiiptner,^® a is 
a function of temperature, a == ao — aT/T^ + )8/{l — T/T^), o and k being 

constants. Cederberg puts a = a$ ~ where a, 7 are constants. 
Cederberg also uses the formula 

where € is a constant. 

1 Cf. Mortimer, J. A. C. 8., 1922, 44, 1429. 

2 A. P., 1868, 104, 612. 

B A. P., 1900, 8, 618. 

B Unpublished results of the author and Dr. G. N. White ; H. if., p. 166. 

B “ Thermodynamique,” 1887, pp. 167 ff. ; C, P., 1887, 104, 166A 

« A. W. Porter, P. 1907, 18, 724. See also Speranski, Z, p. (7., 1913, 85, 
623. 

7 Edinb, Phil J., 1849, 47, 28 ; Bose, P. Z., 1907, 8, 944. 

® “ Kontinuit&t,’* 2nd ed., p. 168. 

« Cf. Porter, P. P., 1922, 18, 201. 

10 z. p. O., 1906, 55, 738 ; 1907, 80, 101 ; 1908, 88, 366 ; 1908, 84, 709 ; 1912, 
80, 299 ; 1913, 85 1. 

11 Cf. Nemst, Grundlagen,” p, 126 ; P. Z„ 1914, 15, 697, 824. Another 
formula has been given by Todd and Owen, P. if., 1919, 88, 656 ; and a large 
number are given in Winkelmann’s “ Physik,” vol. 3. 
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Ramsay and Young’s ^ rule is often of value in the interpolation of 
vapour pressure curves. 

let T^, be two absolute temperatures at which the vapour pressures 
of a substance A have the values p and p' ; 

Tb, Tb' the absolute temperatures at which the vapour pressures of another 
substance B have the values p and p' ; 
then T^'/Tb' = T^/Tb + c (T^' ~ T^), 
where c is a constant, usually very small In the case of chemically similar 
substances (CgHgCl and CeHgBr ; esters) c = 0 and T^'/^b' == which 

gives (Tj^' — T^)/(Tb' — T^) = T^/Tb = const., a rule put forward by 
Diihring (1878). Porter (1907) * has shown that Ramsay and Young’s rule 
is true when f(p) = A — B/T, where /(p) is any function of pressure which is 
identical for the substances concerned. This is satisfied by Bertrand’s 
formula (above) when n = 60 for all substances. The values of c for different 
temperatures are not constant for “ associated ” liquids (water, alcohols, 
acetic acid).^ 

The value of the constant a in ( 86 ) and [87] may be found as 
follows : 

== Q = AU + A == Aq + ; and A = RT (approximately) 

/. Aq + aT = AU + RT /. AU = A^, + (a - R)T 
/. rfAU/rfT = a — R = Cv (vap.) — Cv (liq.)> from (38a) 

a = (Ct, + R) - Cv (liq.) = Cp - (liq.). . . [ 88 ] 

Hence a is equal to the molecular heat of the vapour at constant 
pressure minus the heat capacity of an equal mass of liquid. 

41 . Heat of Dissociation. — The first application of thermo- 
dynamics to chemistry, made by Horstmann in 1869,^ was to 
thermal dissociation. In certain systems the pressure, like the 
vapour pressure of a pure liquid, is a function of temperature only : 
p =/(T). In such cases all the phases of the system must be of 
invariable composition, and examples of such types of thermal 
dissociation are : 

( 1 ) NH 4 CI (solid) — NH 3 + HCl ; ( 2 ) CaCOg ^ CaO + CO^ ; 
(3) CUSO 4 , 6 H 2 O — CUSO 4 , SHgO + 2 H 2 O (vap.). 

Such cases as : (4) N 2 O 4 :;=! 2 NO 2 , are not covered, since the 

1 Ramsay and Young, P. iff., 1886, 20, 515; 1886, 21, 33, 135; 22, 32, 37; 
Herz, Z, S., 1018, 24, 333 ; 1919, 25, 45. 

2 A. W. Porter, P. Jff., 1907, 18, 724. See also Speranski, Z. p. 0., 1913, 85, 
623. 

5 On vapour- pressure formulae, of. Winkelmann, Physik, III., 2, 903-961, 
Ari^s, C, P., 1918, 186, 447, 553, 668, 802, 935; 187, 118, 267 ; Todd and Owen, 
P. iff., 1919, 88, 655 ; Meyers, ibid,, 1920, 40, 362 ; van Liempt, Z, an, 0„ 1920, 
111, 280 ; Henglein, Z. E„ 1920, 28, 431 ; Z. p, C,, 1921, 98, 1 ; Hofbauer, 
Z, p, C„ 1912, 80, 117 ; 1913, 88, 336. 

4 B., 1869, 2, 137 ; A„ 1872, 8, supplt., p. 112 ; ibid,, 1873, 170, 192 ; 08twald*8 
Klamker, No. 137, 1903 ; Brill, Z. an, C„ 1905. 45 , 275 ; Magnusson, J, P. C„ 
1907, 11, 21. 
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composition, and therefore the pressure, depend on volume as well 
as temperature (see § 88 ). 

Consider reaction ( 1 ). Let FNH 4 CI = molar volume of solid 
sal ammoniac, Fna and Fj^Hj = molar volumes of NHg gas and 
HCl gas. If dissociation is complete, the change of volume per 
mol dissociated is : 


AF = Fhci + Fnhi — FNH4C1 = Fnhs + Fhci = 2 RT/p 
approximately, the volume of the solid being neglected. 

The heat of dissociation per mol is given by (79) : 

Ad = T . A V . dp/dT = 2RT2 . d In p/dT 
If Ad is constant. In p = — Ad/2RT + const. 


^*^Pi 2 r(ti Tg) 

For n mols of gaseous product (dissociation complete) : 

.... [89a] 


Pi wRVTi Tg/ 

log?? = fJL _ -L^ 


[89b] 


= (} 

Pi 4‘676n\T 

In case (4) let Q = heat absorbed in the hydration with liquid 
water : CUSO 4 , SH^O + 2 H 20 (liq.) = CUSO 4 , SHgO. 


This value is not found simply by adding the latent heat of evaporation 
to the figures for the heat of hydration with water vapour, since the latent 
heat of evaporation given in the tables refers to the boiling point, and varies 
considerably with the temperature. 


Then we may suppose the hydration carried out as follows : 

(i.) n mols of water vapour at temperature T and under dissocia- 
tion pressure p, are compressed isothermally to the vapour pres- 
sure po of pure water. The energy of the vapour is unchanged 
(assumed an ideal gas, § 33 ). 

(ii.) Condense to liquid water : the increase of energy is 
•“ *-{~ ti-RT. 

(iii.) Change the pressure of the liquid water from po^o p: the 
energy change is negligible. 

(iv.) Bring the liquid water in contact with the solid salt ; let 
heat Q be absorbed : the work is negligible. 

The increase of energy in changes (i.)— (iv.) is - nA^ -f nRT 
+ Q = [a]. The increase in energy when n mols of water 
vapowr are brought di/recUy in contact with the salt is - wA^ + 
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nRT = [)8]. But [a] = [/9] Q = «(A« - Xg), or if Q = — Q is 
the heat evolved in the hydration of the salt with liquid water : 

Q = n{Xi — A,) = nRT® . d In 'pjdT — nRT® . d In ‘PojdT 

Q = nRT® . din {plPo)ldT! [90] 

Put pIpo = » and integrate [90], assuming Q constant 

• • • • 

The following results were found in the case of copper sulphate : 

CUSO 4 , SHgO CuSO^, + 2HaO, 

the vapour pressures being determined by passing the same volume of air 
over the hydrate and then through pure water, and absorbing the moisture 
from the saturated air in each case.* 


t°c. 

p mm. 

Po 

X, 

Q calc, per mol liquid water. 

25*0 . 

7*92 . 

.. 23*76 . 

. 0*3334 

... 3,630 (25°~-30^) 

30*0 . 

.. 11*74 . 

.. 31*83 .. 

.. 0*3689 

... 3,290 (30^—36°) 

36*0 . 

.. 17*01 . 

.. 42*19 .. 

.. 0*4031 

... 3,460 (26^—35®) 


Mean 3,460 

Thomsen found Q = 3,410 cal. by direct observation ; Frowein, by 
statical measurements of the pressures, found 3,340 cal. : an error of 
0*01 mm. in p affects Q by 26 cals. 

The measurement of the weight of substance carried away by a current 
of inert gas may be applied also in the determination of vapour pressures. In 
this way Wartenberg ® found the vapour pressures of metals and salts at 
high temperatures. The vapour pressures found with different velocities 
of the gas are extrapolated to zero velocity. From such results one may 
calculate the latent heats of evaporation of metals, etc., by [84]. 

42. Fusion. — The phenomena of fusion are parallel to those of 
evaporation : at each pressure there is a definite melting point, 
when liquid and solid are in equilibrium ; p = /(T), and a definite 
amount of heat, the latent heat affusion, L/, is absorbed in the 
transformation of unit mass of solid into liquid. 

The changes of volume and the quantities of heat absorbed during fusion 
are smaller than those accompanying evaporation : 

Substance. — v,. cal. cal. 

Water . — 0*091 0 . 0 . .... + 1673 0 . 0 . ... 80 ... 638 

Acetic acid . + 0*121 c.o. ... + 386 0 . 0 . ... 43 ... 97 

The suffixes I, s, g refer to liquid, solid and vapour. 

1 Frowein, Z. p. C., 1887, 1, 6. 

2 Partington, C, 8., 1911, 99, 466; Partington and D. B. Huntingford, ibid., 
1923, 123, 160, where the literature, corrections, and alternative methods are 
considered ; of. also Sohumb, J. A. C. 8., 1923, 45, 342. 

5 Z. E., 1913, 19, 482 ; Wartenberg and Albrecht, Z. E., 1921, 27, 162 ; 
Wartenberg and Schulz, Z. E., 1921, 27, 668 ; Wartenberg and Bosse, ibid., 1922, 
28, 384 ; kroner, A. P., 1913, 40, 438. 
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In a few cases {e.g., water) there is expansion on freezing 
(»i ■<«,); in most cases there is contraction (vi >■ In all cases 
jjf is found experimentally to be positive. 

Equation (47) applies also to fusion, and in the same way as 
was used in the deduction of (79) Clausius and Lord Kelvin * 
found : 

I^=T(».-».)^ (91) 


The values of v are those under the actual pressure of the experi- 
ment.® There are two possible signs for dpjdT, according 
to the sign of {vi — Vg) = Av. If this is positive {vi > Vg ; 
substance expands on fusion) dpJdH >> 0, i.e., dT/dp > 0, or 
the melting point is raised by increase of pressure. If Av is 
negative (vi < Vg ; substance contracts on fusion, as with ordinary 
ice), dTJdp <; 0, i.c., the melting point is lowered by increase of 
pressure. The two cases may be named the sulphur type and the 
ice type, respectively. 

Exa/rti'pU 1. — In the case of water, ly = 80 04 gm. cal. per gm. — 4*2 x 
X 80*04 ergs ; vi = 1*000 c.c. ; = 1 091 c.c. ,* T == 273. 

If = 1 atm. = 1013225 dynes/cm*., then 


8T = 


1013225 X 273 x ( — 0 091) 
80*04 x 4*2 X 107 


— 0*0075° C. per atm. 


The first experiments made by Lord Kelvin in 1850^ showed that 5T = 
— 0*0072° C. per atm., and Dewar (1880) found that this remained constant 
up to 700 atm. (Cf. Bridgman, p. 65.) 

Example 2. — De Visser ® (1892), in the case of acetic acid found : 5T == 
+ 0*02435° C. per atm. Now, in this case Ly = 46*42 gm. cal., T = 289*6, 
At; =x 0*0001595 litre per gm. Thus Ly = 46*42/24*22 litre atm., 


5T = 


289*6 X 0*0001595 x 24-22 
4642 


+ 0*0241° C. per atm.. 


in good agreement with the experimental value. 


Similar calculations apply to allotropic changes^ which take place 
at a definite temperature (the transition, temperature) at a given 
pressure, with the absorption or evolution of a definite amount of 
heat, Lfi per gram.® 


1 Volume changes on fusion : Block, Z, p, O,, 1912, 78, 386, confirms 
Tammann’s formula, Av * To[(0t;/3T)pjjq^ - (0**/0T)pg^ij(i ]. 

2 W. Thomson, P. if., 1860, 87, 123; Clausius, 4. P.. 1860, 81, 168. 

3 Richards, J. A, C, S„ 1921, 48, 291. 

4 P. if., 1860, 87, 123. The lowering of the melting point of ice by pressure 
was first predicted, from Carnot’s principle, by James Thomson in 1849 {Edin, 
Phil. Tr., 1849, 16, 64). 

6 Z. p. a, 1892, 9 , 767. 

6 Cohen and Schut, ** Piezochemie kondensie^r Systeme,” 1919, Leipzi|, 
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In the conversion of rhombic to monoclinio sulphur, Reicher^ (1883) 
found ; = -f 0*0000126 c.c., L„ = 2*52 gm. cal., T = 273 + 96*6®, 

hence dT/dp = + 0*046® 0. per atm. (Obs. 0*05® C. per atm.) The same 
equation may be applied to the change of the eutectic point with pressure ; 
in this case Q is the heat absorbed when 1 gram of the mixture fuses. 

The experimental data in this field have been greatly advanced by the 
researches of Tammann,* and especially of Bridgman.® 

Equation (91) may be deduced by a cyclic process, as in § 40. There are 
now two cases, represented by Figs. 14 and 16. 



A mixture of solid and liquid in equilibrium at temperature T — 8T under 
pressure p — is represented by A. Let PR, QS be the isotherms corre- 
sponding with (T — 5T) and T respectively. 

1. The system is compressed (Ilg. 14), or expanded (Fig. 16), adiabati- 
cally until the temperature rises to T. 

2. The cylinder is transferred to the hot reservoir and the system expanded 
(Fig. 14), or compressed (Fig. 16), until unit mass of solid has liquefied, the 
heat absorbed being L^. 

3. The system is expanded (Fig. 14), or compressed (Fig. 16), adiabati- 
cally until the temperature falls to T — • 5T. 

4. The cylinder is transferred to the cold reservoir and compressed (Fig. 14) 
or expanded (Fig. 16), until the initial state A is reached from D, 

The work done in the cycle is FB x BC = dpjd^ . 5T . (vj — v^). The 
heat absorbed from the hot reservoir is L/ 


/. dpIdT.dT {vi — v,) = X »T/T, by Carnot’s theorem, 

- ( 91 ) 

dT T(t;/ — Vg) 


1 Z. /, Kristallogr., 1884, 8, 693.* 

* “ feistallisieron und Schmelzen,” Leipzig, 1903; Z. p. 0., 1913, 82, 201 ; 
f&tU, 1913, 85, 273. 

5 Pfoc. Amer, Acad,, 1911, 47 , 347 ; ibid., 1912, 47 , 441 ; P, P.. 1914, 8, 126, 
163 ; P. P., 1916, 6, 94 ; %bid„ 1916, 7, 216 ; Johnston and Adams, Z. an, (7., 1911, 
72, 11. 

O.T, 


f 
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EXAMPLES VII. 

1. Macintosh (1909) found the following figures for the vapour pressure of 
liquid HI at different temperatures : 

743 mm. at - 39*5® C. ; 539 mm. at - 46-8’’ C. 

638 mm. at ~ 43*0® C. ; 460 mm. at — 49*2° C. 

Assuming that logipP can be written in the form a + b/T + c logioT, 
calculate the molecular heat of evaporation of liquid HI at the B.P. 
(-36-7° C.). 

2. The vapour pressures of the alkali metals are given by Kroner (1913) 
and Gebhardt (1903) as follows in mm. ; 



Cs. 

K. 

Na. 

249*6 

0*31 

0*06 

— 

307*5 

2*26 

0*43 

— 

365*5 

6*65 

1*51 

— 

360 

— 

— 

0*32 

420 

— 

— 

1*9 

520 

— 

— 

12*4 


Find the latent heats of evaporation at 307*6® C. for Cs and K, and 420® 
for Na. 

3. Pure Ig boils at 185*3° C. Ramsay and Young measured the vapour 
pressures of Ig over a wide range ; 

6(°C.) .=137*05° 150*70° 160*90° 169*06° 176*00° 182*00° C. 

p(mm.) . =200 300 400 600 600 700 

tJalculate the vapour pressure at 154° C. and find at what temperature 
iodine would boil under a pressure of 624 mm. 

The density of Ig at the B.P. is 3*71. Assuming Ig vapour to be a perfect 
gas calculate the latent heat of evaporation. 

4. The vapour pressures of saturated KCl solutions at different tempera- 
tures are : 

23*2° 0. ... 18*58cm. 32*21°C. ... 30'28cm. 41*78°C. ... 60*10cm. 

26*3° ... 22-09 „ 35*7° ... 36*50 „ 45*11° ... 58*66 „ 

29*34° ... 26*88 „ 38*36° ... 41*79 „ 47*89° ... 67*36 „ 

51*1° ... 78*6 

Compare these figures with those obtained from the formulse proposed 
by Bertrand, Biot and Regnault, and Kirchhoff. The constants are for 
saturated KCl solutions : 

Bertrand’s equation : log A = 7*60807 ; B = 74*99 ; n = 60. 

Biot and Regnault : a = 4*88592 ; b = 27*2331 ; a = 0*9932. 

Kirchhoff ; C = 11*0468 ; B = - 0*86492 ; A = - 2270. 

5. Compare the values of the vapour pressures of saturated NagCOglOHgO 
solution obtained from Bertrand^s, Biot and Regnault’s and Kirchhoff’s 
equations with those obtained experimentally : 


t°0. 

pin mm. 

t^C. 

p in mm. 

36 

.. 34*93 

46*1 

... 60*80 

39*14 . 

.. 41*54 

47*9 

... 67*02 

41*89 . 

.. 48*39 

49*95 

... 74*35 

43*9 

.. 54*11 




Constants : 

Biot and Regnault ; a = 5*16043 ; b = 29*7173 ; a « 0*996. 
Bertrand : log A = 8*10063 ; B = 80*54. 

Kirohhoff : A = - 3052*33 ; B » - 5*14627 ; C « 24*23539. 



42 


CHANGES OF PHYSICAL STATE 


67 


6. According to Taylor and Smith (1922) the vapour pressure of ether, 
p, expressed in mm. of Hg is related to the absolute temperature T by the 
equation : 

log p = - (2168-599/T) + 13-882702 - 0 01814165T + 0-00001718196'P 
when T < 273" K. 

K the specific volume of ether vapour at •— 30" C. = 5516-6 and that of 
liquid ether at the same temperature = 1-30041, calculate the latent heat of 
vaporisation of ether at — 30° C. 

7. The vapour pressures of liquid ammonia are : 

0®. 5®. 10®. 15®. 20® C. 

4-19 ... 6-04 ... 6-02 ... 7-14 ... 8-41 atm. 

The specific volumes of liquid and gas are : 

vi . 1-566 1-682 1-698 1-616 1-634 c.c. 

Vg . 293-9 246-2 206-0 174-1 148-0 „ 

Calculate the values of at 6", 10" and 16", and compare with the values 
assuming ideal gas. 

8. The dissociation pressures of ammonium hydrosulphide in mm. at 
various temperatures are (Isambert) : 9-6", 176 ; 12", 212 ; 16", 269 ; 
18", 322 ; 22", 410 ; 26-1®, 601. Find the heat of dissociation and compare 
with the value 22,800 gm. cal. found directly. 

(dp/dT = (pa — Pi)/(T, — Tj) for small intervals of temperature ; cf . H. if., 
§§ 68—71). 

9. The melting point of p-toluidine depends on the pressure according to 
the relation t = 46 + a (p — 1) — b (p — - 1)® where t is the M.P. in "C, 
under a pressure of p atm., a = 0-014216 and b = 0 0000430. Calculate 
the meltmg-point under a pressure of 7 atmospheres and find at what 
pressure the M.P. = 46-4". I^d also the latent heat of expansion per unit 
volume of p-toluidine at the M.P. 

10. The latent heat of fusion of naphthalene at its normal m. pt., 79-9°, 
is 36-62 cal. The value of — v, is -|- 0-146. Find the change of melting 
point per atm. and compare with the experimental value 0-0357°. 

11. Calculate the heats of hydration of the reactions (Partington and 
Huntingford) : 

CUSO4, 6H2O CUSO4, SHjO : Vapour pressure at 26", 7-92 mm. ; 
30", 11-74 mm. ; 36", 17-01 mm. 

Na2HAs04, 12HaO — > Na2HAs04, 7H2O : Vapour pressure at 26°, 
11-10 mm. ; 30", 16-26 mm. ; 36", 20-74 mm. 

12. The latent heat of fusion of ice at 0° is 79-77 cal. ; the latent heat of 
supercooled water at — 6-6" C. is 76-03. Find the specific heat of ice. 

13. Baxter, Hickey and Holmes give the following vapour pressure 
measurements with iodine : 

66° C. . . 3-084 mm. 36° C. . . 0-699 mm. 

46° 0. . . 1-498 mm. 26" C. . . 0-306 mm. 

Find the molecular heat of sublimation at 60° C. 

14. The melting point of Ij is 114° 0. The increase of vapour pressure 
per unit increase of temperature at the M.P. is 4-36 mm. Calculate the mole- 
cular heat of sublimation of solid I2 at the M.P., given that the vapour 
pressure of I| at the M.P. is 88-88 mm. of Hg. • 

16. Calculate the latent heat of sublimation of ice at — 10° from the 
following vapour pressures ; 1-862 mm. at — 10-6" ; 1-947 mm. at — 10° ; 
2-036 mm. at — 9-6°. 

16. The vapour pressures of iodine sire : 0° C., 0-030 mm . ; 15" C., 0*131 
mm. .25° C., 0*305 mm. Find the latent heat of sublimation at the HP. 
« 114° a 
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17. Calculate for mercury given that = 0*0333 at 0® C. ; its coefficient 
of expansion is 0*00018 and its coefficient of compressibility (in atm.) = 0 * 058 . 

Calculate also the increase of pressure required to keep a given volume of 
mercury constant when it is heated from 0 ® C. to 1® C. 

18. The vapour pressure of propyl alcohol may be represented by the 
Biot-Regnault formula log p == a -f b^^ + 20 ^ ^^t - 20^ values of the 
constants are ; a = 4*479370, log b = — 0*6084941, log ( — c) = 0*5609601, 
log j 8 = 0*001641423 and log y ~ —0*00342976. Calculate the boiling point 
of propyl alcohol under normal atmospheric pressure. 

19. The following numbers were obtained by ^eranski (1912) for the 
vapour pressure (p) in mm. of saturated CuCla. 2 H 20 solution at the various 
temperatures (°C.) : 


t. 

P* 

t. 

P- 

26*0 

15*97 

36*96 .. 

29*71 

28*36 

19*42 

37*8 

32*75 

30*36 

21*76 

38*4 

.. 33*86 


Show that these numbers agree with the second vapour pressure formula 
due to Bertrand, viz., p = m. 10"®^^, m and n being constants. 



CHAPTER VIII 


The Characteristic Equation 

43. The Joule-Thomson Effect. — It has already been stated 
(§ 33) that Joule’s law : 

(0t^/9v)T = 0 

is only very approximately followed by actual gases, and the 
further investigations of Joule and William Thomson (afterwards 
Lord Kelvin) gave results which showed the extent to which gases 
deviated from the ideal state. A stream of gas, under a constant 
pressure higher than atmospheric, was forced continuously 
through a porous plug of cotton- wool or silk, supported in a box- 
wood tube. The temperatures of the gas before and after the 
plug were determined by thermometers, and after various correc- 
tions the change in the temperature of the gas in expanding 
through the plug was found. ^ 

Let pxi Ta, and Tb be the pressures, specific volumes, 

and absolute temperatures of 
the gas before and after passing 
the plug, respectively (Fig. 16). 

We may suppose this transi- 
tion brought about by passing 
a volume of gas through the 
plug by means of a piston ex- 
posed to the constant pressure pxy and then allowing it to push 
out, through a volume vb on the other side of the plug, a piston 
exposed to the constant pressure pn- 

If Q is the heat absorbed by unit mass of the gas in passing 
through the plug, and i/b its intrinsic energies in the initial and 
final states, then : 

Q = AU + A = (wb - t^A) + - PaVa) 

= (wb + PbVb) (^A + Pa^a) == - Ha (§ 20). 

1 See Preston, Theory of Heat,” for a description of the experiments. 
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For adiabatic conditions at the plug this vanishes, H is 
constant 

dR = (dR/dT)j,dT + {dRldp)jdp = 0 
idT/dp)^ = - (dRidpy{dRidT)p 
from (36), (36a), (32) and (47) : 

{dn/dp)s = mdv/dT)^-vycp = '^^[^)^. . (92) 

giving the heating or cooling effect per unit mass per unit drop of 
pressure through the plug or expansion valve ; the so-called Joule- 
Thomson effect 

For an ideal gas : po = RT/M /. T(3i;/3T)p = RT/Mp = v 

(9T/ap)„-0 [93] 

This is satisfied by any gas for which : 

T(0i;/3T)^ ~ t; = 0 or (at;/3T)^ = v/T . . (94) 
Joule and Kelvin’s ^ experiments showed that (aT/ap)^ was 

fairly small, and almost constant for moderate differences of 
pressure. In the case of air : 

Arc. = 0*276(273/T)2 x Apatm. 

where T = initial temperature in °K. With other constants, in- 
stead of 0*276, similar equations hold for other gases. These 
equations are only approximate; the value of (aT/ap)H may 

change sign with alteration of the temperature, and in doing so 
passes through the value zero, so that equation (94) is the condi- 
tion for an inversion point. We shall return to this later (§ 60). 

The Joule effect, or the change of temperature of a gas under- 
going changes of volume adiabatically without performance of 
work (§ 33) may be calculated {du = 0) : 

du = SQ — 3A = (ctdT + li^v) — pdv = c^T + (iv — p)dv = 0 
/. c„(aT/at;)^ = - - p) from (47) : 

OT/av)^ = - [T(83,/0T)^ - p]/c, = - ^9^ (1)^ . . (96) 

Thus {dl/dv)^ = 0 when {dpldl)^ — p/T . . . (96a) 

Equation (92) gives the correction for the constant pressure gas 

1 P. T., 1863, 148, 367 ; 1864, 144, 321 ; 1802, 152, 679 ; newer measnrements, 
ot Jellinek, “ Physikal. Chem.,” Vol. I., pp. 400 ff. ; Keyee, J. A. C. 3., 1921, 48, 
1462 ; Hoxton, P. B., 1919, 18, 438 (bibliography), 6nda (0T/Sp)g - - 0-2699 + 

182 0 i - 662-4-^ (p in w. Hg) for air. 



45 


THE CHARACTERISTIC EQUATION 


71 


thermometer ; equation (96) for the constant volume gas thermo- 
meter. The value of {dT/dv)u^ however, is too small to be measured 
with accuracy. 

44 . Liquefaction of Gases. — The fall in temperature produced 
by the expansion of a gas through a valve, due to the Joule- 
Thomson effect, is applied in the liquefaction of air and other 
gases, ^ the fall in temperature being rendered cumulative by 
passing the cooled expanded gas over metal pipes bringing the 
compressed gas to the expansion valve. Hydrogen shows a small 
heating effect on expanding through a valve at the ordinary 
temperature, but has an inversion point at — 80*5° at 113 atm. 
pressure. By previously cooling the compressed hydrogen below 
this temperature it becomes further cooled on expansion and may 
be liquefied. The inversion temperature of helium is as low as 
— 240° C. There is also, probably in all cases, a minimum 
temperature at which cooling on expansion takes place. Claude 
allows the gas, in addition, to perform external work by expansion 
in an engine, and the heat equivalent of this work is taken from the 
gas. 

The observed fall in temperature on expansion is not due to the deviation 
from Boyle’s law, pj^v^ — alone, but includes the Joule effect ~ 

For 1 kgm. of air if v is in m®, p in kgm./m.®, it is known that pv at 1 atm. 
= 8000 kgm. m., and at 95 atm., 7744 kgm. m. The work done on free 
expansion from 95 atm. to 1 atm., due to the deviation from Boyle’s law, is, 
therefore, 256 kgm. m. = 0*6 kgm. cal. The maximum fall in temperature 
due to this cause would be only 0'6/c^ = 0-6/0-17 = 3*5® C., or 0 036® C. per 
atm. The fall due to the Joule-Kelvin effect is 0-2732® C. per atm., ».€., 
eight times as much. At still higher pressures the deviation from Boyle’s 
law is less, since pv is a minimum at 95 atm. 

45 . Characteristic Equations. — The liquefaction of gases by 
cooling and pressure, and the critical phenomena discovered by 
Andrews (1869) indicate clearly that the characteristic equation 
of the ideal gas : pv = RT, which gives no account of these im- 
portant results, may become very unsatisfactory under high 
pressures. Various alternative characteristic equations have been 
proposed to account for the observed properties of gases, a 
description of which will be found in appropriate treatises.* 

1 See Greenwood, “ Industrial Gases,” 1920 ; Claude, ” Liquid Air, Oxygen, 
Nitrogen,” tr. Cottrell, 1913 ; F. 8„ 1922, 18, 139 ff. 

2 0. E. Meyer, Kinetic Theory of Oases (trans. Baynes) ; Kuenen, Dis 
Zustandsgleichung der Oasen (1907) ; Boltzmann, Vorlesungen Uber Oastheorie, 
2 vob., 1896-98 ; Jeans, Dynamical Theory of Oases, 3rd edit., 1921 ; van der 
Waals, Die Kontinuitat, Leipzig, 1881 ; van der Waals and Kohnstamm, Lshrhuch 
der Thermodynamik, vol. 1, 1908 ; Kamerlingh Onnes and Keesom, Die Zitstands* 
gleichung, Enzyklop. Math. Wise., V., 1912 ; Jellinek,LeAr&ucA der phy^kalischen 
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The first attempt to correct the ideal gas equation was made by 
Him (1867), who wrote : 

p{v —b) = RT (96) 

where 6 is a constant, called the co-volume?- 
A further correction was introduced by van der Waals (1873), 
and his famous equation : 

(p + ajv^) (t> — 6) = RT (97) 

where a is a second constant, represented a great advance. 


If in (97) we put v = const., then p = BT — A, where A and B 
are constants. If p and T are plotted at constant volume the 
curves (isochores) should be straight lines. This has been con- 
firmed by extensive experiments with ether by Ramsay and 
Young.® 

Subsequent characteristic equations have mainly introduced 
modifications of van der Waals’ equation to take account of the 
undoubted variation of a and b with temperature and pressure. 

Only one of these will be considered in detail, viz., that of 
D. Berthelot ® : 

(p -f o/Tu®) (v — b) = RT (98) 

where a in van der Waals’ equation is replaced by o/T (a is a new 
constant). For gases imder relatively small pressures (up to 
6 atm.) this gives very accurate results. 

The values of a and b depend on the units of pressure and volume 
and on the mass of gas. If p is in atm., v in c.c. per mol, then 
R = 82-07 c.c. atm./l° C. According to van der Waals, the value 
of b is equal to four times the actual volume of the molecules in the 
volume v; according to 0. E. Meyer, the multiple is 4\/2, and 
this is apparently in better agreement with experiment. Van 
T-hht believes that b is the actual volume occupied by the 
molecules.* 


Ohemie, vols. 1 and 2 ; Nernst, Thtoretiache Ghtmie, 8th edit., 1921 ; Jaeger, 
ForttehriUe der kinetischen Oaelheorie, 1906; Mathias, Lt point critique dee 
torpt pure, Paris, 1904 ; Andrews, Scientifie Paper e, London, 1889 ; Amagat, 
Jiotei eur la physique et la thermodynamique, Paris, 1912 ; ibid., Memoirea aur 
I’ilaaticite et du dilatabiliU dea fluidea juaqu’aux trla hautea preaaiona, Paris, 1893 ; 
A. W. Porter, P. M., 1906, 11, 654; 1910, 19, 888, and subsequent papers; 
Boynton and Bramley, P. B., 1922, 22, 46. 

1 Berthelot, C. B., 1900, 180. 116. 

2 P. M., 1887, 2^ 436. See Fitzgerald, P. B. 3., 1887, 42 , 60. 

I 8ur lea thermomltrea d gat, Trav. et Mint, du Bureau Internat, dea Poide et 
JUiaurea, 1907, vol, 13 ; Nernst, loc. eit. 

* Quoted by Young, “ Stoiebiometry “ 1918, p. 180. 
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46 . The Critical Constants. — One of the most important 
advances represented by van der Waals’ equation is its ability 
to give a good account, on quantitative lines, of liquefaction and 
critical phenomena. 

Equation (97), written in the form of a cubic equation in v : 

(RT/p b) 'j’V . ajjt — abjp = 0 . . (97a) 

will, for every pair of values of p and T, give three values of v. The 
theory of equations shows that these roots are either : (i.) all real, 
or (ii.) one real and two imaginary. The physical interpretation 



is that, according to the conditions of temperature and pressure, a 
fluid can exist either in three distinct states with definite specific 
volumes, or in only one state (imaginary roots having no physical 
significance). In the first case the smallest value of v corresponds 
with the liquid, and the largest with the gas ; the exact inter- 
pretation of the intermediate value is difficult, but the graphical 
consideration below indicates that it is unstable. The second 
case, where only one real value of v exists, may be supposed to 
apply to a substance above its critical temperature. 

These relations are most clearly seen by a comparison of the 
actual liquefaction curves found by Andrews (1863) ^ for carbon 

1 P. T„ 1876, 166, 421 ; 1869, 676 ; “ Scientific Papers,** 1889, 296 ; Mathias, 
“ Le point critique dee corps purs,** Paris, 1904, 
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dioxide (Fig. 17) with, a series of theoretical isotherms obtained by 
plotting corresponding values of v and p for different values of T 
by van der Waals’ equation (Fig. 18). 

Fig. 17 shows the isotherms for various temperatures, for the same amount 
of carbon dioxide. Below 31*3®, starting on the right, liquefaction begins at 
a definite pressure for each temperature, and the curve than becomes hori- 
zontal, the pressure being constant as long as two phases (gas and liquid) are 
present. When all is liquid the curve turns sharply and steeply upwards, 
since the liquid is only slightly compressible. When the curves are traced 
at higher temperatures, the two ends of the horizontal line, representing 
coexistence of liquid and gas, approach, and at 31*3° the isotherm no longer 
shows any horizontal interval, but passes through a point of inflexion at a 
pressure of 75 atm. At the same time no appearance of liquefaction can be 
observed in the tube in which the gas is compressed. Above 31*3® the 
isotherms gradually approach a hyperbolic form (pv = const.). 

There is, for every gas or vapour, a definite temperature above 
which the substance cannot be liquefied by pressure alone. This is 
called the critical temper atrue {0^ or T^).^ 

The critical temperature is the highest temperature at which a 
gas may be liquefied by pressure, and the highest pressure which 
produces liquefaction is called the critical pressure, pc. It is given 
by the ordinate of the point of inflexion on the critical isotherm 
(31*3° in the case considered), i,e., the ordinate of the critical 
point, K. 

The specific volume of the substance under the critical pressure 
and at the critical temperature is called the critical volume, Vc. 
(Another definition of the critical volume is sometimes employed, 
viz., the ratio of the volume of the substance in the critical state to 
the volume of a gas at 0"^ C. and 760 mm.) 

A condition for the critical stale is seen from the diagram 
to be that the p, v isotherm shall exhibit a point of inflexion. 
Such is the case ^ when : 

{dpjdv)^ = 0 and {d^pjdv^)^ = 0 . . . . (99) 

Thus, the compressibility at the critical point is — oo 

The values of these coefficients may be calculated from the 
characteristic equation. 

In Fig. 18 a theoretical isotherm is plotted from van der Waals’ 
equation, below the critical temperature. The real isotherm is 


1 There is no experimental evidence of the existence of a critical point of 
fusion when liquid and solid would become identical (Tammann, ** Kristallisieren 
und Schmelzen,*’ 1903 ; A. P„ 1911, 38, 1027). 

2 See H, M., § 27 ; dyjdx undergoes no change of sign in passing through the 
point of inflexion, hence d2y(dx2 >» 0. 
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formed of the left and right portions and the horizontal ac ; the 
isotherm plotted from the 
equation is adec, cutting ac 
in three points, a, h and c, 
for a particular temperature 
and pressure, a(t)a) is the 
volume of the liquid, c(ve), 
that of the gas, and the 
volume, Vj,, corresponding 
with 6 , is an unstable inter- 
mediate homogeneous state, 
which lies on a hypothetical 
part of the isotherm de, along 
which the pressure would 
increase with the volume.^ 

The extrapolated portions ad Fra. 18. 

and ce represent superheated 

liquid, and supercooled vapour, respectively, and are attainable. 
On the critical isotherm the points a, h, and c will have coalesced 
to the point of inflexion : 

Va, = Vb = Va= critical volume = «<.. 

From (97) in the form p -f ajv^ = RT/(u — b), and (99), we find 
at the critical point : 

- RTc/(vc — 6)2 = 0 .-. 2a/v«* = RTc/(v<, — 6 )* ; 
{d^pldv\ = - Qajvc* -h 2RT<,/(vc - 6)» = 0 
eajvc* = 2 RT,/(®o - bf. 

By division : Vc/S — Wc/2 — 6/2 .•. »« = 36 

2a/(36)® = RT,/(26)2 

.•. I’c = lj'R.8aj27b, and from (97) pc = o/2762 

Vc = 36 ; Pc = a/2762 ; T* = 1/R . 8a/276 . . (100) 
or a = SpcVe^ ; 6 = Oc/3 ; R = SpeVcjSTe • • • ( 100 a) 

Thus, from the compressibility (a, and 6 ) the critical constants may 
be calculated, 2 and vice versd. With 1 gm. of substance, p in 
atm. and v in c.c., the unit of 6 is cm.®/gm. ; and of a atm. cm.® /gm.* 
47 . Theory of Corresponding States.® — Let the values of 
1 Of. J. Meyer, Z. E., 1912, 18, 709. 

* Guye and Friedrich, A. 0., 1906, 19, 605 j Hantzschel, A. P,. 1906, 16, 665 ; 
Knenen, ihii., 1906, 17, 189. 

s Van der WaaU ; of. Kleeman, P, M., 1912 [vi.l, 24, 391 ■, also Kanfmann, 
P, M., 1915, [yi.], 80, U6. 
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p, V and T in (97) be expressed as fractions of the critical 
values : 

p = Ttpc‘, v = <f>Ve; T = S>Te \ 
or TT = pjpe ; (p—v/Vel ^ = T/Te/ ■ • • ' ^ 

TT, <p, and d are known as the reduced pressure, reduced volume, 
and reduced temperature, respectively. Then : 

(Trpc + -b) = RdTc 

from (100) (ir + 3/<^*)(3<^ - 1) = 83 (102) 

All characteristic constants (a, b, R) have now vanished, and the 
equation is true for any substance, provided no change of molecular 
complexity occurs over the range of temperature and pressure 
considered. 

Equation (102) is known as a reduced equation. Any states of 
substances characterised by the same values of v, <j) and 3 are 
called corresponding states. 

Many other equations than (97) lead to laws of corresponding 
states, although the exact form of equation corresponding with 
(102) varies from case to case. The general expression of the law 
of corresponding states is that all substances should behave alike for 
the same values of tt, ^ and 3. This is approximately true. 

The most general form of characteristic equation is 

^ 2 > ® 3 > • • •) ~ ^ • • • • ( 103 ) 

where c^, c^, . . . are constants characteristic of the particular 
substance, including the molecular weight, since R is the same 
only for equimolecular amounts. At the critical point the two 
equations (99) enable us to express three constants in (103) in 
terms of the critical data. If the resulting equation is a reduced 
equation, it must contain no constants characteristic of the sub- 
stance, hence (103) can contain only three such constants. In 
this case it can always be written in the form : 

f{p, V, T, Pc, Vc, Tc) = 0 

and since it is to be independent of the units adopted, it must be of 
the ioimfiplpe, vjve, T/T*), or 

/(tt, <^, 3)=0 (104) 

An equation of state, therefore, leads to a law of corresponding 
states when it contains only three characteristic constants, and 
exhibits a critical point.^ Equations containing more than three 
constants {eg., Clausius’s and Wohl’s) take account of deviations 
from the law of corresponding states. 

1 Meilin, C.R., 1893, 116, 136 ; of, Kanfmann, P. Jf„ 1916, 80, 146. 
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Experiments to test the law of corresponding states have been 
made by Amagat (1896) and Raveau (1897).^ Raveau plotted the 
logarithms of the pressures and volumes for various substances : 

log (^ = log v — log Ve = log V — const. 

and similarly, log pjpc = logp **“ const. = log?:. 

The values of log cj) and log tt were plotted from (102) for various 
values of 5. The observed values of log p and log v were then 
plotted on a translucent sheet of paper and this laid over the preced- 
ing sheet of curves. Since the reduction of log p to log tt, and of 
log V to log requires merely the addition of a constant, it should 
be possible to bring the two sets of curves into coincidence merely 
by shifting one sheet over the other parallel to the axes of p and v. 
The critical point was brought into coincidence, and it was then 
found that the two sets of curves did not coincide, but cut one 
another. The reduced van der Waals’'equation is not, therefore, 
accurate. The very careful experiments of Young have shown 
that even the law of corresponding states itself is not rigorously 
true. 2 

Another method of testing the theory of corresponding states, 
deduced from van der Waals’ equation, was used by Yoimg (1900).® 
The equation (100a) gives : 

RTc/pc^c = 8/3 = 2-67. 

If pe is in atmospheres, Vc in c.c. per gram, then R = 82‘1/M, and 
if Pc = Ijvc = density in grams per c.c., then : 

^ = 2 . 67 * 

D. Berthelot (equation 129a) puts RTc/pc^c = 32/9 = 3-66. The 
observed value was found to be 3’76 (16/4) for most substances ; 
for argon it is 3'424, for oxygen, 3-419, for nitrogen 3-421, for 
xenon 3-605. f Van der Waals’ equation again fails. 

Another method has been used by A. W. Porter,* in which the 


1 Amagat, C. B., 1896, 128 , 30, 83 ; J. P., 1897, 6, 1 ; “ Notes sur la thermo- 
dynamique,” pp. 38 ff. ; Baveau, C. B., 1896, 12^ 100; J. P„ 1897, 6, 432; 
K. Meyer, Z. p. C?., 1900, 82 , 1; D. Berthelot, C. B., 1900, 180 , 665, 713; 181 , 
176 ; J, P., 1901, 10 , 611 ; Kamerlingh Onnes, A. N., 1897, 80 , 101 ; JeUinek, 
“ Physik. Chem.,** vol. 2, pp, 66 ff. ; Byk, P. Z.i 1921, 22 , 16. 

2 Young, “ Stoichiometry,” 1918, p. 220; of. K. Meyer, Z. p. C., 1900, 82 , 1 . 
» P. M., 1900, 60, 291. 

♦ See P. Walden, Z. p. C., 1909, 66, 437. 

t See ** Dictionary of Applied Pbyinos,” London, 1922, VoL L, p. 891 ; 
Kleeman, P. M., 1909. 18, 906. 

4 P. if., 1906, 11 , 664 ; P. B. 8., 1914, 89 , 377. 
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inversion point of the Joule- Thomson effect is applied. Equation 
(94) gives, in terms of reduced magnitudes : 

w 


If we now differentiate (102) with respect to ^ (tt const.) and 
substitute from (106) we find : 

8^ , 6(3<^.-l)_ 

/. at the inversion point : 

c, W-l)*. 

Eliminate 5 /. t = 9(2^ — 1)/^* 

For all pressures from 0 to 9pe this equation has two real roots, 
hence there are two inversion temperatures within this region, 
which may range from a little below, to 6’7 times, the critical 
temperature. At pressures higher than Op. there is no inversion 
point. The experimental results of the compressibilities of carbon 
dioxide and nitrous oxide gave identical inversion curves, agreeing 
with the general law of corresponding states, but this was not 
the curve predicted by van der Waals’ equation. 

If we assume v = Vo = b when T = 0, then from the relation v* 

= 36 deduced from van der 
Waals’ equation we find Vc/Vq 
= 3. The value of this ratio 
may be calculated from an 
empirical relation discovered 
by Cailletet and Mathias 
(1886), known as the law of 
rectilinear diameter.^ If pj 
and pg are the densities of the 
liquid and saturated vapour 
in equilibrium with it, then 
it is found that (pj + Py)/2 is 
a linear function of temperature. If pj and pg are plotted 
against temperature, the locus of the points dividing equally the 
joins of Pi and pg is a straight line (Fig. 19) : 

i(Pi 4- Pff) — Po + (106) 

1 0. B.. 1886, 102, 1202; 1887, 104, 1663; Young, P. U., 1000, 60. 201; 
Jellinek. “ Phy*. Chem.,” I., 470; von Jttptner, Z. p. 0., 1012, 80, 200; 1013, 
86,1. This line is not ftlwi^ys accurately straight. 
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where po is the mean density of liquid and vapour at 0° C. At the 
critical temperature pi= Po + adc- If the line is extrapolated to 
T = 0, the value of p will be half the density of the liquid at 
absolute zero, since the density of the vapour is then zero. In 
this way it is found that Vc/vo is not 3, but varies from 3'6 to 4. 
Berthelot’s equation (§ 51) gives VcfVo = 4, in better agreement.^ 

48 . Maxwell’s Rule. — The theoretical isotherm adec (Fig. 18, 
§ 46) given by van der Waals’ or other characteristic equation leads 
to three values of v for a given pair of values of p and T (§ 46). 
The actual isotherm is represented by the two ends characteristic 
of homogeneous liquid and vapour, and the flat portion, abo, 
where two phases are present, i.e., a heterogeneous system. 

If we suppose the substance carried round a complete isothermal 
cycle adbeca, the work done is zero, by (44), .'. work = area of loop 
= — (area adb) + (area bee) =0 .'. area abd = area bee. 

Hence oc, the line of heterogeneous states, must cut the theoretical 
isotherm so as to intercept equal areas above and below. This 
result, which fixes the position of ac on each isotherm, was first 
obtained by Maxwell.* 

It is not wholly certain, since the part de of the cycle represents 
unstable states.® 

49 . Vapour Pressures. — The characteristic equation applies to 
homogeneous states only, but Maxwell’s rule (§ 48) extends its 
application to the heterogeneous system of liquid in equilibrium 
with vapour. 

Suppose the system carried from the state o to the state e 
(Fig. 18, § 46), (i.) along the theoretical isotherm, adbec (system 
homogeneous) ; (ii.) along the real isotherm, ac (system hetero- 
geneous, and pressure constant = P, say). The two amounts of 
work are equal, since the temperature is constant : 

I pdv = P(t), — vi) (107) 

J^i 


7rd0 = 
<l>i 


‘"■v(^» — ^/) 


(107a) 


where iry is the reduced vapour pressure, P/p*. 


1 B. Lorenz, Z. an. C., 1016, 94. 240; H. Davies, P. M., 1912 [vi.], 94. 416; 
Gay, 0. B., 1914, 168, 34. 

« Nature, 1876, 11, 367. 

> Cf. Bryan, “ Thermodynamics,” 1907, pp. 142 £f. ; Amagat, ” Notes sor la 
physique,” p. 71. 
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If the value of tt from the reduced characteristic equation is 
introduced into the integral of (107a), we obtain on integration : 

(108) 

If the reduced characteristic equation is applied to the liquid 
alone, and to the vapour alone, we obtain two further equations : 

/(ttv, </)/, ^) = 0 (109) 

f{T!Y,<f>g,^)=0 (110) 

Prom these three equations the values of vy. <l>i, <l>g can be deter- 
mined as fimctions of the reduced temperature : 

TTV =/i(^) ; <l>g =u^) ; <t>i . . . (Ill) 

Thus, the reduced vapour pressure, and the reduced volumes of the 
liquid and vapour, must be the same for all substances at the same 
reduced temperature.^ 



Fio. 20. 


( from Narntl’t “ Theoretical Chemistry," by permission of Messrs. MaemiUan. ) 

A large number of experiments made by Young ® showed that 
this was very nearly, but not exactly, the case for normal liquids, 
whilst “ associated ” liquids deviated very considerably. 

1 J. P. Dalton, P. M.. 1907, 18, 617. 

2 Summary in Jellinek, “ Phys. Chem.,” II., 79 ff* 
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The result that the reduced vapour pressure curves, iry = 
should coincide for all normal substances was tested by Bingham ^ 
(1906) by plotting log pe/P against (Tc/T — 1). The result (Fig. 
20) showed that the curves actually deviate more and more as T 
approaches zero. Substances may, apparently, be divided into 
three groups : (i.) those of small molecular complexity and low 
critical temperatures ; hydrogen and helium ; (ii.) normal sub- 
stances, such as benzene and ether ; (iii.) “ associated ” sub- 
stances, such as water and alcohol. Van der Waals had proposed * 
an empirical vapour pressure equation : 

log p,/P = a (Tc/T - 1) .... (112) 

where a is a constant, very nearly equal to 3-0.® The above curves 
show that a varies slightly from one substance to another, and 
(since the curves are not straight lines) the equation is only approxi- 
mately true. 

The reduced Clapeyron-Clausius’ equation * (91) is : 

<*“> 

But pcVcITc = 3R/8 according to van der Waals (lOOa), or 9R/32 
according to Berthelot (129c), hence, at corresponding temperatures, 
Ag/T should be the same for all substances. According to Guldberg ® 
(1890) the boiling points under atmospheric pressure are approxi- 
mately two-thirds of the critical temperatures, hence, if To is the 
boiling point, Ag/To should be the same for all substances. This is 
(incorrectly) known as Trouton's rule.* The value of Ag/To is 

1 J. A. 0. 3., 1906, 28, 723; of. Nemst, "Theoret. Chem.,” 8-10 Aua., 313, 

2 ** Kontinuitat,” p. 147 (2nd edit.). 

5 Guye, A. 0., 1894, 81, 463, for a series of substances finds a mean value of 
3*06. It is larger (3*2) for associated liquids. 

♦ Kleeman, P. M,, 1909, 18, 608, deduces the equation *» -d# 

See also W. C. M. Lewis, Z. j>. 0., 1912, 78, 24 ; 79, 186, 196. 

6 Z. p. G., 1890, 6, 374. Thorpe and Riioker, ( 7 . 8„ 1884, 45, 136, showed that 
the critical temperature could be calculated from the densities at two temperatures 
by the formula -• (Tapi — TiP 2 )/il(pi — P2) where A » 1*974; of. Herz, 
Z, p. O'., 1921, 97, 376. Kurbatoif, for carbon compounds containing more than 
five carbon atoms, finds that T^/T^ has a mean value of 0-666. In homologous 
series it varies from 0*68 for the initial members .to 0*70 for the final members. 
In the oaae of helium it is 0*998. 

® It was put forward by Despretz in 1823, by Pictet in 1876, by Bamsay in 
1877, and by Trouton in 1884. Kurbatoif (Beihl, Wied, Ann,, 1904, 28, 967), 
finds the mean value of the ratio a/Ta to be 20*7 + 0*8. Cf. Guye, A, 0„ 1894, 
81, 164, 463 ; Estreicher. P, M„ 1896, 40, 464; Tk)ugininc, A. C. P., 1898, 18, 
289 ; A, Q„ 1900. 9, 5; 0. B„ 1901, 182, 88; Berthelot, A, O, P„ 1896, 4, 133 ; 
0, R., 1915, 180, 667 j Traube, B„ 1898, 81, 1662; Crompton, P. 0. S., 1901, 17, 
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approximately 21 for normal substances. If, however, the values 
from van der Waals’ equation are substituted in (113) the value of 
A^/To is found to be only 10*8. 

Nernst ^ has proposed two modifications of Trouton’s rule : 


A,/To = 9-61ogTo- 0-007To (114) 

A,/To = 8-51ogTo (116) 


Bingham ^ has proposed A^/Tq = 17 + 0*011To .... (116) 

By analogy with Trouton’s rule we should expect the quotients 
of the molecular heats of sublimation, and of dissociation, by the 
absolute temperatures at which the pressures are equal to 1 
atmosphere, to be constant. De Forcrand® found this very 
nearly true ; the values are 30 and 32, respectively. Nernst ^ 
has proposed a modified rule for the dissociation of carbonates : 

A,^/To = 4-571 (1-75 log To + 3-2) . . . (117) 
Within a fairly wide range of temperature this gives the value 32. 

According to Guye ® the critical coefficient, K == T^IPc* is related to the 
molecular refractive power MR = — \)l(n^ + 2)p, by the equation 

K = MR/1-8, and p^. =l-8Tg/MR. For a compound K is the sum of the 
K’s of the component atoms, augmented in certain cases by coefficients 
depending on the mode of linkage. 

Dutoit and Friederich ® give the formulae: (1) Pc = 
where a(M.v)^ = molecular surface energy (§ 105), and v = specific volume 
at the boiling point (Tq); (2) p^ = (TJM.v). (13-8 -f- Mv/lOO). The first 
was tested by Guye and Baud. ’ Mathias ® has pointed out relations between 

61; Kendall. M. K, N., 1913, 2, No. 36; PagUani, 0„ 1916, 46, ii., 310; 
Arrhenius, M. K, N., 1911, 2, No. 8; 1916, 8, No. 6; Lund6n, ibid,, 1912, 2, 
No. 16 ; Forcrand, C. B., 1913, 156, 1439. 1648 ; Herz, Z, an, C„ 1916, 952, 263. 

1 Cf. “ Theor. Chem.,” 8^10 Aufl., 313. 

2 J. A. C, 8„ 1906, 28, 717; Mali, P. M„ 1923, 45, 94. 

3 A, C. P„ 1903, 28, 384, 631 ; 29, 6. 

4 “ Theoret. Chem.,^* 8-10 aufl., p. 802 ; cf. Martignon, G. B., 1899, 128, 103. 

(On Trouton’s rule cf. § 122 ; Pagliani, N, C„ 1916, 11, i., 118 ; Herz, Z, an, C,, 

1916, 95, 263 ; Cederberg, Thermodyn. Berechnung chem. AfQnitaten,” Berlin, 
1916.) 

Hildebrand {J, A, C, S„ 1916, 87, 970) finds equal values of X^/T at temperatures 
for which the vapour concentrations are equal : for 0 005 mol/litre, the ratio is 
about 27*6 for normal liquids ; 32*4 for NHs ; 32-0 for H 2 O. 

Winternitz (P. Z„ 1914, 15, 397) calculates the values A^/Tofor H 2 as 15-0, and 
for tungsten as 41-0 ; Nernst’s formula gives 17-0 and 42-2 ; these are cases of 
ve^ low and veiy high temperatures, where Trouton*s rule breaks down. 

For a relation between boiling points and critical temperatures of homologous 
compounds, see Ferguson, P. if., 1915^ 29« 599. 

6 J. P., 1890, 9, 8X2. 

6 A. dc 0., 1900, 9, 105. 

7 IM., 1901, 11, 449. 587. 

• •• L© Point critique,** p. 161, 
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the critical pressures in homologous series. The writer ^ has suggested the 
empirical equation ; n = 0-642 + 0-001 ICp^. + 0-0000399pg®, where n is the 
exponent in the formula = riQ(TI21Z)^ connecting the viscosity (?j) of a 
gas with temperature. (In all cases is in atm.) 

An approximate value of is one-third the density of the liquid at the 
lowest possible temperature. ^ Another approximate formula* is p^ = 
(pi -f Pg)m2 — (cf. 106), where a- = T/T^. The values of pg may be 
found by multijplying the theoretical (gas law) densities by the factor k for 
the corresponding reduced temperature (a) determined by Young k = 
actual density/ideal density ; 


3-. 

k. 


k. 

0-57 

... 1005 

0-69 .. 

. 1065 

0-60 

... 1011 

0-71 .. 

. 1082 

0-65 

... 1-035 

0-73 .. 

. 1-102 

0-67 

... 1050 

074 ., 

.. 1 115 


Natanson* gives p^ = 0 


044 pJT,. 


(Other methods, cf. Mathias, loc. cit.) 


50 . Thermal Coefficients from van der Waals’ Equation. — For 
two temperatures at constant volume : 


(Po + ajv^) (v —b) = RTq and + a/v^) {v —b) = RTi 
•*. iPi - To) (v -b) = R(Ti - To) 

/3 = (Pi - To)/Po (Ti - To) = (1 + a/pf,v^)ITf^ . (118) 

independent of T, but depending on the density, and greater than 
the value 1 /Tq for an ideal gas. Actually, decreases slightly 
with rise of temperature. 

For two temperatures at constant pressure : 

(p + o/vo®) (^0 - &) = RTo and (p + a/vj^) -b) = RTi. 
Subtract and neglect terms in ah, of the second order 
p (vi - Vo) + « (IM - IK) = I^(Ti - To). 

Divide this by the first equation and neglect terms of the second 
order : 


a \ 


! K - Vo)K (Ti - To) 

±0 I PVQ 


(-+-) -- 
\Vo Vo 


(119) 


dependent on pressure and density, or on one of these and tempera- 
ture. 


1 PsTtington. F. S., 1922, 17, 734. 

8 MathiM, Ann, Fac, des 8oi, de Tovhuw, 1892, 6« 
8 Mathias, ** Ls Point critique,** p. 164, 

4 P. 1892, 88, 153. 

6 J, P., 1895, 4 , 219, 
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From an experimental value of (118) gives a ; from this and 
an experimental value of a, (119) gives 6. 

If we write van der Waals’ equation in the form : 

p = ET/(« — 6) — o/v* 

differentiation gives : (9p/9v)i = — RT/(v — 6)® + 2o/v® 

(§ 17) ej = (RT - 2a/v)/(v -2b) .... (120) 

Also (dp/dT)„ = R/(v - b) (dp/dT), = (j9 + o/u®)/T 

from (95) : (dT/dv) = - -7 • 4 ( 121 ) 


Ti-T, 


l3TW„*=j(i-i) 


giving the Joule effect. 

Also : Cp - C. = Tldp/dT)r . (dv/dT)p = R(1 + 2afRTv}\ ^ 23 ) 
= R 4- 2ap/RT® when a and b are small.^ / ' ' ' 

Write (97) in the form : 

V - b — RT/p — ajpv + dbjpv^ 
and substitute v = RT/p in the correction terms : 

V = RT/p - a/RT + abpim^ + b. 

Differentiate with respect to T and substitute in (92) : 

• • VRT R®Ta yCp ' • • 

giving the Joiile-Thomson effect. An approximate equation, ab 
neglected, gives, on integration : 

C,(T.-T,) = (— -3)o..-y,). 

The inversion in the Joule-Thomson effect (change of sign) 
occurs when : 

2a/RT — 3oJp/R*T® — h == 0 

(^- mJ = • • • • 

Approximately, T = 2a/R&. 

If T b plotted against p from (125), witix given values of a and b, 
a parabola b obtained, all points inside which represent cooling on 


X J. P. Dalton, P. M„ 1907, U, 625. 
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SI 


expansion, and all points outside it, heating. Instead of speaking 
of an inversion jtoint, we should, therefore, speak of an inversion 
curve?- (Reduced inversion curve, § 47). For values of p 
greater than a/36* there is always heating on expansion. 

51 . Berthelot’s Equation. — In place of van der Waals’ 
equation (97), D. Berthelot has proposed * one in which the 
constant a is replaced by o/T, i.e., it now depends on the tempera- 
ture : 

(p + a/Tv*) (v - 6 ) = RT (126) 

This gives exceedingly close agreement with experiment at 
pressures not exceeding a few atmospheres. When written in the 
form : 

f = RT/(t) — 6 ) — o/Tv* 
it gives, on differentiation : 


{djp\ _ R _a_ 
VaT^ ~ v-h'^ «2T* 


. (127) 


so that the pressure coefficient /S now depends on the temperature, 
which is not the case with van der Waals’ equation, but is found 
experimentally. 

The values of a and 6 in terms of the critical constants are found 
by the method given in § 46, except that a is now replaced by 
a/Tc: 

a = 3pcV<,*Te (128a) ; 6 = VejZ (128b) ; R = • (128c) 

Instead of these Berthelot uses the following empirical relations, 
which give the best results in practice : 

o = ^ PcVc^'^c (129a) ; 6 = v^ (129b) ; R = ^ . (129c) 

On substituting (129) in (126) we find the reduced Berthelot’s 
equation, as in § 47 : 




which holds for any mass of gas. 


1 For thermal properties of CO2 «©© Jenkins and Pye, P. T., 1913, 218, 67 ; 
1915, 215, 353 ; of NH 5 , Circular Bur, Stand,, Washington, No. 142, 1923, (impor- 
tant in connection with refrigeration). Schulze, A, P„ 1916, 49, 569, 585 ; 
Plank, P. Z„ 1914, 15, 904. 

2 ** Sur les thermomdtres k gaz,** Mim, Bureau dts poide et M/sures, voL 13, 
Paris, 1907 ; Nemst, “ Theoret. Chem.,** 8-10 Aufl., 1921, pp, 254 fiF. ; Jelline^ 
“ Phys. Chem.,** voL 2, 1915, pp. 167 ff. ; P, Henning, “ Temperaturmesaung,’* 
1915, pp. 24 ff. 
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Prom (129) and (130), we find for 1 mol of gas : 



pv = RT ~ ^ *^*^*^> 

the approximate substitution from (130) : 

QO 

7r</) = ^ 3 (130a) 

V 

in the correction terms only : 

j«; = RT[l+^g^r(l -6r*)] . . . (131) 

where r = 1/d = T<;/T. 

Equation (130) gives, on the substitution, tt = 1, <^ = 1, 3^ = 1, the equation 
19/4 = 32/9, which indicates that (130) cannot be true near the critical 
point. ^ 


Equation (131) shows that at low temperatures, such that 
6r^ >► 1, gases are more compressible than the ideal gas. In the 
case of hydrogen is very low, and even at fairly low tem- 
peratures 6r2 <; 1 ; at higher temperatures nitrogen shows the 
same behaviour as hydrogen, i.e., it is less compressible than 
the ideal gas. Equation (131) fits the observed curves at 
moderate pressures very well. 


Let 1 + TTT (1 — 6r^) = A, and let p = = 1 atm, 

Uo 

• If pt) PqVq as p -> 0 (§ 39), Po®o — 

. limiting density — normal density X A . . (131a) 


For O 2 , normal density 1*4290; Pc ~ atm., = 160° K. 

A = 1 - 0 00074 

limiting density = 1*4290 x (1 — 0*00074) =: 1*4279 
/, ideal molecular volume = 32/1*4279 = 22*41 litres. 


Multiply out (130) and neglect the small term 4/3.3(;f)® ; 

, ir , 16 1 _32 

4 3 ■ <^3 9 ^ * 

Difierentiate with respect to 3 (^ constant) : 


/ , IWtt _ 16 1 ^ 

V 4/ d3 “ 3 (#)32 9 • 


(130b) 


1 QL Porter. P. if.. 1922, M. 1020. 
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Substitute ((/> — 1/4) from (130) : 


323 dt: 


_ /16 1 , 32\ / 

V 3 • 9 / r 


4-1® ^ 

-r o • 


3 ■ 

1® 1 \ 

3 ' ■ 


Substitute l/<p = 97r/323 from (130a) in the correction terms, and 
use the approximation (1 + o)(l 6) = 1 -f- a -I- where a and 
h are small compared with 1 : ^ 


3 d-n 
TT * d3 



Put TT = plfe ; = T/To on the left of the equation ; 

^ p V0 t4 t V 


1 + S ^’■®) • 


32 


(132) 


This gives the correction for the constant volume gas thermo- 
meter. From Chappius’ measured values of ^ = Ijpg . (9^/9T)», 
Berthelot calculated Tq = 273-09® K as the absolute temperature 
of melting ice (cf. § 28). 


From (131) : 




Differentiate with respect to T {p constant) : 


/dv\ R/, ,108 


Substitute for R/p from (131) : 
R _ V 1 

p~f 

^ 128 128 
. . 108 
^ 1 + 128 ""” 


3 


128 




) 


(133a) 


9 , 6^ * 




54 


128 


TTT ■ 


128 






1 H. M„ Appendix III. 
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The limiting values of a and /8 at zero pressure (ir = 0 ) are both 

1/To (»o = Po = 1)-^ 

The difference of molecular heats is found ® from (132) and (133a), 
neglecting terms of higher order : 


C, - C„ = T I 




The equation (70) for the velocity of sound in a gas, together 
with (28) and (131) in the form : 

9 


= -ill*' • ■ 


(136) 


(v = specific volume = molecular volume divided by M) give ® : 

9 

If 1 — — vr (1 — 6 r®) = 9 , and if A^, Aj are the wave-lengths of 
sound in two gases (u = n\, wthere n = frequency), then : 

I; 

32 

From (130) by differentiation, and the substitution irtf) = - d 

*/ 

in correction terms : 




\ diT li 


(1 - 6r*) 


D 


'4' 


32r 27 


3(/)a “ 32 

TIT • 

9 2 

1 


4 • • 

3 ' 



) * • 


(137) 

(138) 

(139) 

(140) 


For the Joule effect, we find from (96) and (133), with the approxi- 
mate substitution : dv — — RTdp/p® : 


_ R^ ^ 8 

~ Ce Pc 32^ 


(141) 


1 Of. Henning, ** Temperatormessung/’ pp. 65 fF. (reduction of gas scale tb 
thermodynamic scale). 

e Of. Biicker, A, P„ 1921, 65, 393; Schimank, P. Z,, 1916, 17, 893. 

8 For applications of (134) and (136) see Partington, P. P. P., 1921, 100, 4; 
Partington and Cant, P. if., 1922, 48, 370 ; Partin^on and Shilling, ibid., 1923, 
45 , 416, and P. S., 1923, 18, 386. 
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For the Joule-Thomson efiect, from (92) and (132) we find : 




9RT« 


(1 - 18r2) . 


' H 128j7oCp 

For carbon dioxide at 0® C., with 1 atm. fall in pressure : 
Tg = 304® ; R = 1*984 ; = 73 atm. ; Cp = 8*6 


89 


(142) 


128 X 73 X 8 ( 

= — 1-3P. 

The observed fall in temperature under such conditions is l-46°. 

The calculation of the (theoretical) value of Gp when the gas 
is in the ideal state (p = 0, or v — > oo) may be made as follows. 
From (138) : 



038 ~ as V 03 /“ 33 V 

From (51) : (0C,/0i;)^ = T . d^p/dT‘ = pc^/Te . d^rr/d^^ 

= - 32j)c/338<|)8To = - Z2pcVc^l3^h^p 


C» =/(«) + 


Pc% 


8 32 


To38 • 3v 

When V — > 00, or p — > 0, let Co — > C*® : 

r _ro4.?2^ 
to - to + 3 .32^ 


323/9, 3 = 1/r 
(143) 


But (129) pcVejTc = 9R/32, and (130) Tr<p 

97 

Co=Co® + ^R7rr« 

Cv® should be used in considerations as to the partition of kinetic 
energy in gas molecules, as it contains no contributions due to 
potential energy.^ 

The temperature change on adiahatic change of volume is equal to the 
temperature change due to external w’ork (ideal gas) plus that due to internal 
work (Joule effect) ; 

dT = — pdvjC^ + dT'. 

But dv = — RTdp'/P* where dp' ==* pressure change to produce the 
change of Tolume dv isothermally ; p = initial pressure from (141) : 

RTd£f 27 \ 

^-'o-pTV+^^) 

•' +11’"*) 

1 Cf. Partington, F. S., 1922, 17, 734 ; Bartels and Enoken, Z. p. 0., 1921, 98, 
70 ; MiUar, J. A. C. 8., 1923, 46, 874. 
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Let = increase of pressure due to increase of temperature dT at 
constant volume, then, from (132) : 





/. y — 1 = dlnp^/dlnp' (146) 

The adiabatic pressure change for a given change of volume is equal to the 
pressure change due to the change of volume at constant temperature (dp') 
plus the pressure change due to the change of temperature at constant 
volume dpQ = dp' + dp^ ; hence, if p is the initial pressure ; dpg/p = 
dp'/p + dp^Vp or dlnpQ = dlnp' + dlnp^ 


= Pi — Jog P 

d\np' logpi — logp, 


(146) 


with the same notation as in (65). The equation used by Rontgen, therefore, 
requires no correction when the pressure differences are small. 

To obtain the correction for Lummer and Pringsheim’s equation [ 66 ], 
we must replace pa in (146) by P and the temperatures, T^ corresponding 
with Pi and Ta corresponding with P, the pressure after adiabatic expan- 
sion. If the volume remained constant after expansion and the tempera- 
ture changed to Tj the pressure would be pa. Now 
dlnpi, dlnT = 1 + 27/32 . tttS 



(1 +|^>rT»)dlnT 


The integration cannot be effected exactly, but if we put : 


(147) 


{Pi + P)I^Pe 1/’’ = C^i + ^s)/2Tc 
^ F = 

Substitute Inpa in (146) 

7 = ln(pi/P)/[ln(pi/P) - (1 + 27/32 . xt») In (Ti/T,)] . (148) 
.*. by comparison with [ 66 ] and rearrangement : 

^ = y[l+(y _l)g,r»] (149) 

where 7 ' is the value calculated by [ 66 ], i.e., on the assumption that the 
gas is ideal. 

There is little doubt that Berthelot’s equation gives most accurate resulte 
with gases under moderate pressures, say up to 6 atm. At high pressures it 
becomes much less accurate, and other equations may then be used, but with 
less certainty. Among these equations may be mentioned those of : 


1. Clausius ^ : 


1 Clansias, A. P., 1880, 0, 337. At low temperature*, see Saoknr, Btr„ 1914, 
47 , 1318 ; Shaha and Baia, P. M., 1918, 86 , 199; of. Jeans, C. 8. 1623, 1S8. 339% 
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2. Dieterici ^ (two equations) : 

(p + (o — 6) = RT ; 

pe“/®'T®(t; — 6) = RT, 

3. Wohl»: 

The latter gives good results at high pressures * ; it reduces to Berthelot’s 
equation at small pressures. As to the applicability of any characteristio 
equation at high temperatures nothing definite can yet be asserted, since 
there are no adequate experimental results. There is no reason to suppose, 
however, that an equation which applies at lower temperatures under a given 
pressure will deviate largely from accuracy at higher temperatures under 
the same pressure. (On a modified Berthelot equation, see A. W. Porter.*) 

4. Callendar * puts (for moderate ranges of pressure) : V — 6 = RT/p — c. 

The small term c is the “ coaggregation volume ” («i.e., the diminution in 
volume produced by coaggregation or pairing of molecules) ; it may be 
written c = (T^/T)^, where is the value Of c at some standard tempera- 

ture Tj (preferably 373°* 1 K.) and n is a constant which for steam = 10/3. 
Callendar proposes the equation p/RT = l/y — c'jv^ -f for the 

liquid and gaseous state, c' and c" being any arbitrary functions of tempera- 
ture. At the critical point, from (99), we see that pJRT^ = 3vg = 3c'g = 
9c'' c' is of the form (c — 6) and c" is 66/3, so that = 66. 

EXAJMPLES VIII. 

1. The values of a and 6 referred to 1 mol of methylamine with the mm. Hg 
as unit of pressure and 1 litre as unit volume are a = 6620 and 6 = 0-061. 
Find the values referred to the c.c. as unit volume and 1 atm. as unit pressure. 
Find the value of R in van der Waals’ equation in the two cases. 

2. The critical temperature of ammonia is 130® C., and the critical pressure 
116 atm. ; find the values of a and 6 in van der Waals’ equation, naming the 
units, and plot the isotherms for 17° C., 130° C., and 160° C. 

3. The values of a and 6 for nitrogen are : a = 1660, 6 = 1*32 (referred 
to 1 gm., 1 c.c. and 1 atm.). Find 6^, Pc ^c* 

4. Tg for ether is 193-8° C. and p^ = 2706 cm.Hg. Calculate the constants 
a and 6 (van der Waals’) for ether and thence find the critical density. 

6. Plot a series of isotherms for CO^, using the equation : ® 

(« - 0-0023) = 1-00646 T 

6. Show that the mean compressibilities of two fluids between equal 
reduced pressures at the same reduced temperature are inversely proportional 
to their critical pressures. 

1 Dieterici, A, P., 1899, 69, 686; 1901, 6, 61; 1903, 12, 144* 164. Modified 
van der Waals’ equation: von Jiiptner, Z, p. C., 1908, 68, 679 ; 1910, 78, 343. 

2 Z. p. C., 1914, 87, 1 ; ibid,, 1921, 99, 207, 226, 234 ; cf. Carl, ibid., 1922, 
101, 238. 

5 Nernst, “ Theoret. Chem.,” 8-10 Aufl., p. 267. 

4 P. if., 1922, 44, 1020. 

6 ** Properties of Steam,” London, 1920, p. 184. 

6 Cf. Nernst, ” Theoret. Chem.,” 8 Aufl,, p. 230. 
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7. Show that the mean coefficients of expansion of two fluids between 
equal r^uced temjperatures at the same reduced pressure are inversely 
proportional to then critical temperatures. 

8. Find the values of a and b in van der Waala’ equation for the following 
substances, taking the gm., atm., and litre as units : 




H 2 . 


CO 2 . 

NH 5 . 

SO 2 . 

Pe 

atm. 

20 

33 

73 

115 

78*9 


“O. . . 

. 234*6 

— 146 

31*1 

130 

166*4 


9. Show from Berthelot’s equation that a gas obeys Boyle’s law at a 
temperature 2*44 T^. Calculate this for Hj, N 2 , COj, NHj. Given: 
Hj, a = 019 X 10«, 6 = 23 ; Nj, a = 1-31 x 10«, 6 = 37*3 ; CO*, a = 3-61 
X lO*, b = 42*8 ; NH3, a = 4-05 x 10®, b = 36*4. (Units, gm., c.cm., atm.) 

10. Show from Berthelot’s equation that M = [(pRT)/p] (1 4- Ap), where 
p = density of gas, M = mol. wt., and A is a constant at a temperature T, 
A = 9Tc(T* - 6T^®)/128pcT®. 

11. The values of pF/RT per mol of SO 2 at 0® C. are 0*9973 when p = 0*1 
atm. and 0*9769 when p = 1 atm. The density of SO 2 at S.T.P. (0® C., 
1 atm.) is 2*9266 gm./fit. Find the atomic weight of sulphur (0 = 16). 
(See §§ 39, 61.) 

12. The specific volume of saturated SnCl 4 vapour is 78*4 at 130® C. and 
22*0 at 190® C. (Thorpe and Pierre), whilst the specific volume of liquid 
SnCl 4 is 0*6166 and 0*5696 at the same temperatures respectively (Young). 
If the critical density of SnCl 4 is 0*7423 gms. per c.c., find the critical tempera- 
ture and pressure and thence deduce the values of a and b in van der Waals’ 
equation lor this substance. 

13. Plot the rectilinear diameter of Cailletet and Mathias for ether from 
the following figures due to Centnerszwer (1907), d being the density of liquid 
or vapour at the temperature <® C. : 


d. 

t. 

d. 

t. 

d. 

t. 

0*0962 . 

. 172*6 

0*2231 

... 194*06 0*3593 ... 

190*8 

0*1167 . 

. 182*16 0*2668 

... 194*6 

0*3734 ... 

188*9 

0*1389 .. 

. 187*16 0*2843 

... 194*1 

0*3844 ... 

187*3 

0*1822 .. 

. 192*3 

0*3094 

... 193*6 

0*4466 ... 

176*7 





0*4608 ... 

169*3 


Thence show that the critical temperature is 194*4® C. (which agrees with 
Young’s observed value). 

14. In the case of normal pentane at 0® C. the densities of liquid and vapour 
are 0*6464 and 0*0008. At 190® C. the values are 0*3446 and 0*1269. The 
critical temperature is 197*2® C. Find the critical density. (Young gives 
0*2323.) 

16. According to Sajontchewski, the vapour pressure of SO 2 is 60 atm. 
when T == 412*9® ; that of ether is 28*4 atm. when T = 446*8®. The critical 
constants are : SOa : T^. = 428*4® ,* p^ = 78*9 atm. ; (CaH 5 )aO : T^j = 463® ; 
ss 36*9 atm. Test the equation Wy = f(3^). 

16. The van der Waals’ constants for aniline are 6 » 137 and a » 26*6 
X 10®, the pressure being expressed in atmospheres and the volume in 
o.cms. Plot the inversion curve for aniline. 

17. Plot the inversion curve for ammonia, given a = 4*05 and b = 36*4 
X 10 - ®, the volume being expressed in litres and th^ressure in atmospheres. 

18. The critical data for COa are as follows : Tq = 304® K and p^ = 
73 atm. (Cardoso), a » 3*61 x lOS 6 » 42*8 (atm. unit of pressure ; o.cm. unit 
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of voL). Amagat found the following relations between p and v for this 
gas; 


B^iQP 0 . 


1 vol. . 

. p = 1*148 atm. 

1 vol. . 

0*024 vol. 

. p=s 39*0 

99 

0*024 vol. 

0*013 „ 

. p= 59*7 

99 

0*0164 „ 

0*010 „ 

, p = 68*6 

99 

0*010 „ 

0*0058 „ 

. p= 83*1 

99 

0*0058 „ 

0*0032 „ 

. p= 98*0 

99 

0*0025 „ 

0-002 „ 

. p = 470*0 

99 



S«80°C. 

. p = 1*295 atm. 

. p = 46*6 ,, 

. p = 63*5 „ 

. p= 91*3 „ 

. p = 128*8 

. p = 346*0 „ 


Test van der Waals’ reduced equation of state with these fi^es. 

19. The boiling points of CCI4, normal pentane, and acetic acid are 76*7®, 
36*2®, and 118*5®. The latent heats are given by Young as follows ; 



80^ 

140*^. 

200^ 

CCI4 . 

. 46*00 

39*92 

32*61 gm. cal. 

n-pentane 

. 76*33 

66*68 

24*68 (190®) gm. cal. 

Acetic acid . 

. 91*59 

91*83 

85*66 


Find the values of Trouton’s constant for 'the three substances. 

20. The van der Waals’ constants for Hj are a = 0*19 x 10®, b = 23, 
taking the c.cm. as the unit of volume and the atmosphere as the unit of 
pressure. Show that below — 73® C. hydrogen becomes cooler on expansion. 

21. Calculate the inversion point of CO2, given the van der Waals* con- 
stants are a = 3*61 x 10® and b = 42*8, the c.c. being the unit of volume and 
the atmosphere the unit of pressure. 



CHAPTER IX 


Dilute Solutions 

52 . Solutions of Gases in Liquids. — The amount of gas 
dissolved by a liquid in equilibrium : free gas dissolved gas, 
depends on (i.) the chemical characters of the gas and liquid, 
(ii.) pressure, and (iii.) temperature. 

The effect of pressure is given by Henry’s Law ^ : The amount of 
gas dissolved at a given temperature is proportional to the pressure. 
Dalton found in 1803 ^ that, with a mixture of gases, the amount of 
each dissolved is independent of the presence of the other gases, 
and is proportional to the partial pressure (§§ 80, 84) of the gas in the 


mixture in equilibrium with the liquid. 

The gas pressure is proportional to the concentration c = n/V = 
number ofmols per litre, (57a) may be written : 

P = cRT [150] 


from Henry’s law : {concentration in solution) {concentration 
in gas space) = constant. This ratio (at a given temperature) is 
defined by Ostwald as the sohihiUtg, s, of the gas in the liquid. 

Let a mol of gas, occupying a volume Vq at a pressure Pq, be brought in 
contact with a volume V of liquid in a cylinder under a piston. It is required 
to find the pressure, p, when the volume of gas has been reduced to x in 
contact with the liquid, assuming the volume of liquid to remain constant. 
We have ; Pq^q = = nRT, where n mols of gas remain undis- 

solved, and 1 — n mols dissolve. 

_ concentration in liquid (1 — n) _ (1 — ri)x Vo^o 


concentration in gas V / x nV pV 

P = Po»o/(* + «V) [ 161 ] 


If * = 0, V = PqVqIps = least volume of liquid required to dissolve 1 mol of 
gas under pressure p. Also s = Po»o/pV = cone, in liq.fconc. in gas.* 

S3. Osmotic Pressure. — Certain septa exhibit selective permea- 
bility towards dissolved substances.* Thus, copper ferrocyanide 

1 P. T., 1803, 88, 29 ; Ostwald, “ Lehrbuoh,” L, 612 ff. 

2 M. M., 1806, [U.], 1, 271. 

B Of. Sander, Z. p. O., 1012, 7% 618. 

4 M. Traube, 1867 ; ^G«, Abb.,” 1809, pp. 218.ff. 

04 
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deposited in the walls of a porous pot will allow solvent, e.ff., water 
to pass through, but not dissolved sugar, or other substances. If 
a liquid solution, say of sugar in water, is separated from the pure 
solvent by such a selectively 
’permeable septum, and if tt, it* 
are the pressures which must 
be applied to the solvent and 
solution, respectively, to main- 
tain equilibrium (Fig. 21), 
then : 

Tt' - TT = P„,T . (162) 

is defined as the osmotic pres- 
sure of the solution at the given 
temperature and with the 
solvent under the pressure It is independent of the nature 
of the septum provided its selective permeability is perfect. 

Consider two septa [a] and [jS], and let the osmotic pressures of 
identical solutions separated from pure solvent by [a] and [/Q] be 
Pa and Pjg. Then if the septum is moved so as to separate a volume 
SV of solvent from a large volume of solution through [a], the work 
spent is PaSV. If the separated solvent is readmitted to the 
solution through the septum [/3], the work done is P^8V. An 
isothermal cycle has been completed, hence, by (44), P^SV — 
P^8V = 0, or Pa = P^. 


'.'f' , 

^ '' 

- ' ' V,' 'f/ /. ' ir* 


'//A 




The laws of osmotic pressure were first investigated from the point of view 
of thermodynamics by van’t Hoflt.® The discussion below is due to Lord 
Rayleigh ®; the complete theory, for all concentrations of solution, has been 
worked out by A. W. Porter.* 


Consider 1 mol of gas and a volume V of solvent just sufficient to 
dissolve all the gas at a pressure p^. Let the volume of gas at p^ 
be Vq. Then s = Vq/V. The gas can be dissolved reversibly in the 
solvent by first expanding reversibly to a very large volume, then 
bringing in contact with the solvent under gradually increasing 
pressure, so that at each stage the pressure of the gas is equal to 
that (given by Henry’s law) corresponding with the amount dis- 
solved. The last trace of gas goes into solution under pressure p^. 


1 Exp«rimeni«l details, see Findlay, “ Osmotic Pressure,” London, 1019. 

2 Z. p. C., 1887, L 481 ; P. M., 1886, 80, 81. 

( Nature, 1887, 6^ 263. 

* P. 6. S„ 1907, 79, 618 : 1908, 80, 467, to which memoirs the reader is referred 
to doteils ; of. Vogard, P. JU., 1907, 18, 606, and llsgle, P. 1912, 80, 272 ; 
1017* !L0 l fi4>. 
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Let the gaa and liquid be contained in a cylinder fitted with an 
.. imper-vious piston a, a fixed diaphragm ^ 
permeable to gas but not to liquid, a 
piston y permeable to liquid but not to 
joc dissolved gas, and an impervious shutter B 
which can be placed over as desired 
(Fig. 22), and let the following iso- 
thermal and reversible process be carried 
out : 

2 (1) Expand the gas to the very large 

0 volume X, keeping B over The pres- 
sure p at any stage of the expansion is 
P — Pq%I^> work gained in expansion : 



f / * / f ft, 
' t t I t ! / t : 

f f f • f i ft 
f t / / f f t t - 


tUiiiiiiiiiiiiiiniiMfiiiiiiiiHii 


' t t t 

I / / / 



\ / f f * ' / / I • 


= l’o^o dxjx=poVo. hi {xjvo). 

Vq Jvq 

(2) Remove B and dissolve the gas rever- 
sibly by pressing down a. (No change in 
the volume of liquid occurs when gas 
dissolves, /3 and y may be kept in 
position.) The pressure at any stage is given by [161] work 
gained : 


Fig. 22. 


PqVq . In (a; -f sV)/sV ’ 


= - pdv= -poVo dxj{x + sY) = 

Jo Jo 

total work spent in getting the gas into solution : 


since = sV, and {x -[- «V)/ar— 1 as a:— > OO. The gas has dis- 
solved reversibly without expenditure of work. 

(3) Raise a and y simultaneously through the spaces Vq and V, 
respectively, so that the solution maintains a constant composition 
throughout, and p^ and F are constant. The work gained is 
Po% - jPV. 

The cycle is now complete, hence by (44) : 

PV = Fo«o= liT 


[163] 
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For n mols of gas = wRT, /. PV = nRT, or : 

P== RT.n/V= cRT . • . [ISSa] 

Equation [163], true for all temperatures, shows that the laws 
of osmotic pressure for dilute solutions are formally identical with 
the laws of ideal gases. At a given temperature osmotic pressure is 
proportional to concentration, or proportional to volume 

(Boyle’s Law) ; at a fixed volume osmotic pressure is proportional to 
absolute temperature (Gay Lussac and Charles’s Law) ; and, since 
the constant R is the same in both cases, equimolar amounts of 
different solutes in equal volumes of any solvent exert equal osmotic 
pressures (Avogadro’s Law). It is assumed that the molecular 
weights of the solute in the various solvents are equal, which is not 
always the case in practice. Since we may assume all substances 
to have some volatility, the proof is general. 

The experiments of Perrin and others lead us to suppose the same cause 
for the pressure in the case of gases and solutions, t.c., molecular bombard- 
ment.^ This question lies outside Thermodynamics, which enables us to 
deduce the laws of osmotic pressure without knowing anything of the 
mechanism of the process, but at the same time tells nothing about this 
mechanism. 

Direct measurements of the osmotic pressures of aqueous solutions, first 
made by Pfeffer,^ later by Lord Berkeley and E. G. J. Hartley, and by 
Morse,* show that for small concentrations (c < 0*1) the agreement with 
[163a] is good, but as c increases the observed osmotic pressure becomes 
increasingly higher than the calculated value. A. W. Porter ^ shows that 
the ideal gas formula may then be replaced as a second approximation by 
Him’s formula (§ 45) : P(v — - 6) = RT, and interprets this in terms of 
hydration of the solute. 

54. Vapour Pressure of Dilute Solutions. — ^Let a solution 
contain w gms. of non-volatile solute in W gms. of volatile solvent. 
Let m and M be the molecular weights of the solute and solvent, 
respectively. The numbers of mols present are n = wjm and 
N = W/M. Let there be given also an additional mass W of pure 
solvent, i.c., N' = W'/M mols, where N' is small compared 
with N. Let the vapour pressures of the pure solvent and of the 
solution be p^ and p, respectively. 


1 See Perrin, “ Brownian Movement and Molecular Reality,** trans. P. Soddy, 
1910 ; ibid., “ Les Atomes,** 6th edit., 1914 (Eng. tr. ** Atoms,** 2nd edit., 1923) ; 
Svedberg, “ Die Existenz der Molekule,** 1912 ; P. S., 1917, 18, 119 ff. 

2 “ Osmotisohe Untersuohungen,** Leipzig, 1877. 

5 For references to osmotic pressure measurements, see Jellinek, “ Phys. 
^em.,” II., 706 ff., and Pindlay^s “ Osmotic Pressure,** London, 1919 ; of. also 
Wegscheider, Z, p. (7., 1920, 94, 739 ; Larmor, “ ^Ether and Matter,** p. 287. 

^ F. S., 1917, 18, 123. 
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The N' mols of solvent are now added to the solution isother- 
mally and reversibly as follows : 

(1) Evaporate the N' mols of solvent isothermally and re- 
versibly under the vapour pressure Pq. Let v' = volume of 
liquid, Vq' = volume of vapour, then the work done is : 

Ai = Pq(Vo — v') = approximately = N'RT if the vapour 
obeys the gas laws. 

(2) Expand the N' mols of vapour isothermally and reversibly 
from the pressure Pq of the pure solvent to the pressure p of the 
solution at the same temperature T. The work done is : 

Aa = N'RT . In (V'/Vo') = N'RT . In (pjp) 

where Vq' and V' are the volumes of the vapour under the pres- 
sures po and p, respectively. 

(3) Bring the vapour in contact with the solution, with which it 
is now in equilibrium, and condense it under the pressure p, which, 
since N' is small compared with N, will remain sensibly constant 
throughout the process. The work done is : 

Ag = — p(V' — Av) — — pV' approximately = — N'RT, 

where Av is the increase in volume of the solution, which is negli- 
gible in comparison with the volume of the vapour. 

The process is complete and the total work done is : 

Ai -f Ag -f Ag = N'RT + N'RT . In (pg/p) - N'RT 
== N'RT.ln(po/p). 

If N' = 1, the work done per mol of solvent transferred to the 
solution is : 

A = RT.ln(Po/l») .... [ 154 ] 

Since the solution and solvent would mix spontaneously, this work is 
positive, by the principle of dissipation of energy (§ 60), hence pg > Pf 
the vapour pressure of the solution is lower than that of the pure solvent 
at the same temperature. 

The N' mols of solvent may be separated again isothermally 
and reversibly by making use of a selectively permeable septum. 
Let the solution be enclosed in a cylinder fitted with a piston per- 
meable only to pure solvent, and let the pressure be raised to the 
osmotic pressure of the solution, P. Since the solution is nearly 
incompressible, this may be done without sensible expenditure of 
work. Now let the septum be brought in contact with solvent, 
with which the solution is in equilibrium under the pressure P, and 
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let N' mols of solvent be squeezed out. The pressure remains 
sensibly equal to P during the process, since N' is small compared 
with N. The work done is — PA®. 

The system is now in the initial state, by (44), total work = 0 : . 

PA® = N'RT . In (po/p) [155] 

But A® = volume of N' mols of solvent (assuming total volume 
of solution after adding the N' mols of solvent = volume of 
original solution, plus volume of solvent added). Let n' — no. 
of mols of solute in a volume A® of solution. Then, by [153a] : 
PA® = n'RT = N'RT . In (pojp), 

Pq _ “O- of niols of solute [155a] 

p ~~ N' no. of mols of solvent 

But In ^ = In ^1 + when p^ — p ia small, 

i.e., when the solution is dilute.^ Hence : 

(Po — P) Ip = w'/N', or (dropping the accents) : 

(Po — P)/Po = «/(N + n) . . . [156] 

This law was discovered experimentally by Raoult in 1886.^ The 
relation between p^ and p was deduced from thermodynamics 
independently by Gouy and Chaperon ® in 1888, and by Arrhenius * 
in 1889. 

N' refers to the number of mols of vapour transferred, i.e., 
the molecular weight of the vapour of the solvent is involved. 
The method gives no indication of the molecular weight of the 
liquid solvent. 

In a very dilute solution n may be neglected in comparison 
with N 

(Po — p)/Po = n/N .... [156a] 

SS. Boiling Points of Dilute Solutions. — Let AA', BB' in 
Fig. 23 represent portions of the vapour pressure curves of solvent 

1 Cf. H. Jbf., § 36. 

2 C. 22., 1886, 103, 1126, and later papers. Cf. his book, Tonom^trie,** Paris, 
1900. For measurements of vapour pressures, • cf. Jellinek, “ Phys. Chem.,” 
Vol. II., pp. 762 £f. Vapour pressures of liquids in contact with gases : P. H. 
Campbell, F, 8,, 1916, 10, 197. Vapour pressure of cone, solutions; D. 0. Wood, 
ibid,, 1916, 11, 28 ; of solutions ; Hartung, ibid,, 1920, 15, 160. Lovelace, 
Frazer and Sease, J, A, 0. 8,, 1921, 43, 102 ; abnormality of KCl about 0*6 molar. 
Lotz and Frazer, J. A. C, 8„ 1921, 48, 2501. 

« A. 0, P., 1888, 18, 124. 

« Z. p. 0., 1889, 8, 116. 
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and solution, respectively. Then [166] shows that the relative 
lowering of vapour pressure (jJq — ^>)/Po independent of tempera- 
ture (Law of von Babo) (cf. 
§ 96). Draw PQ, QR parallel to 
the axes, then : PQ = RQ tan 
PRQ 

Po ~ p = 

where ST is the elevation of boiling 
point of the solvent if p, corre- 
sponding with the ordinate of RQ, 
is the pressure on the surface of the 
liquid. 

If RQ is small, then {H. M,, 
Fia. 23. § 69) : 

tan PRQ = dp/dT for the pure solvent = poX^/RTo^ from [82], 
where Tq is the boiling point of the pure solvent, 

(Po - P)/Po = AeST/RTo* .... [167] 

thence, from [166] : 

w/(N -f w) = XeST/RTo^ = A,8T/2To2 . . [168] 

where A« and R are in cals., R = 1-987 = 2, approximately. 
Thence, for 1 mol of solute in 100 mols of solvent : 

E = 6T = 0 02ToVXe .... [159] 

giving the molecular elevation of boiling point, E, in terms of pro- 
perties of the pure solvent. This equation, deduced by van’t Hoff 
in 1887, was verified by Beckmann in 1889.^ It forms the basis 
of a method for the determination of molecular weights. i 

If Po — p is too large to justify the assumption of [167], equation 
[82] may be integrated on the assumption that is constant : 

In p = — Ae/RT -t- const. 

where p is the vapour pressure of the pure solvent at the boiling 
point T of the solution. At the boiling point Tq of the pure solvent 
(Po = 1 atm.) : 

In Po = — Ae/RTo + const. 

*'• ^ ^ N ( ) ^ R* [t^ “ t] R^ 

If we put TTo == To*, approximately, this gives [169].* 

1 Of. Beckmann and liesche^ Z, p, 1914, 86, 337. 

i Molecular weights from boiling points : of. Jehinek, II., 786 ff. ; theory : 
Beckmann and liesche, Z. p, 0., 1914, 86, 337 ; 1914, K, 419 ; 80, 111. 
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56 . Calculation of Osmotic Pressure. — In equation [155] put 
N' = N, then if M and p are the molecular weight and density of 
the solvent, 

Av = NM/p 

P = (p/M) . RT.ln (j)o/p) .... [161] 

To express P in atm. take 1 litre as unit volume and put R = 
0'082 litre atm./degree. Thus : 

P = — In ^ .... [162] 

From [160] and [161] when X^/M = L*, and T — Tq = 8 T : 

P/pL« = ST/To [163] 

To express P in atm. put L* cal. = Le/24-2 litre atm., and use 
[162]: 

P = ST . 1000pL,/24-2 To atm. . . . [164] 

57 . Freezing Points of Dilute Solutions. — The freezing point 
of a solution is the temperature at which solution is in equilibrium 
with frozen solvent (“ ice ”). It is assumed that pure solvent only 
separates on freezing, which is usually the case. The vapour 
pressure of the solution at the freezing point must therefore be 
equal to the vapour pressure of solid solvent at the same tempera- 
ture (Guldberg, 1870).^ 

The vapour pressure curves of solution and ice must intersect 
at the freezing point. But the vapour pressure curve of the solu- 
tion lies below that of the pure solvent throughout its length, and 
since the lattey cuts the vapour 
pressure curve of ice at the freez- 
ing point of the pure solvent, the 
vapour pressure curve of the solu- 
tion must cut the vapour pressme 
curve of ice at a temperature 
below the freezing point of the 
pure solvent. Thus, the freezing 
point of the solvent is lowered by 
addition of solute. 

In Fig. 24 OA, AS represent 
the vapour pressure curves of ice 
and liquid solvent respectively, BS' that of the dilute solution. 

1 C. B., 1870, 70 , 1349 ; Oatwald’s Klaiaiker, No. 139 (1903), p. 64 : some of 
Goldberg’s memcdis in this ooUeotion are of great interest. 




CHEMICAL THERMODYNAMICS 


102 


57 


AC is the vapour pressure curve of the supercooled liquid. Tq is 
the freezing point of pure solvent, T that of the solution. 

Along CS we have d In p«/dT = Ae/RT and along OA, d In p*/dT 
= A,/RT®, where pe and p, are the vapour pressures of liquid and 
solid, and A* and A, the moUcula/f heats of evaporation and 
sublimation, respectively. It is assumed that the vapour obeys 
the gas laws, which will be very approximately true, since the 
pressures are small. On the assumption that A, and A, are 
constant : 


\npt — — A(,/RT + c', and In p* = — Aj/RT + c", 

where c' and c" are constants. At Tq we have pg = p, = 
where p^ is the common vapour pressure of ice and liquid solvent 
at Tq. 

Thus : In p^ = — Aj/RTq + c', and In p'^ = — A^/RTq + c' 


In 



R 



, and In ^ = 
Po 




But Pe — Po — vapour pressure of supercooled solvent at C, 
p, = p = vapour pressure of solution at its freezing point, 
A, — A, = A/ = molecular heat of fusion, ^ hence 


*“p” r[t Tp] RTTo^^ ■ ■ ■ 

[166] was deduced by Guldberg (1870, loc. cit.), who allowed for 
change of A/ with temperature, neglected above on account of its 
small magnitude. If A/ is in gm. cal., R = 1*987 = 2 approx. 
By combining [165] with [161] we find : 

P/pL/ = ST/To [166] 


1 This relation is strictly true only at the triple point, at which the three phases 
co-exist at the same temperature and pressure (§ 89). In this case, if L^, L, 
are the latent heats of evaporation, fusion, and sublimation ; Vi, Vg, the specifio 
volumes of liquid, solid and vapour ; pg the equilibrium pressure ; and Up Ug 
the intrinsic energies, then : 

I*. - - ®j) : I*, - »,) i L/ - «i - «, + P<,(®j - »,)• 

Hence, L, — L® + “Lf The value of usually refers to p » 1 atm,, but the 
value of is so small compared with that a fairly high pressure is 

required to produce any appreciable change. 
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where L/ = A//M and ST = (Tq — T) = depression of freezing 
point. 

From [163] : 

P = 5T . 1000pIy/24-2To atm [167] 


The ez^rimental method of determining molecular weights by freezing 
points is due to Baoult.^ The method at present in use was developed by 
Beckmann.’ 

Raoult expressed his results in terms of the molecular degression, 
A, for 1 mol of solute in 100 gms. of solvent.® The volume of the 
solvent is 100 /p, which may be taken as the volume of the dilute 
solution. 

From [166a] and [166] we find : 

(«/N) = (A/5T)/RTTfl = A/ 6 T/ 2 TTq if A/ is in cal. 

For w gm. of solute in 100 gm. of solvent, if m is the molecular 
weight of the solute : n = wjm,. If M is the molecular weight of 
the solvent : N = 100/M, hence : 

wM/100 m = A/ 8 T/ 2 TT 0 = A/8T/2To^ approximately. 


Hence, since L/ = A/ /M : 

8 T = 0-02To2n/L/ [168] 

where n = wjm = number of mols of solute in 100 gm. of 
solvent. 

If n = 1, 8 T = molecidar depression A, hence : 

A = 0*02ToVL, [169] 

Also A : ST = m : [170] 


from which m may be calculated if A has been determined for the 
solvent with a solute of known molecular weight. 

[169] was deduced by van’t HofE in 1886.* It has been roughly 
verified for a number of substances by Eykman (1889).® 

1 A, C. P., 1880, 20, 217, and many later papers; of. his “ Cryosoopie,'* 
Paris, 1901. 

2 Z. p. C., 1888, 2, 638, and later papers; of. Stahler*s Arbeitsmethoden der 

anorg. Chem.,” III., i., 100 ff. F. Fliigel, Z, p. 0., 1912, 79, 677 ; W. Both, ibid,, 
699 ; Adams, J, A. 0. 1916, 87, 481 ; Bedford, P, B, 1910, 88, 464. 

8 It would be more logical to use I gm. of solvent here as weU as in [169]. 

4 Of. Z, p. C„ 1887, 1, 481 ; Ostwald’s Klaaeiker, No. 110. 

6 Z, p, C„ 1889, 4 , 497. 
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Substance. 

D 





Water 

18-681 

18-6 

0 

79-63 * 

78-76 

Formic acid 

28 

27-6 

8 

67-38 

66-4 

Acetic acid 

39 

39-0 

17 

43-10 

43-1 

Stearic acid 

46 

47-8 

64 

47-6 

60-6 

Benzene . 

61-2 

61-9 

6-4 

29-9 

30-3 

^-toluidine 

63 

61 

42-1 

39 

37-6 

Phenol 

73 

68-07 

41-6 

29-06* 

21-6 

Benzophenone . 

98 

96 

48-0 

21-70* 

21-03 


In the case of substances which polymerise or dissociate in 
solution, the osmotic pressure is given by : P = icRT, where i is 
vanH Hoff's factory related to the degree of association or disso- 
ciation a : — i = actual number of molecules present/number of 
molecules present on the assumption of no association or dis- 
sociation. With a binary electrolyte i = 1 + a, where a is the 
degree of electrolytic dissociation. 

In this case we must write in instead of n in [165a], and : 

A = 0*02mTo2/L^ [171] 

so that freezing point measurements provide a means of 
determining i. 

The agreement, for very dilute solutions, among the values of i 
found by osmotic pressure, vapour pressure, and freezing point 
measurements is a necessary result of thermodynamics.^ 

EXAMPLES IX. 

1. A closed vessel of 2 litres capacity contains initially 1 litre of water and 

1 litre of air at 0® C. and 1 atm. The absorption coefficients at 0® 0. are : 

0 2 0’04980 ; N 2 0*02388 ; A 0*06780. The composition of air in percentages 
by volume is N, 78*06, Og 21*00, A 0*94. The partial pressure of water at 
0® is 4*68 mm. Find the partial pressures and the tot^ pressure when the 
liquid is saturated. 

2. The vapour pressure of mercury (mm.) at T® K is given (15® — ^270®) by 
log p = 15*24431 ~ 3623*932/T — 2*367233 log T. Find the latent heat of 
evaporation per gm. at 100® C. 

1 Griffiths, quoted by Whetham, “ Theory of Solution,** 1902, p. 147. 

2 Dickinson, Harper and Osborne, F., 1913, 176, 453. 

’ Stratton and Partington, P. M., 1922, 48 , 436. 

4 Depression of freezing point of fused salts, see Saokur, Z. p, C„ 1912, 78 , 660, 
664; Aid., 1913, 88, 297. On the theory of freezing mixtures, see Porter and 
Pij^bs, P. M., 1922, 44 , 787, 
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3. The vapour pressures of alcohol at 30®, 40®, 70®, and 80® C, are 78*1, 
133*4, 541, and 812 mm. Find the latent heat of evaporation at the boiling 
point 78*3® and compare with the measured value 205 gm. caL 

4. The vapour pressures of iodine at 0®, 16®, 30® and 66® C. are 0*03, 0*131, 
0*469 and 3*08 mm. Find the latent heat of sublimation at 26® 0. 

6. A solution of 66 grams of camphor, CioHj.O, in 1000 grams of ethyl 
alcohol CgHjO boils at 79*31®. The pure alcohol boils at 78*81®. Find tne 
latent heat of evaporation of alcohol at its boiling point. 

6. The latent heat of fusion of ammonia at — 76® 0. is 1840 cals, per gm. 
molecule (Massol). Solutions of the alkali metals in liquid NH3 are easily 
prepared ; what would be the lowering of the F.P, of a solution of 3 gms. of 
sodium in 60 c.c. of liquid ammonia ? (Dens. NH3 at — 75® C. = 0*7). 

7. The density of benzene at its melting point is 0*8943 (6*4® 0.), and its 
latent heat of fusion is 30*08 cals, per gm. By the addition of phenol the 
freezing noint is lowered 0-64®. Calculate the osmotic pressure of tne solution 
at 6*4® u., and its composition. 

8. Show that if the latent heats of evaporation and sublimation are 

expressed in the form \q = + (Cp — Cj)T and Ag = A^s + (Cp — Cg)T, 

where Cp, Cp Cg are the molecular heats of the vapour, liquid, and solid, 
then ; 


^(PoIp) — 


R LToT' 


0/-C, (AO*-) 

2 ’ T'®*^ 3 * T'® J 


where Af=A^'^+ (C^ — C3)T is the molar heat of fusion; To, T' are the 
freezing points of pure solvent and solution, and At == Tq — T'. 

9. The lowering of the freezing point of a 1*9488 molar solution of 
KCl in water is 6*37® C. Af for water is 1436*5 cals, at 0® C., and the 
difference in the molecular heat capacities of ice and water is 9*04. K the 
vapour pressure of water is 17*539 mm. Hg at 20® C., calculate the vapour 
pressure of the KCl solution. 



CHAPTER X 


Entropy and Available Energy 

58 , Entropy. — In a simple Carnot’s cycle : QJTi = Q 2 /T 2 > or 
Qi/^i ““ Q 2 /T 2 == 0 (45). If we refer quantities of heat to the 
body undergoing the cycle, instead of to the reservoirs of heat, 
then emitted by the source is absorbed by the body, and is 
positive, whilst Qg absorbed by the refrigerator is emitted by the 
body, and is negative. With this notation : 

Qi/Ti + Q 2 /T 2 = 2Q/T = 0 .... (172) 
for the simple Carnot’s cycle. 

A more complex cycle, provided that the state of the system can 

always be represented by 
two variables, say p and v, 
may be split into a large 
number of very small 
adiabatic and isothermal 
changes, constituting a 
series of small Carnot’s 
cycles (Fig. 25), to each 
/ of which (172) applies. The 
adiabatic parts of these 
small cycles which lie in- 
side the loop representing the actual cycle cancel out in pairs in 
the limit, since each line is traversed twice, in opposite directions, 
but the isothermal parts make up the contour of the actual 
loop. Hence for the latter also we have the relation : 

SO/T = (|)8O/T = 0 . . . . (173) 

When the state of the system cannot he represented by two 
variables, the following method ' may be used. Let a system M 
describe a reversible cycle, and let the heat received by M at 
temperature T at any stage of the cycle, be SQ. SQ may be 
supplied from a reversed Carnot’s engine working with a gas, to 

1 Q. H. Bryan, “ Thermodynamics,” f 76. 
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which the above proof applies. The engine has the system M as 
source, and a large reservoir of heat at the constant temperature Tq 
as refrigerator. The heat abstracted from the latter will be, in the 
stage in question, 8Q' = Tq 8Q/T, and the total amount of heat 

abstracted during the cycle is = Tq ( 

All bodies have returned to the initial state, except possibly the 
reservoir at Tq; hence Qq cannot be positive, since then an 
equivalent amount of work must have been done, which contra- 
dicts the Second Law. And since the cycle is reversible, Qq 
cannot be negative, because it could be made positive by simply 
reversing the cycle, which gives the first case. Hence Qq must 

vanish : /, ( 


1 : 


) SQ/T = 0, as before. 



This result was obtained by Clausius ^ and Lord Kelvin.® 

For an isothermal reversible cycle : 

1/T . (j')SQ = 0 (J) 8Q = 0, which is equation (44a). 

Now cut the cycle into two parts (Fig. 3, § 9), and integrate 8Q/T 
along each ; 


M%/a n*^a 


Thus SQ/T must be a perfect differential of some function S, the 
change of which does not depend on the particular reversible path 
along which the system is conveyed from state A to state B. 

If a system or part of a system at the absolute temperature T 
absorbs a quantity of heat 8Q, the quotient SQ/T = dS is called 
the increase of entropy (Greek f] TpoTrrj, change) of the system due 
to this absorption of heat.® 

If A and B are two states of a system which can be connected by 
a series of reversible changes, the increase of entropy of the system 
in passing from the state A to the state B is defined by the 
expression : 

T 

'A 

the integral being taken along the reversible series of changes. 

1 A. P., 1854, 98, 481. 

a Trans. P. 8oc. Sdin., 1854, 21, 123. 

* The name is due to Clausius, A, P., 1865, 125, 390 ; ibid., 1854, 98, 481 ; 
P. M., 1856, 12, 81, 241. 


I] 


= Sb - S* 


( 174 ) 



108 


CHEMICAL THERMODYNAMICS 


S8 


The change of entropy of the body or system will dlimys be 
Sb “ Sa, as defined above, whether the actual change from A to B 
is reversible or irreversible, since the entropy of the body depends 
on its actual state alone, but if this change is irreversible the value 

f® 

of Sb — Sa will not be I 5Q'/T, where SQ' denotes an element 
of heat absorbed in the irreversible change. 


We may now compare the results of the First and of the Second Laws : 


First Law (equation 10) : 
reversible or irreversible. 


r 

I (5Q — 5A) = Ug — for all changes, 


Second Law (equation 174) 


r?Q 


Sb — Sa , for reversible changes only. 


If unit mass of a homogeneous substance is heated reversibly 
under specified conditions the increase of entropy is 

Sj -Si=ySQ/T=/cdT/T . . . . (174a) 

where c is the specific heat under the specified conditions. Hence 

08/8T = c/T (174b) 


If unit mass of a homogeneous substance is converted by absorp- 
tion of heat into another state of aggregation, the increase of 
entropy is 

82 - 81 = ySQ/T = (1/T)/ SQ = L/T . . (174c) 

where L is the latent heat of the given change of state. 

59 . Maximum Work . — A process yields the maximum amount 
of work when it is conducted reversibly. The truth of this statement 
(cf. § 26) may be seen by considering a number of actual cases. 

( 1 ) The expansion of a gas may be conducted : 

(а) Reversibly, by allowing the gas to expand in a cylinder under 
a piston as in § 23. If the gas is ideal, the isothermal change of 
volume from Vj to V, at temperature T will furnish work RT In 
(VsfVi) per mol (§ 36), the maximum work for the isothermal 
change. 

( б ) Irreversibly, when the gas contained in a vessel of volume 
Vj is put in connection with a vacuous vessel so that the combined 
volumes are V,. The gas will rush into the vacuum without the 
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performance of external work. The temperature will remain 
constant, by Joule’s law (§ 33), so that this is a case of irreversible 
isothermal expansion. 

Between case (a) and case (5) we may imagine intermediate 
changes, in which the work is always less than the maximum 
obtained in the reversible change (a). 

(2) Passage of heat from a warmer to a cooler body. If a hot body 
is put in thermal contact with a cooler body heat passes by conduc- 
tion and no work is obtained. This heat might have been trans- 
ferred by a Carnot’s engine working between the two bodies as 
source and refrigerator, and if the absolute temperatures are T^ 
and T2, an amount of work Qi(Ti — ^2)1^1 obtained when 
is taken from the hot body, and Q2 == Qi — [Qi (Tj — Tgl/Ti] = 
Qi . T2/T1 given up to the cooler body. With transfer by conduc- 
tion the possibility of obtaining this work is lost. 

60. The Principle of Dissipation (Degradation) of Energy. — ^As 
a result of the considerations of § 69 we may assume that in all 
irreversible processes the work obtained is less than the maximum 
possible. All irreversible processes are said to be attended by 
dissipation of energy (to dissipate = to squander, disperse, or waste, 
not destroy) from a more useful into a less useful form. Work ij3 
the most useful form, and where energy which could have been 
recovered as work is not, it is dissipated (degraded) to a less useful 
form, which may be (and usually is) heat in a body, as in example 
(2) in § 59, but not necessarily, as in Example (16). That heat in 
a body at a uniform temperature is completely unavailable for 
conversion into work unless a lower temperature is at our disposal 
follows from the Second Law (§ 26), and Lord Kelvin, who intro- 
duced the ideas of available and unavailable energy and dissipation 
of energy in 1862,^ pointed out that the final result of the innu- 
merable irreversible changes taking place would be the reduction 
of the whole stock of energy in the “ universe ” into heat at a 
uniform temperature. All change would then cease. 

Available energy may be defined as that which is completely 
convertible into useful work by reversible processes. From this 
point of view, different forms of energy are classified according to 
their practical value as sources of work ; the energy of a raised 
weight, for example, represents a distribution of energy which is 
immediately available for conversion into work ; a quantity of 
heat in a body is either not at all, or only partially available, with 
bodies at finite temperatures. 

1 P. if., 1852, 4, 304 ; 1853, 5, 102. 
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6 1. Entropy and Available Energy. — The maximum work 
obtainable from heat taken from a body of fixed composition 
and volume at the temperature T^ is (46) : 

A = — Q 2 = Qi (1 Tg/Tj) 

where Tg is the lowest temperature available for the refrigerator of 
a reversible engine. The balance of Q^, viz., Qg = QiTg/Tj, is 
unavailable energy, given up as heat to the refrigerator. It is 
proportional to the lowest available temperature and inversely 
proportional to the temperature of the body from which is 
taken. Qi/T^ is the entropy of the quantity of heat at T^, 
hence : entropy = unavailable energy divided by the lowest available 
temperature. Entropy and unavailable energy must increase 
together ; increase of entropy means diminution of available 
energy, or dissipation of energy. 

But (§ 60) spontaneous changes are attended by decrease of 
available energy, hence by increase of entropy, /. all change should 
cease when the available energy of a system is a minimum, or the 
entropy a maximum (see § 69). 

62 . Free Energy. — It is not always necessary to have a 
difference of temperatures to obtain part of the intrinsic energy of 
a system in the form of useful work, but the state of the system 
must then change. Energy available at constant temperature is 
called Free Energy, which we denote by F. 

Thus, in the isothermal reversible expansion of a gas, work may 
be obtained in unlimited quantities. In this case the work comes 
from, the heat absorbed from outside by the gas, which is rendered 
available, provided the gas can expand into a region of lower 
pressure. After the expansion, however, the state of the gas is 
altered ; its volume has increased, and it is not possible to repeat 
the process. To bring the gas back to the initial state an equal 
amount of work must be spent in its compression, and this is 
emitted as useless heat into the surroundings. 

Again, when zinc dissolves in acid it evolves heat. But if the 
zinc is dissolved reversibly in a galvanic cell, electrical energy, 
which is convertible into useful work without residue, may he 
obtained. The state of the system is again changed, and it is not 
possible to repeat the process without reducing the zinc from the 
solution, which involves expenditure of useful energy. 

Energy unavailable in isothermal changes has been called 
Bound Energy. The sum of the free and bound energy changes is 
equal to the intrinsic energy change. In irreversible processes free 
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energy is converted into bound energy. Increase in bound energy 
corresponds with absorption of Idtent heat, but this is not confined 
to changes of state. A reversible galvanic cell may qperate 
immersed in a large thermostat, so that the temperature remains 
constant. The free energy change may be utilised in the form of 
electrical energy, but the cell, even when working reversibly, will 
in general absorb or emit heat. The existence of this latent heat 
of a galvanic cell was clearly described by Hemholtz (§76). If the 
cell drives a finite current through a resistance immersed in the 
bath, there will, in addition to the reversible latent heat transfer, 
be heat given out to the bath from the resistance, and the free 
energy output is reduced by an equivalent amount. 

In isothermal reversible changes the maximum work done will 
be equal to the diminution of free energy : 

Ax = Fi-F2= - AF . . . . (175) 

This follows from the definition of free energy, i.e., available 
energy in isothermal changes. 

If the change is small ; 

8At = - dF (176) 

The fact that dF is a perfect differential follows from (44), since 
the work done in an isothermal reversible change, i.e,, the diminu- 
tion of F, is independent of the way in which the change from the 
initial to the final state is carried out. The free energy of a 
system, therefore, depends only on the actual state of the system. 
If a system in state A is converted isothermally into the state B, 
the diminution of free energy of the system is always Fa — Fb, but 
it is only when the change is reversible that Fa — Fb is equal to 
At, the work done in the change. In irreversible changes the 
Principle of Dissipation of Energy states that the work is then less 
than the maximum amount. At, so that in irreversible changes we 
have, instead of equation (176), the inequality : 

SAt < - dF (177) 

Exercise, — ^Interpret the inequality — 5 At> dF, 

We may again compare the equations representing the First and Second 
Laws of Thermodynamics : 

First Law : Vi — Uj for all changes. 

Second Law : At = F^ — F^ for isothermal, reversible, changes only. 

The properties of the free energy are much more difficult to understand 
than those of the intrinsic energy. In Example (la) of § 59, for example, 
the whole of the diminution of free energy of the gas is derived from enei^ 
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outside the gas itself. The free energy was first used by Gibbs in 1876 ^ ; 
important applications of it were made by Helmholtz in 1882.* 

63 . Irreversible Changes. — The facts of experience that : 

( 1 ) Every process which can take place spontaneously may, if 

reversibly conducted, be made to yield useful work ; 

( 2 ) Every spontaneous process is irreversible ; 

led us to the Principle of Dissipation of Energy,^ .. ■■ -T' ■ j to which 
every spontaneous change leads to dissipation of energy. It is 
very difficult to give a formal proof of this from the two laws of 
Thermodynamics, yet it cannot be a separate law, since an applica- 
tion of the two laws of Thermodynamics shows that the principle 
of dissipation of energy is true in every particular case considered. 
Heat flows from warmer to colder localities ; gases tend to mix and 
do not unmix spontaneously, and so on. In each case it can be 
shown that there is loss of possible work, i.e., dissipation of energy. 
If we assume the principle to be true we can predict to some extent 
the direction of a spontaneous change, since it must be one 
attended by dissipation of energy. If we can calculate the avail- 
able energy of two states of a system as functions of state, we can 
say that a state tends to pass spontaneously into another with less 
available energy. Thns, it can be shown that the free energy of a 
mixture of gases is less than the sum of the free energies of the 
unmixed gases at the same temperature and pressure (§ 64). If, 
therefore, the separate gases are put in contact, we should expect 
them to mix by some process which will be attended by 
dissipation of energy, and the gases do in fact mix by diffusion. 
Once they are mixed they do not separate again, since this would 
mean that the available energy had increased by a spontaneous 
process, in contradiction to the principle of dissipation. 

It is possible to mix the gases reversibly with performance of 
useful work. The equivalent of this work will be dissipated in 
spontaneous mixing, but the diminution of free energy of the gases 
is the same whether they are mixed reversibly or irreversibly, since 
the free energy depends only on the actual state of the system. 

64 . Reversible Mixing of Ideal Gases. — The reversible mixing 
of gases is effected by means of selectively permeable septa 
(see § 63). Each gas exerts pressure on a septum impervious to 
it, but not on a septum which it permeates freely. 

1 Seieni, Papere, 87. 

S Ostwsld’s Khssiher, No. 124. 

8 Lord Kelvin, P. if., 1862, 4, 304 ; 1863, 6» 102 ; Proo. Roy. 80 c. Edin., 1898, 
2a. 128. 
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]^t 1 mol of gas [1] be separated from 1 mol of gas [2] in the 
cylinder shown in Fig. 26 by means of the two selectively permeable 
pistons A (freely permeated by [1] but impervious to [2] ), and B 
(freely permeated by [2] but impervious to [1] ). The pistons tend 
to separate, A under the pressure exerted by gas [2], B under the 



pressure exerted by gas [1]. If the expansive forces are balanced 
by thrusts applied to the piston rods, and the whole apparatus is 
immersed in a large bath at temperature T, mixing may be carried 
out isothermally and reversibly. By pressing in the pistons, the 
gas mixture formed will be separated reversibly into its constituents. 

If there are mols of the gas [1] and mols of the gas [2], 
the work done in mixing the gases will be : 

Ai = n^RTln (uj + Vgl/Vi for the gas [1] expanding from 
volume Vi to the total volume v^', 

Aj = ngRTln + v^jv^ for the gas [2] expanding from volume 
Vj to the total volume 
The total work will be 

A = Ai + Aa = RT[n>^^L^a + n>^?^L^j. [178] 

If jti = 1, nj = 1, then = v^, and A = 2RT In 2. 

Work done by the reversible mixing of gases is positive, hence 
the free energy of the mixture is less than the sum of the free 
energies of the separate gases. Mixing is therefore a spontaneous 
process, since it is attended by dissipation of energy when the gases 
mix without doing work. Conversely, to unmix gases which have 
mixed spontaneously by diffusion will require expenditure of work. 
No intrinsic energy change occurs in the gases, since the intrinsic 
energy of an ideal gas depends only on temperature, and no heat 
is evolved or absorbed when ideal gases mix without chemical 
action. The equivalent of the work obtained in reversible mixing 
of gases must therefore have been absorbed as heat from the 
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environment, and the equivalent of work spent on unmixing gases 
must have been emitted as useless heat to the environment at the 
same temperature as the gases. In the latter case, with equi- 
molar amounts of gases, an amount 2RTln2 of useful work is 
dissipated by conversion into heat.^ 

65 . Maxwell’s Demons. — We can imagine the unmixing of a 
gas mixture carried out without dissipation of energy if we have 
the services of a being which can deal with individual molecules. 
Such a being, imagined by Maxwell, ^ is usually called a demon 
(= intelligence). Let the mixture be divided into two parts by a 
partition provided with a door, and let a demon be stationed at 
the door. All molecules of gas [ 1 ] passing in one direction are to 
be allowed to pass through the door, and all the molecules of the 
gas [2] allowed to pass the opposite way. Molecules approaching 
the door in wrong directions must not pass, but rebound off the 
closed door. The molecules are assumed perfectly elastic, and in 
motion, in accordance with the kinetic theory of gases. The 
mixture is thus separated into gases [ 1 ] and [ 2 ] without 
expenditure of work. 

Again, with the apparatus filled with a single gas, if the demon 
lets through fast molecules in one direction and slow molecules in 
the other direction, the gas will separate into a hotter and a cooler 
part. It is assumed that fast molecules correspond with higher 
temperatures and slow molecules with lower temperatures, and 
that in a gas which seems to be uniform in temperature to a 
thermometer the molecules have all possible velocities, in accord- 
ance with the kinetic theory of gases. If the junctions of a thermo- 
couple are immersed in the two halves of the vessel, an electric 
current will be produced, and useful work can be obtained from it. 
Thus, from a system initially at a uniform temperature, work has 
been obtained. 

The above results are, of course, in contradiction to the Second 
Law of Thermodynamics. This cannot be true in the same sense 
as the First Law, but is only true ; it holds for matter 

in the but not necessarily for individual molecules. It 

can be violated by In *ig'/ *rry apparatus capable of controlling the 
motions of individual molecules, or the microscopic state of the 
system, but not by actual apparatus capable of controlling only 
the system in bulk.® 

1 Lord Rayleigh, P. if., 1875, 49, 311 ; Qibbt, 1876, Soient. Papers,” i., 166 ; 
Nernst, ” Theoretiaohe Ohemie,” 1893. 

2 ” Theory of Heat,” 1897, p. 388. 

^ See, eapteoially, SmotuQbowiki, ** Vortrige die kinetisohe Theorie der 
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It is evident that insight into the Second Law might be obtained from 
molecular theory, and in the application of the theory of statistics to such 
a dynamical system as a gas illuminating information has been obtained by 
Boltzmann, Gibbs, and Planck. This Statistical Mechanics is, however, a 
science outside the compass of pure thermodynamics (cf. § 68). 

66. Law of Consecutive Reactions. — Suppose that an initial 
system A has a free energy and let it be possible to derive from 
A the different systems B, C, D, . . for all of which the free 
energies Fb, Fc, Fd, . . • can be calculated. We now enquire 
what will occur when the system A is left to itself. 

Any change will be possible for which the free energy decreases. 
KFb^Fa; Fc-<Fa; Fd>- then changes A — > B and A— > C 
are both possible, but change A — > D is not possible. We can de- 
finitely assert that A — > D will not occur spontaneously. But if 
Fa — Fb >> Fa — Fc, which of the two possible changes A — > B and 
A C will take place spontaneously ? The answer is that we 
cannot tell whether either will actually take place. For instance, 
diamond in presence of oxygen gas may not pass into carbon 
dioxide, although this change would involve a diminution of free 
energy, unless the system is first heated.^ The first system is said to 
be retained in its state by passive resistances. Again, the burning 
of diamond to carbon dioxide involves a greater diminution of free 
energy than the burning to monoxide, yet the former change does 
not occur completely unless a catalyst, such as moisture, is present. 
In fact, the change which actually occurs in a system is rarely one 
involving the maximum diminution of free energy, but one involv- 
ing the minimum, and the system then changes into the final state 
in stages. 2 A familiar example is the action of chlorine on a 
solution of caustic soda. The stable state is sodium chloride + 
oxygen, but the first product is partly hypochlorite, and this may 
change into chlorate. The latter passes into chloride and oxygen 
only at high temperatures, or in presence of catalysts. A catalyst 
is something which removes in some at present unknown way the 
passive resistances in a system. 

It will be noted that, although the principle of dissipation of 
energy tells us definitely which changes will not take place spon- 
taneously, it gives us no information as to which of the possible 
changes will take place, if at all, under given conditions. It is 

Materie und der Elektrizitat ** (various authors), Teabner, 1914, 89 ff. ; Planok, 
** Aoht Vorlesungen iiber theoretisohen Physik,’* 1910, 60 ff, 

1 The unverified assumption that in such oases extremely slow changes do occur 
does not appreciably mooify the discussion. 

8 G. D. Liveing, ** Chemical Equilibrium,** Cambtidge, 1885 ; Ostwald, 
lehrb., II., i., 612. 
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hardly likely that the additional information which would decide 
such questions will ever be found. 

67. Irreversible Changes. — It can be shown that in each 
separate case of irreversible change there is dissipation of energy, 
or increase of entropy, and it may safely be assumed that the law 
is applicable to all irreversible changes, i.e., all which actually occur 
in Nature. 

Planck 1 has conceived the matter from a rather different 
standpoint. Processes occur in Nature in one definite sense. 
Heat passes from hotter to colder bodies, liquids and gases mix and 
do not unmix, and so on. If, therefore, there is any fundamental 
difference between reversible and irreversible processes it may be 
associated with uniform change of some magnitude characteristic 
of the state of the system, and connected with change of state in a 
particular way. Since, in a large number of separate cases it may 
be shown that there is increase of entropy, or decrease of available 
energy, it may be assumed that these are characteristic of all real, 
t.e., irreversible, changes. 

68. Alternative Forms of the Second Law of Thermo- 
dynamics. — When a system contains bodies at different tempera- 
tures the most convenient form of the Second Law is that given by 
Lord Kelvin^ : It is impossible to obtain work by cooling a body 
behw the lowest temperature in the system. 

The consideration of refrigeration in § 28 leads to the form of the 
Second Law adopted by Clausius ^ : Heal cannot of itself, i.e., 
without compensation, pass from a colder to a hotter body. 

By making use of a reversible heat engine it can be shown that 
these two, and the form adopted in § 26, are merely equivalent 
statements of the same law. 

In the form given by Clausius, the Second Law is not so strikingly contra- 
dicted by the considerations on Maxwell’s demons (§ 66), since the work is 
still obtained at the expense of the “ hot ’* molecules, i.e., those with greater 
kinetic energies. It is impossible, of course, to speak of the “ temperature ” 
of an isolate molecule in free space, but a single molecule in an enclosure 
may have a temperature.^ 

A great advance was made in the direction of the physical 
interpretation of entropy, and the systematisation of irreversible 
processes, when Ludwig Boltzmann (1877), following a suggestion 
of Gibbs, showed that the definition of entropy could be regarded 
as a problem in the theory of probabilities.® The Second Law and 

1 ** Ihermodynaxnik,” 8 Aa£L, pp. 82 ft. 

2 P. if., 1862, 4, 13. ' 

< A. P., 1864, 88. 488 : P. M., 1868, 18, 86. 

4 FUnok, B. B.. 1916, p. m. 

» •• ijiM .» iL. 104 . <• OMtheorie,” H., 268 ff. 
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irreversibility depend not so much on peculiarities of molecular 
motions which constitute heat as on the impossibility of outward 
control of enormous numbers of molecules in material bodies. 
The kinetic energies of these molecules cannot be directed into any 
sort of united effort in one direction, but are diffusely dissipated 
throughout the mass of the gas. The energy of a gas tends 
spontaneously to become diffused in this way, and at the same time 
the entropy increases. The entropy of a system is then, from this 
point of view, a measure of what Gibbs called the “ mixed-upness ” 
of the system. 

According to Boltzmann, the entropy S depends on what he calls 
the probability P of the state, by the simple relation ^ : 

S = *lnP 

where 4 is a universal constant, k = B/Nq, where Nq = Avogadro’s 
constant. The assumption that there is no additive constant, 
made by Planck, is equivalent to Nernst’s theorem (§ 124), and is in 
agreement with the quantum theory. ^ 

The probability P defines the probability of the system as 
compared with a system in which the co-ordinates of all the mole- 
cules have the same mean value. 

69 . Isothermal Changes. — The heat absorbed in any isothermal 
reversible change is (§ 68) : 

Q^JSQ= pdS = T/dS 

In this case Q depends only on the initial and final states, and 
BQ = dQ is a perfect differential. 

The work done is : 

A = JBQ — JdJJ =y8Q — (Ug — Uj) (general case) ; 

A = yTdS — (Ug ~ Uj) (reversible changes) ; 

-A-t = T(S 2 — Si) — (Ug — Ui) (isothermal reversible changes). 

Hence At in this case depends on the initial and final states only, 
and SAt = dAi is a perfect differential. The last equation may 
be rearranged : 

At = (Ui - TSi) ~ (Ug - TSg) . . . (179) 

1 Boltzmann’s equation has an additional additive constant: of. Planck, 
“ Warmestrahlung,” 4th ed., p. 119. 

2 Planck, “Theorie der Warmestrahlung,” 1921, pp. 111-133; J. W. Qibbs, 
Elementary Principles in Statistical Mechanics,” 1902 ; Jeans, ” Dynamical 

Theory of Gases,” 1921 ; Saokur, A. P., 1911, 87, 968. 
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so that the maximum work done in isothermal changes can be 
represented as the difference between the values of the function 
(U — TS) for the initial and final states. 

The maxi m um work in this case is defined as the diminution of 
free energy {§ 62), hence : 

F = U - TS (180) 

For a small isothermal reversible change 8 A 1 = — dP, but if 
the change is irreversible : work done ■< 8 A 1 -< — dF, by the 
principle of dissipation of energy, hence : 

gQ - dU < TdS - dU ; gQ < TdS ; gQ/T < dS . (181) 

the equality referring to reversible, and the inequality to irrever- 
sible, changes. Eelation (181) shows that in irreversible changes 
the heat absorbed by the system is less than corresponds with the 
increase of entropy, hence in such cases entropy is generated in the 
system itself, i.c., irreversible changes lead to increase of entropy. 

We have assumed, however, that actual changes are irreversible, 
hence the condition for equilibrium is that no irreversible changes 
can occur. This is the case when either (i.) the free energy is a 
minimum, or (ii.) the entropy is a maximum. States of true 
equilibrium are alone considered, in which a small change of 
external conditions leads to a small displacement of the equilibrium 
state. 

70 . Differential Equations. — The fundamental equation for the 
reversible change of state of a system defined by two independent 
variables is, for unit mass : 

du = gQ — gA = Tds — 'pdv. 

Take V and s as independent variables, then : 

{dujds)^ = T and i^ujdv)^ = — p . . . (182) 

Take v and T as independent variables, and put u — Ts =/, then : 
df =du — Tds — sdT! = — sdT — pdv 

(0//3T)^ = - 5 and {df/dv)^ = -p • • (183) 

Take p and T as independent variables and put w — T 5 + pv = 25 , 
then : 

dz — du— Hds — sdT + pdv -f- vdp = — sdT -f vdp, hence : 

(dz/oT)^ = - 5 and (dzjdp^ = v . . . (184) 

The function z is called the therniodyrianiic potential (see § 71).^ 
1 First used by Qibbs in 1875 : ** Soient. Papers,** I., 87. 
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Take s and p as independent variables and put u pv = h, 
then : 

dh = du pdv + vdp = Tds + '<^d,p, hence : 

{dhjds)^ = T and (dhjdp)^ = v ... (186) 

Differentiate the first equation of (182) with respect to v and the 
second with respect to s, and put dhijdsdv = d^ujdvds {du is a 


perfect differential ; H. M., ^ 67) 

( 0 T/ai)),= -( 0 p/as)^ (182a) 

Similarly : (183a) 

(bsjdp)^ = - {dvjdTl)^ (184a) 

( 0 T/ 0 p)^ = (a®/as)^ (186a) 


Equations (182a) to (185a) are known as Maxwell’s Relations.^ 
71 . Thermodynamic Potential. — For a small reversible iso- 
thermal change the work done is equal to the diminution of free 
energy : SAt = — dF, hence : 

(dF-l-aA)j. = 0 (186) 

This is a condition of equilibrium at constant temperature, since if 
only reversible changes can occur the system is necessarily in 
equilibrium. 

If the external work is SAi = pdV, then ; 

(dF -j- pdV)j, = 0 

hence, if dV = 0 , i.e., if the volume is also constant : 

(dF)y^^ = 0 (187) 

This is the condition of equilibrium at constant temperature and 
volume. 

Let dF -j- SA = dZ. Under what conditions can dZ be a 
differential of a function Z ? Obviously when A depends only on 
the initial and final states, since F has that property. A case in 
which A depends only on the initial and final states is when the 
pressure is constant : 

A=p(V,-V,). 

Thus, if Z = F + pV = U - TS + ;)V 

dZ = dF-i-pdV + Vdp, 
and if p is constant (dp — 0 ): dZ = dF pdV. 

I “ Theory of Heat,” 1897, pp, 166 ff.— geometrioal proofs. See Lunn, F. B., 
1920, 15, 269 : Bridgman, Otid., 1914, 8, 273. 
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The condition of equilibrium at constant temperature (186) then 
gives the condition of equilibrium at constant temperature and 
pressure : 

(^Z)^.T = 0 (188) 

Z is called the ’ ' 'potential (Lat. poterttia = power, 

or force), by analogy with the potential function in dynamics : 

<pi — <f> 2 ~ work. 

We have also for reversible changes dS — SQ/T = 0, i.e., 
dS - (dU -hpdV) /T = 0; 

hence the condition of equilibrium when the energy and volume 
are constant (dU = 0, and dV = 0) is : 

(dS)^, ^ = 0 (189) 

Since all reversible changes are characteristic of equilibrium 
states, and all changes in which the available energy increases or 
the entropy diminishes are impossible changes, the general condi- 


tions of equilibrium may be written in the form : 

(SF)vt>0 (190) 

(^S)y^Tj<0 (191) 

(SZ)p^j>0 (192) 


The changes indicated by the equalities are reversible ; those by 
the inequalities are impossible. 

All these relations have been deduced from the principle of 
dissipation of energy. The last relation follows from the fact that 
the change of thermodynamic potential is the a'oailable energy change 
corrected for the external work. For when p is constant : 

— AZ = — AF — pAY 
- AZ = At - pAY = Aj' .... (193) 

The work done, minus the work done by change of volume 
under the constant external pressure, is equal to the diminution or 
thermodynamic potential. — AZ is a measure of the electrical, 
chemical or internal work done by a system at constant pressure. 

72. Stability of Equilibrium. 

We distinguish in statics between three types of equilibrium : stable, unstable, 
and neutral. The first is typified by a cone resting on its base, the second by 
a cone resting on its point, and the third by a cone resting on its side. The 
essential difference between the three cases is the behaviour of the system to 
email displacements from the position of equilibrium. In stable equilibrium 
the potential energy of the system increases on small displacement (since the 
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centre of gravity is raised) ; in unstable equilibrium the potential energy 
decreases on small displacement (since the centre of gravity is lowered) ; 
whilst in neutral equilibrium the potential energy remains constant (since the 
vertical position of the centre of gravity remains constant). The three cases 
are characterised by the existence of a minimum^ a rmximumy and a stationary 
value, of the potential energy, respectively. 

The potential energy of statics is evidently a special case of the available 
energy of thermodynamics, when thermal changes are excluded, and the 
generalisation of the above result (known as Dirichlefs theorem) is that the 
stable state of a system is one in which the available energy is a minimum : 

0, and (5»Z)^, ^>0 (194) 

To these we may add the condition that the entropy shall be a maximum : 

^ > 0 (194a) 

An example of a state of neutral equilibrium is furnished by a liquid in 
contact with its saturated vapour. In this case a small increase in volume 
of the system leads to the production of a further small quantity of vapour 
and the pressure remains constant. The change of Z is zero. An example of 
stable equilibrium is a gas under its equilibrium pressure. Small changes 
of outside pressure produce small isothermal or adiabatic changes of 
volume, but the original volume is restored along with the original outside 
pressure. An example of unstable equilibrium is a superheated liquid, 
which boils explosively on reduction of outside pressure.^ 

F. Massieu * first showed that all characteristic properties of fluids can be 
expressed in terms of one or other of two functions, or their differential 
coefficients : 

H = - (U - TS)/T[= - F/T] ; H' = - (U - TS + pV)/T[ = -- Z/T], 
which he called, for unit mass, the characteristic functions of the fluid. 
Planck later used the second as a potential function, denoted by tp, which 
has the same properties in a system at constant temperature and pressure as 
the entropy at constant energy and volume. 

Maxwell * observed that the maximum work of an isothermal process 
could be represented as the diminution of a function U — TS, which he 
called, in 1875, the available energy, a name proposed by Gibbs in 1873.^ 
Gibbs also used the function U — • TS + pV, and in a later memoir ® three 
functions : \//=U-~TS; — TS-fpV; x=U + pV, which he 

called the force function for constant temperature, the force function for constant 
pressure, and the heat function for constant ^essure, respectively. These are 
our F, Z, and H. (He used € for U, rj for S, and t for T.) 

In 1879 Lord Kelvin • used the term motivity for “ the possession, the waste 
of which is called dissipation ; at constant temperature this is identical with 
Maxwell’s available energy, or Gibbs’s xp. 

In 1882 Helmholtz generalised the potential energy function of mechanics 
so as to obtain a function which, at a given temperature, should represent the 
maximum obtainable work for a change of configuration, and could be 
transferred to other tem]perature8 by means of the Second Law of Thermo- 
djmamics. He called this the free energy. It is our F. 

1 On stability of equilibrium, of. Duhem, ** M4canique ohimique ** ; Gibbs, 
“Soientifio Papers,” Vol. I.; van der Waals-Kohnstamm, “Lehrbuoh der 
Thermodynamik.” 

« J, P„ 1869, 4 , 216. 

5 “ Theory of Heat,” 1871. 

♦ ” Scientific Papers,” I., 33. 

6 1878, ibid,, 87-92. 

e P, M., 1879, 7, 348. 
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Maxwell,^ in discussing the work of Gibbs (which he was practically the first 
to notice), remarked that the existence of a system depends on the magni- 
tudes of the system, which are : the quantities of the components, the 
volumes, the entropies, as well as on the intensities of the system, viz., the 
temperature and the potentials of the components. In his “ Theory of 
Heat ** (1897, p. 194) he also refers to the separation of the variables defining 
the state of the system into two sets, one of which includes intensities (pres- 
sure, temperature), and the other magnitudes (volume, entropy). These are 
our generalised intensities and generalised co-ordinates, respectively (§ 74), 

73. Specific Heat of Saturated Vapour. The Critical Point. 

Let unit mass of a mixture of m parts of vapour in equilibrium with 
(1 — m) parts of liquid be contained in a vessel at a temperature T. Let the 
temperature be raised to T + dT and let a further small quantity dm of 
vapour be produced, the pressure being changed to the saturation pressure 
at T -f dT. The amount of heat absorbed in raising the temperature of unit 
mass of vapour 1°, the 'pressure at the same time being raised so as to preserve 
the substance in the saturated state, is called the specific heat of saturated vapour, 
h. If c is the specific heat of the liquid under these conditions the heat 
absorbed in the above change is : 


5Q = L^dm -f I c(l — m) -f 
(0«/0m)T= hJT (cf. 174c) 

(05/0T)^ = |c(l — m) + itm}/T. 

Since dsiaa perfect differential ; d^s/dmdT = d^s/dTdm, 

dLJcn = A - c + LJT (195) 

In the case of water at 100° C., c = 1*01 ; L^ — 638-7 ; dLJdT = —0-61 ; 
T = 373 h = 1-01 - 0-61 - 1-44 = - 1-04. The specific heat of 
saturated water vapour is negative. This is the case with some other 
vapours ; in the case of ether it is positive. 

The relation between h and c and the values of c^, the specific heat at 
constant pressure may be found as follows : 

Vapour : h = dp/dT = -T Ot/'/aT)^ . dpjdT from (47), (31b) 

and (29) ; 

,Liquid : c = c^' — T (dv'ldT)p .dp/dT. 

For the liquid, c is approximately equal to since (dv'ldT)p is small, 
except when the critical state is approached.® 

The specific heat of saturated vapour is negative when the heat evolved on 
compression (vapour always saturated) is greater than that absorbed in 
raising the temperature of the whole system through 1°. 

From (196) and (79) : 


“ dT T v- - V' V 0T dT/p 


. (196) 


Equation (195) was deduced, simultaneously, by Rankine ® and Clausius * ; 
(196) is due to Planck.® Since L^ always decreases with rise of temperature, 


1 South Kensington Conferences, 1876 ; “ Scientific Papers,*’ Cambridge, 1890, 
Y01L, p. 498. 

J^Ct Porter, P. if., 1920, 40, 211. 

• Trans. R. 80 c. Edin., 1860, 20, 147. 

4 A. P., 1860, 79, 368 ; P. if., 1861, 2, 14. 

6 ** Vorlesungen fiber Thermodynamik,” 3rd ed., 1911, p. 162 ; cf. Mathias, 
0. B., 1894, 119 , 404, 849 ; Amagat, ibid,, 1900, 180 , 1443 ; ** Notes sur la 
Physique,” 66 ff. On specific heat of saturated vapours, etc., see Callendar, 
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h will always increase (algebraically) ; if negative it passes through zero at a 
certain temperature and then becomes positive. 

In the case of water at 100® C., with the data given above and the additional 
data : = 1674 c.c. ; v' = 1*0 c.o. ; dv^jdT = 4-813 ; dv'fdT = 0*001, wo 

find c'^p = 0*50, whilst Regnault found, at a temperature just over 100° C. 
c"p = 0-48. 

The same equation may be applied to the ftL3ion of ice : cJ (water) = 1-01 ; 
c/ (ice) 1 = 0-50 ; T== 273; = 1-0 ; t;' = 1-09 ; L. = 80 ; 0t;70T = 

— 0-00006 ; dv'jdT = 0-0001 dLjIdT = 0-66. Thus, if the melting point 

of ice is reduced 1° by pressure, the latent heat of fusion decreases by 0-66 cal. 

The Critical Point ^ — From (79) and (174c) : dpJdT == (Sg — B|)/(Vg — vj) 
/. at the critical point : dp^/dT = (ds/dv)^^, = (dp/dT)^^ from (185a). Since 
0p/0T is always finite, dp^/dT is finite. From (29) and the result (99) that 
(0 v/0p)tc“> — 00 , it follows that (0 v/0T)tc — > + oo . 

It is a fact of experience that, in a complex of liquid and vapour, dp^/dvj > 0 
and dpg/dvg < 0 (Fig. 17, § 46), but at the critical point they coincide and each 
is zero. Now (from Il.a, § 18, by division by dv) : 

dT/dv, = (aT/0v,)p-f <0T/0p)^.dpe/dvi 
and similarly for dT/dVg. Hence, at the critical point dT/dvj = dT/dVg = 0. 
Also, since, near the critical point, dvj/dT > 0 and dVg/dT < 0, at the critical 
point dvi/dT — > + oo and dVg/dT — ^ — oo . 

From (79) and the properties V| = Vg ; dp^/dT and T finite, at the critical 
point, it follows that then Lg = 0. 

But Lg = Ug ~ u, + pg(Vg - vi) 

dLg/dT = dUg/dT - dui/dT -f Pg(dVg/dT - dv,/dT) + Lg/T. 

But dU|/dT = (0Ui/0T)^ + (0 Uj/0Vj)q|, . dvi/dT 

= + Oui/0vi)t. dvj/dT 

/. dLg/dT == Cyg— Cyj + [pg + (0 u/0v)t] (dvg/dT — dvl/dT) at the critical 
point, since Lg = 0 and (0ui/0Vj)5^ = (0Ug/0Vg)x (phases identical). Sub- 
stituting dvg/dT and dvj/dT from above, we mid dLg/dT — — oo . 

It is assumed that Cy is alwayB finite and positive,* hence from (48) 
Cp —> + 00 just below the critical point. 

EXAMPLES X 

1. Find the difference in entropy of 1 gmi of water at 0® and at 100® at 
1 atm. pressure, the specific heat of water being assumed constantly = 1. 

2. Find the difference in entropy of 1 gm. of water and 1 gm. of ice at 0° 
and 1 atm. if the latent heat of fusion is 80 ccd. per gm. 

3. Find the difference in entropy of 1 mol of water at 10® and 1 atm. and 
1 mol of steam at 100® and 0*1 atm., taking the latent heat of evaporation as 
538-7 gm. cal. per gm. and assuming steam an ideal gas. 

P. JR. 8., 1900, 67, 266 ; J. P. Dalton, P. Jf., 1907, 18, 636 ; Dieterioi, A. P., 
1903, 12, 164 ; Bruhat and Delaygue, C, B., 1922, 174, 937 ; Mathias, Crommelin 
and Onnes, C, B„ 1922, 174, 1396 ; Babcock, Proc. Amer. Acad. Arts an^Sei., 
1920, 55, 327. Energy and entropy of a mixture of liquid and satMlted 
vapour, see Partington, “ Text-book of Thermodynamics,** 1913, § 91. 

1 Dickinson and Osborne {J. Washington Acad. 8ci., 1915, 5, 338) give o (ioe) 
« 0-6067 + 0-001863 ^ ; L, « 79-76 (20® gm. cal.). 

2 Cf. P. Sorel, J. P. 0., 1902, 6, 474. 

• Cf, Duhem, “ M^oanique ohimique,*' L, 164. 
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4. Calculate the increase in entropy when 1 mol of bromine is converted 
from the solid state at — 7*32® (m. pt.) to vapour at the boiling point 61*66®, 
given specific heat of liquid = 0*107 ; latent heat of fusion = 16*186 gm. cal. 
per gm., of evaporation, 43*69. 

6. According to RudWg the latent heat of fusion of lead is 6*86 cals, 
per gm. If the melting point of lead is 327° C., calculate the entropy change 
when 4 mols of lead are fused. 

6. Show that (aT/0p)y . (0s/0v)p = (0T/0v)p . (0s/0p)v + 1. 

7. Show that (0p/0s)t . (0v/0T)g = (0p/0T)g . (0v/0s)ji — 1. 

8. Prove the relations : 

(0p/0u)y = (0T/0u)y . (0s/0v)^ - (0T/0v)u . (0s/0u)v 
(0s/0u)t = (0v/0u)x . (9p/0T)u — (0v/0T)^ . (0p/0u)t 
and interpret their meaning in words. 

9. The diminution of energy per unit increase of volume at constant 
entropy (adiabatic changes) is measured by the pressure. 

10. The increase of energy per unit increase of entropy at constant volume 
is measured by the absolute temperature. 

11. Show that for a small change of state of an ideal gas : 

Q = OyVdp/{Cp - Oy) + Cppdv/(Cp — o^) 

12. The values of ^Cp for 1 mol of KCl are as follows : 

T®K. . 22*8 30*1 39*0 62*8 70 86 137 

iCp. . 0*58 0*98 1*83 2*80 3*79 4*36 6*26 

Find the entropy and free energy changes when 1 mol of KCl is heated 
from 26° K. to 100® K. Assuming U = 0 and S = 0 at 0° K., find the energy 
and entropy of 1 mol of KCl at 50° K. (Use graphical methods.) 

13. The volume of 1 gm. of liquid Hg at the B.P. is 0*07846 c.c. Assuming 
Hg vapour to be a perfect gas, calculate the free energy change when 1 mol 
Hg is evaporated at its boiling point (375® C.). 

14. Calculate the difference in free energy of 1 mol of liquid CI 2 and 1 mol 
of gaseous Clj, the pressure in each case being 1 atm. and the temperature the 
B.P. of Clj (== — 33*6® C.). Assuming Clj to be a perfect gas and given that 
the latent heat of evaporation of Clj is 61*9 kg. cals, per mol, find the differ- 
ence of intrinsic energy between the two states. 

16. The boiling point of ethyl alcohol is 78*4® C. under 760 mm. pressure. 
The coefficient of cubical expansion is 0*001101 (mean) and the density at 
17® C. is 0*9988. Assume alcohol vapour to be a perfect gas and calculate 
the change in free energy when 1 mol alcohol is evaporated at the bcnling 
point. 

16. Find the change in free energy in cal. when 1 mol of water is evaporated 
at 100® C. and 1 atm. Assume Vg = 1674 c.c., Vj = 1 c.c. Find also the 
change in thermodynamic potential. 

17. Show that Cv == - T(0*F/0T2) ; Cp - c^ = T(0aF/0T0v)V(0*F/0v*). 

18. Show that = v(0*F/0v2) ; 4 = - T(0aF/0T0v). 

19. Show that 0 p= - T(02Z/0T*); lp*= - T(0*Z/0T0p). 

20. From the condition that du for a homogeneous body is a perfect 
differential deduce that 

(ds/dT)y =S» Cy/T 

and that 

(ds/dv)x = (1/T)[p + (du/dv)x]. 

Thence show that (ds/dv)^ = (dp/dT)y. 

The rise in B.P. per unit increase pressure for quinoline is *068824 at the 
B.P. Calculate the increase of entropy per unit increase of volume at this 
temperature. 
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21. Show from the relations in the above example that for a homogeneous 
substance, the sum of the increase in Opper unit increase of pressure at 
constant temperature and of the product of temperature into the rate of 
change of dv/dT with temperature at constant pressure is zero. 

22. If the specific heat of liquid Clg is 0*223 find the entropy difference 
between 1 liquid Clj at — 50° C. and 1 gm. at — 40° C. (pressure = 2 atm.). 

23. Lewis and Randall have deduced the following equation expressing 
the dependence of the thermodynamic potential change on the temperature 
of the reaction NO -f ^02 = NOg (gas) ; aZ = — 14,170 + 2*75T In T 
— 0*0028T2 4- 0*0^31T* 4- 2*73T. This is based on the results of Bodenstein 
and Katayama (1909). Given that the thermodynamic potential change for 
the reaction JNg 4- JOg == NO (gas) is 20,860 cals., calculate aZ for the 
reaction JNg 4- Og = NOg at 25° C. 

24. The entropy per gm. atom of graphite is 1*3 cal8./l° C. at 25° 0. and 
of diamond 0*6 cals./l°C. According to Roth and Wallach (1913) the heat of 
combustion of diamond exceeds that of graphite by 180 cals. Calculate the 
value of aZ at 26° C. for the conversion of graphite into carbon. 

26. Show that an isothermal system is in equilibrium when its free energy 
is a minimum. Thence show that a perfect gas at a constant temperature 
will always fill completely its containing. vessel. 

26. The specific volume v^ of saturated ammonia vapour is given by the 
equation (Babcock) : 

Vj = 338*990 - 172*7327^ + 46*29760^ - 7*62620« + 0*73663d^ — 
0*03541705 + O*OOO52780« 

where d is the temperature in °C. Similarly if Vg is the specific volume of 
saturated liquid : 

Vg = 1*49380 + 0 0707237 - 0*014021 t2 4- 0*0074209t* ~ 0*00132917t« 4- 
0*0001075t5 

where r = (0 + 20)/20. 

By means of equation (196) calculate the specific heat of saturated liquid 
ammonia at 40° C., given that the specific heat of saturated vapour at this 
temperature is — 3*678. 

[The heat of vaporisation of NHg is given by the equation : 
iogjo L = 1*66817 - 2*822 X 10-5{406*0-T) + 0*43387 logi^(406*0~T).] 

27. Using the data given in the above question (26) calculate the specific 
heat of saturated ammonia vapour at 90° C., given that the specific heat of 
the saturated liquid at that temperature is 6*986. 

28. According to Martini (1880) Cy for Clg at 0° C. is 0*083. What is the 
entropy increase per unit rise of temperature at 0° C. ? (See Ex. 20). 

29. Find the dissipation of energy when 100 c.c. of oxygen are liaixed with 
400 c.c. of nitrogen at 17° C. and 1 atm. pressure. Find the concentration 
and the partial pressure of oxygen in the mixture. How much entropy is 
generated in the process ? 

30. The latent heat of vaporisation, L^, of ether is given by the equation t 
log = 3*166779 - 1*423343 log(T^~T) + U*3931.':U‘‘: ioi: I f-T)]* 

(Taylor and Smith, 1922) where T^ = critical temperature of ether vapour. 
The specific heat of liquid ether, according to Regnault, is related to the 
temperature by the equation : c = 0*629 4- 0*0006920, where 0 is in °C. 
Calculate the specific heat of saturated ether vapour at — 10° C. if T^ *= 
193*8° C. 

31. Find the tangent of the angle between the vapour pressure curves (in 
mm.) of ice and water at 0°, given the latei^t heats of fusion and evaporatioti. 
Density of ice 0*9168 at 0° 0. : Lf w4 79-77 ; specific vol. water vapour at 
0° 0. « 209*906 Bt. 

32. The latent heat of evaporation of ether at 20® is 87*64 ; at 40®, 82-83 ; 
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and at 100°, 68*42 (grm. oaL). Find the value at 0°. The specific heat of 
liquid ether is 0*56 ; find c for ether vapour at the boiling point, 34*6°, 
dn ^ 

given that ^ for ether at the boiling point is 26'9 mm./l®; the density of 

Kquid ether at that temperature is 0*695 ; the coefficient of cubical expansion 

of the liquid is 1*63 X and that of the vapour is ^ ; whilst the specific 

volume of saturated ether vapour at 34*6® = 320 c.c. Compare the calcu- 
lated with the observed value of 0*428, 



CHAPTER XI 

The Equation of Maximum Work 

74. The Equation of Maximum Work . — A system is vormalhj 
defined when its state is specified in terms of temperature T and n 
other variables, Xg . . x^, chosen in such a way that no work is 
done when the temperature changes provided the x’s remain 
constant. Thus, in the case of a gas, the normal variables are v 
and T, and not p and T. The system is then said to have w + 1 
degrees offreedo^n. 

Consider a reversible change in which a system passes 
isothermally from the state : 

(^i)o> (^2)o> • • • (^n)o 

to the state : 

T, x^, Xg, . . . Xfi, 

From (180) : AF = AU ~ TAS 

(OAF/aT)^^ = (aAU/3T)^^ - T(aAS/0T)A* ~ AS 

in which the subscript shows that 0AF, etc., are the changes 
in AF, etc., when the above (finite) process is carried out at 
(T + dT) instead of at T, i.c., (x^) — (^^ 1 ) 0 ? are constant. 

From (38a) and (174b) the first two terms on the right cancel : 

(8 AF/0T)a* = as ( AF ^ AU)/T 

or : Ax “f* AU = T(0Ax/3T)a» 

where AF = — At and AU = Q. 

This equation, which may be called the equation of maximum work, was 
first deduced by Horstmann in 1872 ^ ; it was used in a special case by 
Gibbs,* and generally by Helmholtz in i882.* 

An alternative deduction is the following : 

The Second Law of Thermodynamics states that the fraction of 
a given quantity of heat absorbed from the source at the 

I A„ 1872, 8th Buppl. Bd., p. 112 ; Ostwald’s Klaesiker, No. 137, p. 14. 

* ** Soientifio Papers,*’ L, 411, 271; of. Lord Kelvin, P. A 1858, 9, 255; 
Wegsoheider, Z. p. C, 1920, 94, 739. 

* B. B., 1882, p. 22 ; Ostwald’s KlaeHker, No. 124, p. 27. 
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absolute temperature T^, which is convertible into work in a 
reversible cyde, with a refrigerator at the temperature T 2 , is : 

Qi - Q2 = Qi(Ti - Ta)/?!. 

Let Ti — Tg be very small = dT, and let Tj = T. 

The available part of = Q is then very small. Let it be 
denoted by (dA). Then : 

(dA) = QdT/T. 

But if AU is the (finite) increase of intrinsic energy of the 
system when the heat Q is absorbed, and Aj is the (finite) maximum 
work done when the process involving the absorption of Q takes 
place, then : Q = AU + At. Thus ; 

(dA) = (At + AU)dT/T 
At + AU = T (dA)/dT. 

The only difficulty now is the interpretation of (dA)/dT. For 

this purpose we consider a par- 
ticular case, viz., the expansion 
of an ideal gas. 

Let 1 mol of gas be taken, and 
let the expansion range always 
between the fixed volume limits 
Vj and Vg, i.e., between the 
vertical lines in Fig. 27. 

When the expansion occurs 
reversibly at the tempera- 
ture T the work done is repre- 
,, sented by the area Vjoa'v^, and 
- is, given by : 

At =RTln(V2/Vi). 

Now, suppose the expansion from to Vj reversed at the 
temperatiire T -j- dT. The work spent is now represented by the 
area b'bVjV^ : 

At + dAi = R(T + dT) In (YJYi). 

A cycle has been completed and the excess of work required to 
reverse at T -f- <fT a change which has occurred at T is : 

(dAT)=RdTln(V2/Vi). 

We may also consider (dAi) as the excess of work obtained when a 
process is carried odt reversibly with a fixed range of normal 
variables at a temperature T -f compared with the wpri^ 
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obtained when the process is carried out, between the same range 
of normal variables, at a temperature T. Thus : 

(dAi)/dT = (dAi/dT);!®- In this example Aa: = Vj — Vj. 

In the integration of (197) we write it in the form : 

^ /A\ _ ^ _ A _ ^ 

dT VT/ T ■ dT T^ ~ 

A/T=/Q,/T2.dT 

or - AF/T = /Q,/T2 . dT 

where — AF is the value of Fq — F at the temperature T. 

If Qt, is known as a function of temperature, in the manner 
explained in § 22, the value of AF may be calculated, but will 
include an unknown constant of integration. If AF is known for 
one temperature, this constant may be eliminated.^ 

Thus, if the true specific heats are functions of temperature 
of the form : 

C, a + + yT2 + . then 

Q. = Qo + 2a . T + 1/2 . W + 1/3 • 27 T 3 + . . 

/. AF = Qo - 2a . Tin T - 1/2 . 2/3T2 - 1/6 . SyT^ - . . + IT 

where I is the integration constant, which may be eliminated if 
AF is known at any one temperature. If the system is in 
equilibrium, at constant volume, at this temperature, AF = 0. 

If the system is defined in terms of the n + 1 normal variables (generalised 
co-ordinates) ajj, . . . x,^^^ and T, instead of the two independent variables 
considered in § 70, we have, for a small change of all the independent variables 2 
5 A = + . . + . . , (198) 

since there is no term involving T. X is called a generalised force, or irUensity, 
Also 5Q = dU + ^A = (0U/dT)jp dT -f :S,(dXildxf)r^dx-^ + ^X^dajj 
= T0S/aT);^dT + 

We can now proceed as in § 70 and find ; 

[0(U-TS)/aT]2. = (0F/0T)^- - S . . . . (199) 
[0(U - TS)/0aJ ^ (0F/0a:i)T = - X, ... (200) 

U = F - T(0F/0T)^ (201) 

If the independent variables are Xj, Xj . . . X^, T : 

5Q = T{(0S/0T),dT -f 5(0S/0Xi)TdX4 
(HJ = (0U/0T)xdT + :s{aU/0Xi)TdXi 
5 A = 2Xj^|(0a?i/0X^)j«dXj + (0»i/0T)xdT} 
which now involves dT. 

Let Z = U — TS + 2Xi«i, then, as before : 

OZ/0T)x = - S ; (0Z/aXOT= (202) 

U = Z - T(0Z/aT)x - 5Xia;i - Z - T(0Z/0T)x - 2 Xj(0Z/0Xi)t . (203) 
1 Helmholtz, B, B,, 1882, p. 22; Oswald’s Klassiker, No. 124^ p« 28. 



180 CHEMICAL THERMODYNAMICS 74 


An, equation corresponding with (197) may be deduced for the 
case where the external pressure is constant}- We have : 

Z = U - TS + pV from (184) : 

U = ^ - T(aZ/aT)p - jjV. 

From (36) : U + pV = H 

H = Z - T (aZ/aT)p (204) 


The heat absorbed in a reversible isothermal change at constant 
pressure is then ; 

Qp = Ha - Hi = (Za - Zi) - T . 0(Za - Zi)/0T 

or AH = AZ - T(0AZ/0T)p . . . (205) 

But — AZ = Aj', the maximum work minus the external work 
pAV (§ 71) : 

Op+At'=T(0Ax73T)p . . . (206) 

The integration of (206 — 206) is carried out in the same way as 
that of (197). If 


Cp = a' + ^'T + 7'T2 + . . 

Qp = AH=Qo + 2a'.T + l/2.2^'T2 + 1/3. + • • 

/. AZ = Qo - 2a' T In T - 1/2 . EyS'T* - 1 / 6 . 27 '!* - . . + FT 

from which the integration constant I' may be eliminated if a 
value of AZ, or of Ax '= — AZ, is known at one temperature. 

If the system is in equilibrium, under a 
constant pressure, then at this tempera- 
tmre AZ = 0. 

75 . Effect of Temperature on Solu- 
bility. — ^Let a quantity of the saturated 
solution be contained in a cylinder fitted 
with a senu-permeable base in contact 
with pure solvent (Fig. 28). The system 
is in equilibrium at a temperature T 
with the solution under an osmotic pres- 
sure P. 

By raising the piston allow sufiicient 
solvent to enter reversibly to dissolve 
an additional mol of solid. The pres- 
sure remains constant and equal to P. The work done is 
Aj = P.AV. 



Let the heat absorbed be the reversible heat of solution in a 
saturated solution. 

1 Gibba, “ Scientific P*per»,’’ I., 271 ; Nenwt, “ Qiundlagen de* neuen Wiirme- 
p. 171 ff. ® 
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The equation of maximum work then gives (A® = AV = copst.) : 

T.AV. dP/(iT = AU + Aj = A' . . . . (207) 

But, on the assumption of an ideal solution (even though 
saturated) : .« 


P = cRT, where c = concentration = 1/AV, hence 


AV. 


dT 


d(cRT) 


= RT 


d\nc 

~dT 


+ R 


At = PAV = RT 


A' - RT = AU = A = RT^d In cjd’i 


[208] 


A = calorimetric heat of solution in a saturated solution, which 
may be determined from the heat of solution at any given concen- 
tration, when the relation of the heat of solution to concentration 
is known (§ 95). , * * 

Equation [208] may be integrated on the assumption that A is 
independent of temperature, which may be true over a small range 
of temperature : 

Inc = y(A/RT^)dT = — A/RT -f- const. . . [209] 


from which A may be calculated. 

The use of [209] as a solubility equation may be improved by 
assuming A == Aq + as in the analogous case of evaporation 
(86) ; we then find : 

logc = A + B/T + ClogT . . . . [211] 

analogous to the vapour pressure equation (87a) ; this holds over 
fairly wide ranges of temperature. 

Equation [210] is due to Le Chatelier (1885) ^ and van’t Hoff 
(1885) 2 ; equation [211] was deduced by the author and R. T. 
Hardman (1911).® The form A^ + aT was justified by data of 
the specific heats of solutions. 

The solubilities of succinic acid at 0® C. and 8*5® C. are 2*88 and 
4*22 gm./lOO gm. HgO ; In = 2*3026 log (4*22/2*88) ; R == 1*987 


1 Le ChateHer, C. JR., 1886, 100, 441. 

2 Van*t Hofif, A, N., 1886, 80, 239 ; P. Jtf., 1888, 86, 81 ; Rudolphi, Z. p. C., 
1896, 17, 277. Numerical data, Winkelmann, ** Physik,” HI., 819 ff . ; cf. Sohrdder, 
Z» p. C,, 1893, 11, 449 ; Washburn and Bead, N. A„ 1916, 1, 191 ; Roozeboom, 
Z. p. (7., 1889, 4, 49 ; Deventer and van de Stadt, zbid,, 1892, 9, 43 ; Mortimer, 
J. A, O. S„ 1922, 44, 1416. 

S R. T. Hardman and J. R. Partington, C, 8,, 1911, 90, 1769. 
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cal./l" A = 1-987 x (log 4-22 - log 2-28) x 2-3026/(1/273 - 
1/281-6) = 6-86 kg. cal. (obs. 6-70). 

If the solute changes its molecular state on dilution we may put : 

P = icRT [212] 

where i =f(c, T), van’t Hoft’s factor (§ 67), depends on T and 
the dilution : 

A = A^ ~ iRT 

dP/dT = R(iT . dc/dH + ic + Tc . di/dT) 

A = . d In c/dT + RT® . di/dT . . . [213] 

When the range of temperature is small, [213] may be integrated 


on the assumption that i is constant {dijdT = 0) : 

In c = — A/iRT + const [214] 

In the case of the ionisation of a binary (Icctrolyte (§ 91) : 

i = H-a (216) 

and a^c = K(1 - a) [216] 


where a is the degree of ionisation, and K is a constant for a 
particular temperature {Ostwald’s dilution law). Thus [213] may 
be written : 

A/RT® = (1 + a) • lo c/dT + da/dT . . . [213a] 
Differentiate [216] with respect to T, divide the left side by 
a% and the right by (1 — a)K, and rearrange : 

do a(l — o) dlnE a(l — a) dine 

2-0 • ~W ~ 2-0 ' dT~* 

Substitute in [213a] : 

A _ 2 dine a(l - o) dlnK 

•• RT2 2 - o* dT 2 - o ■ dT ' • 

an equation deduced by Noyes and Sammet (1903).^ In the case 
of o-nitrobenzoic acid, A calcd. by [217] = 6,480 gm. cal. ; A obs. 
= 6,026 gm. cal. 

Consider the isomeric change A zit B in solution. Then K = c^/cg (§ 90). 
The vapour space will also contain the substances (possibly in very small 
amounts), and here K' = solubility of the 

vapour. If p is the vapour pressure of the solids and s its solubility in the 
liquid, B = e'p. Hence : cj^/cp = («a/«b) ‘ (Vl&IPk) = where 

Q =5 is independent of the nature of the solvent. Thus, two isomeric 

1 Z.p. C„ 1003, 48, 613 ; cf. Cohen and Bruins, Z. p. C„ 1919, 98, 43 ; Stein* 
wehr, Z. p, C7., 1920, 94, 6 ; Le Chatelier, ** Sur les 4quiUbres chimiques,*’ Paris, 
1888, 188. 
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(tautomeric) substances are in equilibrium in any solvent when their concen- 
trations are in the ratio of their solubilities. This relation is due to van’t 
Hoff 1 ; it has been confirmed by Bimroth® and Vixseboxse.* The latter 
found with benzoyl camphor the ratios enoljkeUyne : in toluene 82/18 ; in 
alcohol 61/39 ; in acetone 52/48, corresponding with the relative solubilities 
in these solvents. With optical isomers = c^, and = 8^ in all solvents. 

A method of determining the transition temperature of two forms of a 
substance from their solubilities at two temperatures has been given.* 

76. The Gibbs-Helmholtz Equation for Reversible Cells. — 

An important application of the equation of maximum work is 
the determination of the effect of temperature on the electro- 
motive force of a reversible cell. 

A reversible cell is one in which an opposing E.M.F. infinitesimally 
greater than the E.M.F. of the cell reverses the direction of the 
current through the cell and all the material changes taking place 
in the latter. A reversible cell with an equal opposing E.M.F. 
forms a system in true equilibrium. 

The first calculation of the E.M.F. of a cell from thermal data 
was made independently by Helmholtz ^ and Lord Kelvin,® and 
assumed that the electrical work was equal to the heat of reaction 
(evolved) in the cell : 

At'=-Q = 0 (218) 

In the calculation we take 1 kgm. cal. = 4*184 X 10^® ergs ; 
1 joule = volt X coulomb = 10*^ ergs ; hence 1 kgm. cal. = 
4*184 X 10® joules. 

The number of coulombs transported per chemical equivalent 
of change in the cell is given by Faraday’s law, and is found 
experimentally to be : 

F = 96,600 coulombs (0 == 16). 

The value of F depends ultimately on the atomic weight of silver, since the 
ampere is defined in terms of the weight of silver deposited in one second 
under specified conditions from a solution of a silver salt ; therefore, 
depends on the unit of atomic weight adopted. The above value refers to 
0 = 1600. 

If E is the E.M.F. of the cell in volts, the work of decomposition 
of 1 gm. equivalent of electrolyte will be : 

1 “ Lectures on Theoretical Chemistry,” Eng. tr., vol. 1, p. 221. 

2 1910, 877, 127 ff. 

8 i2cc. irav, chirn,, 1921, 40, 1. 

♦ J. Meyer, Z, E„ 1911, 17, 976: the equation To (transit.) « TiT2lnoi'c2^/ 
(Tiln ci'/ci"^ — T2lno27c2^)» where c', o^ refer to the two forms, is easily found 
from [210] and the relation ~ A' ■« heat of transition. 

6 “ Uber die Erhaltung der Kraft,” Berlin, 1847, p. 48. 

« Thomson, P. M., 1861, fc 429. 

7 Bates and Vinal, J, A. 0, 8,, 1914, 869 916. This is probably more accurate 
than the usual value. 96.640. 
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= 96,600E joules, and if Thomson’s (Kelvin’s) rule is true : 
E = kgm. cal. x 4*184/96'6 = Q kgm. cal./23-06 . . (218a) 

In the case of the Daniell cell, which was used by Lord Kelvin in testing his 
equation, the heat of reaction may be calculated as follows : 

0 uS 04 Aq + Zn = ZnS 04 Aq + Cn + Q 

198*8 kgm. cal. 248*7 kgm. cal. 

Q r= 248*7 — 198*8 =; 49*9 kgm. cal. The heat of reaction per gm. 
equivalent is thus 49*9/2 = 26 kgm. cal. The calculated voltage is 26/23*1 = 
1*08. The observed voltage is 1*09, in good agreement. 

In a similar way the rule may be applied to calculate decompo- 
sition voltages^ on the assumption that the minimum E.M.P. which 
must be applied to electrolyse a solution is equal to the maximum 
E.M.P. developed in a cell when the reverse reaction takes place. 
In this case irreversible changes, giving rise to over-voltage, are 
neglected. 

(i.) Electrolysis of fused salt (Acker process) : 

NaCl = Na + Cl — 96*6 kgm. cal. 
hence E = 96*6/23 = 4*2 volt. (Obs. = 6*76 volt.) 

(ii.) Electrolysis with the sodium dissolved in mercury (Castner-Kellner 
cell). The heat of solution of Na in mercury is 19*1 kgm. cal., hence E = 
(96*6 - 19*l)/23 = 3*37 volt. (Obs. 4*3 volt.) 

(iii.) Electrolysis of brine (Billiter cell) : 

NaCl + HgO = NaOH H + Cl 
96*6 69 112*6 

hence E == (96*6 + 69 - 112*6)/23 = 2*31 volt. (Obs. 31 volt.) 

The agreement is moderate, but the actual voltages are always one or two 
volts above the calculated. 

In the case of the cell : 

Ag/KCl sol. satd. with AgCl/Clg gas 

E is 1*167 volt A'T = 2xl'167x23kgm. cal. =2x26*8 kgm. 
cal. The heat of reaction : 2Ag + Clg = 2AgCl is 2 x 29*4 kgm. 
cal. Only a fraction 26*8/29*4 = 0*91 of the heat of reaction (dimi- 
nution of intrinsic energy) is here available as electrical work 
(diminution of available energy). 

In some cases A' and Q may even differ in sign. The cell 
making use of the endothermic reaction HgCl + KOH = iHggO 
+ KCl + iHgO may furnish current, t.e., k\ is positive, whilst Q 
is negative.^ 

The Thomson rule is analogous to the Berthelot-Thomsen rule, 
that the heat of reaction is a measure of the aflSnity of a reaction, 
which is considered in § 82, and the error in the two rules is made 
clear by (206) : 

At' - 01, + T(aATV9T)^. 

1 Bugarszky, Z. an. C., 1897, 14| 146 ; Qcrke, J. A, 0, S,, 1922, 44» 1684. 
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The term T(3At73T)p represents the latent heat absorbed when 
the cell operates reversibly, and the rule is not true unless 
= 0. In the present case the E.M.F. must be independent of 
temperature, which is rarely the case, but is approximately true in 
the case of the Daniell cell. The true relation between E.M.F. 
and heat of reaction may be derived from this equation. 

At' = EF per gm. equiv (219) 

Qp = calorimetric heat of reaction per gm. equiv. 

Thus : EF = + TjP . dE/tiT .... (220) 

Let q = Qp/F and A = EF — Qp. q is the heat of reaction 
(evolved) per electrochemical equivalent, and A is called the latent 
heat of the cell (absorbed) per chemical equivalent : A is a measure 
of the deviation from the Thomson-Helmholtz rule. Then : 

A = TF , dEjdT! (220a) 

and B = 2 + T . dE/dT (221) 

This equation, deduced by Helmholtz,^ has been confirmed by 
several experimenters, notably by Jahn.® It may be used to 
determine the heat of reaction of the process occurring in the cell, 
and the latter compared with that determined directly ; or, if the 
heat of reaction is assumed, the value of dE/dT may be calculated, 
and compared with that found experimentally. In both cases 
the agreement is satisfactory. 

An equation identical in principle with Helmholtz’s was deduced 
in 1878 by Gibbs,® who also showed that if the cell exhibits a 
transition point (E = 0 for T = Tq), then : 

E=2(1-T/To) (222) 

The correctness of this is most readily seen by differentiating 
with respect to T : 

dE/dT = - g/To 

from (222) we recover (221). Equation (222) is particularly 
noteworthy, since it enables a free energy (EF) to be calculated 
from purely thermal data, (q, Tq, T). Conversely, the equation 
may be used to determine transition temperatures.* 

1 B. B., 1882, p. 22 ; Oatwald’g Klcuaiker, No. 124, p. 21 ; of. Brtdy, A. P., 
1914 44 591* 

a A. K 1886, 28» 21, 491 ; 1893, 60, 189 ; of. Lehfeldt, “ Electrochemistry,** 
1908, pp. 177 ff. 

* “ Scientific Papers,** I., 338 ff., where the effects of pressure and gravity are 
also considered ; of. ibid., pp. 406 ff. for (222). 

4 Oohen, Z, p. C., 1894, 14, 53 ; Cohen and Bredig, ibid,, 636. 
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Equation (219) is often the most convenient method of calcu- 
lating affinity, and (220) heat of reaction. 

EXAMPLES XI. 

1. Calculate the change of thermodynamic potential for the cell Hg/HgjClg 
+ 0*01N.KC1 in N.KNOa/N.KNOg/O-Ol N.KOH + Hg20 in N.KNOj/Hg, the 
E.M.P. of which is 0-1636 at 18-6® C. 

2. Find the change in intrinsic energy of the cell Hg/Hg^Clg, 0-01.N.KC1, 
N.KNO3/N.KNO8/N.KNO3, 0-01 N.KI, Hg2l3(yellow)/Hg, the E.M.F, of 
which is 0*3086 volt at 18-5° C. (Bugarszky), dEjdT l^ing — 0-00027. 
Calculate also the latent heat of this cell at 18*6° C. 

3. The heat of the reaction HggCL + 2KBr = HgoBra + 2KC1 is 
4010 gm. cals. If the E.M.F. of the cell Hg/HgaCla, 0-01 N.KCl in 
N.KNOa/N.KNOg/O-Ol N.KBr + Hg^Brj in N.KN03/Hg is 0-2149 volt at 
43*3° C., show that the temperature coefficient of the cell is ~ 0*000144 volt/° C. 

4. Calculate the decrease of thermodynamic potential for the cell 
Cu/N.CuS04/N.ZnS04/Zn, the E.M.F. of which is 1*1 volt at 18° C. Give the 
answer in calories. 

6. If E == 0 0579 volt at 25° C. for the cell Ag/0*01 N.AgNOa/sat. NH4NO8/ 
0*001 N.AgNOs/Agjfind the thermodynamic potential decrease when the cell 
is working, expressing the answer in both calories and joules. 

6. The solubility of AgCl at 18° C. is 1*17 x 10'^ mol per litre ; that at 

25° C. is 1*6 X 10”^ mol. Calculate the mean heat of solution between these 
temperatures. Thomsen found the value 15,800 cals., experimentally. 

7. The electrode potential of Mg in MgS04 solution (1 mol/lit.) is 1*55 volt, 
whilst that of Pb in Pb(N03)2 solution of a similar strength is 0*13 volt. 
(Temp. = 25° C. ; E for Hj electrode = 0.) Calculate the thermodynamic 
potential change for a cell composed of these two electrodes. 

8. The transition point between monoclinic and rhombic sulphur is 
96° C. when p = 1 atm. The atomic heats of these modifications are *. 
S (rhombic), Cp = 4*12 + 0 0047T and S (monoclinic), Cp = 3*62 + 
0-0072T. The heat of transition of monoclinic to rhombic sulphur is 77*0 cals, 
per gm. atom (evolved) at 0° G. Show that at 26° C. the rhombic form of S 
is the more stable. Show also that the heat of transition at 0° K. is 
120 cals, per gm. atom. 

9. In the case of a potassium perchlorate solution at 20° C., for which 
In c = 0*04175T -|- const., the value of f, van’t HoflE’s factor, = 1*796, 
this number decreasing 0*00296 per degree rise in temperature. Show that 
the heat of solution of KCIO4 in a saturated solution is 12,270 cals., 
approximately, the observed value being 12,130 cals. 

10. Test equation [211] for solutions of anthracene in benzene, for which 
A =s= — 7*1236, B = 1466*761 and C == 0*7960 (c is in gms. per 100 gms. 
solvent) ; 

Temp. ®C. c (obs.) Temp. °C. c (obi.) 

10 . . . 0*976 50 . . . 3*75 

20 . . . 1*43 60 . . . 5*14 

30 . . . 2*03 70 . . . 7*00 

40 . . . 2*78 
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IL The solubility of sucrose in water is : 

179*2 gms. per 100 gms. water at 0® C. 

219*5 „ „ „ SO^’C. 

and 320*5 „ „ „ 70° C. 

Find the solubility at 50° C. and at 10° C. (use [211]). 

12. The solubility of succinic acid in 100 gms. water is 2*35 gms. at 0° G. 
and 6*76 gms. at 24*8° C. Assuming these solutions to be undissociated, 
find the heat of solution of one mol of the acid, assuming it independent 
of the temperature. 

13. At 34*12° C. the solubility of AgCl in water is 2*74 x 10 ^ per cent, 

and at 4*68° C. it is 6*6 X 10 ~ ^ per cent, (i.e., gms. per 100 gms. solution). 
Assuming AgCl to be completely dissociated in each of these solutions, 
calculate the heat of solution of 1 mol (assumed independent of temperature). 

14. The ratio between the number of molecules of dissolved salt (n) to 
the total number of molecules present (^ + n) in a saturated solution of 
silver acetate is given by the equation : 

c = = 0-0380292 + 004l3647< + 0-0,1099<« 

where t is the temperature in °C. Show that the calorimetric heat of solution 
of this salt in a saturated solution is, at 25° C., 2*775 gm. cals. ; at 30° C. 
2*806 gm. cals. ; at 35° C., 2*832 gm. cals. 

15. The solubility of silver isovalerate (Molec. wt. = 208*43) is given by 
the equation 

8 = 0*1774 + 0*003349 (t - 0*2) + 0*056528 (t - 0*2)a, 

8 being the solubility in gms. per 100 gms. water. Show that the heat of 
solution per mol of this salt is 2*34 cals, at 25° C. and 2*368 cals, at 35f C. 

16. The heat of transition of grey tin to white tin at 0° C. is 532 cals, per 

gm. atom (absorbed). The difference of the specific heats of these two 
varieties of tin is given by : Cp (white) — Cp (grey) = 0*49 + 3*25 x 10 ® 

(300 — T)3, which holds for all temperatures between — 193° C. and 19° C. 
Deduce an equation expressing the heat of transition as a function of tempera- 
ture ; find the value of this heat at 80° K. and 200° K. 

Find also an expression for the aflSnity of the transition, given that the 
transition point (p = 1 atm.) is 19° C. 
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Ideal Gas Mixtures 

77. Entropy of an Ideal Gas. — The increase of entropy on 
isothermal expansion at a temperature T of 1 mol of an ideal gas 
from volume to volume is (see § 36) : 

(1/T) ./SQ = (1/T) . RT . In (F^/Fi) = R In (Fj/Fi) . [223] 

Let unit mass of gas pass reversibly from the state v, T to the state 
V + dv, T + dT : 

dti — Tds — pdv ds = (du + 'pdv)IT. 

But du — Ct;dT, and p =.RT/Mv, where M = molecular wt. 
ds — Cv . dT/T + (R/M) . dvjv 
s =J{CvlT)dT + (R/M) In e + Sq . . . [224] 

where the integration constant Sq = entropy in an arbitrary 
standard state, Vq, Tq. The entropy s depends only on the actual 
state of the gas and not on how it is brought into that state. 

If c„ = const., s = c»ln T + (R/M) In v + *0 • • • [224a] 

78. Free Energy of an Ideal Gas. — F = U — TS, or for unit 
mass : f = u — Ts. Now ; 

u = ycpdT + Mq .•. from [224] 

S — Uq — Tsq + ycjdT — T y(c»/T)dT — (RT/M) In v 


= ^'(T) - (RT/M)lnu [226] 

where fl''(T) = Wq ~ ^^0 + ~ T y(c„/T)dT . . [226] 

79, Thermodynamic Potenti2il of an Ideal Gets. 

z =f pv = / + RT/M for unit mass, 

I? = g'{T) - (RT/M) (In 0 - 1) [227] 

The values for 1 mol of gas are easily found. Let Mm = U ; 
Me, = C,; Ms = S; Me = F ; Mf = F; Mz = Z; 

V /S = /So+/(C,/T)dT + RlnF -RlnM 

= /So' + /(C,/T)dT + Bln F [228] 

where Sq' = /Sq — R In M. 


138 
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F=Uo- TSq' +/C^T - T/(C,/T)<iT - RT In F . . . [229] 
Z = Uo - TS^' + /C4T - T/{C,/T)(iT - RT( In F - 1) . [230] 

Thus if g{T) = Mg'{T) + RT In M : 

F = (/(T) - RTlnF [231] 

Z = ^(T) - RT(lnF - 1) ... [232] 

We note that F and Z contain an arbitrary linear function of 
temperature, ZJp — TSq = a + /3T, say. 

8o. Ideal Gas Mixture. — The mixing of gases was studied by 
Dalton (1801), who found that : 

(1) If two or more gases are put together either by stratifying 
or by connecting the containing vessels, they mix uniformly by 
diffusion. 

(2) If different gases mix by diffusion at the same temperature 
and pressure, then, provided no chemical change takes place : 

(a) the volume of the mixture, is the sum of the volumes of its 
constituents ; 

(h) the temperature remains unchanged throughout the process 
(this was regarded as indicating absence of chemical action 
by Scheele in 1777). 

We define an ideal gas mixture as one which has a free energy 
equal to the sum of the free energies of the separate gases, each at 
the same temperature and occu[)_\ii)g the same volume as the 
mixture. We shall show that this gives the known properties 
of mixtures of gases. 

Let there be given initially the volumes Vj, V 2 , . . of the gases 
Gj, G 2 , . ., contained in separate vessels, all at the temperatujre T. 
Let Wj, W 2 , . . be the numbers of mols of the gases. 

Now let the vessels be put in communication so that all the gases 
mix. Let the temperature of the mixture be kept at T. The 
total volume occupied by the mixture isV = Vi + V 2 + ..= 

2Vi. 

The/rce energy of the first (unmixed) gas is, by [231] : 

Fj = - WiRT In (Vi/«i) + «iflri(T) 
the total free energy of the unmixed gases is : 

Fq = — RTZWi In ifffnf) + Snj^ifT) . . . [233] 

The toUil free energy of the mix^ gases is, by definition : 

F= -RT2»iln(V/%) + 2«i<;i(T) . . . . [234] 

/. the diminution of free energy on mixing is : 

Fo - F = BTSniln(V/Vi) [236] 
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/. mixing of gases by diffusion is a spontaneous process 
(cf. § 63). The value of the diminution of free energy on mixing 
is the same as that previously found (§ 64) without the definition 
of the ideal gas mixture. 

The equation of maximum work (197) gives 

Uo - U = (Fo - F) - Ta(Fo - F)/aT. 

Differentiate [235] with respect to T, and substitute in this 

Uo-U = 0 [236] 

i.e., no heat is evolved or absorbed on mixing ideal gases without 
performance of external work. This result may be regarded as 
an extension of Joule’s Law (§ 33). 

If p = total pressure of the mixture, then from (183) 

- aF/av = p. 

Differentiate [234] with respect to V (T const.) and substitute 
in (183) : 

p = 2%RT/V = 2pi [237] 

where p^ = WiRT/V = pressure exerted by the first gas when 
confined alone in the whole volume of the mixture. Equation [237] 
is, therefore, the expression of Dalton’s Law of partial pressures. 

The definition of an ideal gas mixture adopted is therefore 
consistent with the known properties of mixtures of ideal gases.^ 

EXAMPLES XII. 

1. Show that the increase in entropy on mixing 250 c.c. Ng with 500 c.c. Og 
at a pressure of 800 mm. is 0*044 cal./l° C. 

Show also that if the mixing is carried out at 27® C. the maximum work is 
13*33 cals. 

2. Calculate the entropy decrease due to the isothermal compression of 
26 litres of chlorine to 16 litres at 36° C. 

Explain carefully why it is that this entropy decrease is identical with the 
decrease of entropy due to compressing, say, 6 litres of COg to 3 litres at the 
same temperature. (Assume the perfect gas laws in each case.) 

3. Show that for a gas which obeys van der Waals’ equation exactly, 
S s= C,, log T + R log ( V — 6) + So, Sq being an arbitrary constant. 

4. Calculate the entropy change due to mixing 70 litres Hg ai 167° C. and 
under a pressure of 20 atm. with 60 litres of Ng at the same temperature and 
pressure, both gases being assumed ideal. 

6. Thirty litres of NO diffuse into 30 litres of SOg under a (constant) total 

1 In the case of non-ideal gases, Leduo (A. C, P., 1898, [vii.], 16, 106) assumes 
that the volume occupied by a mixture of gases is equal to the sum of the volumea 
which each gas would occupy at the pressure and temperature of the mixture. 
This is found experimentally to be much nearer the truth than Dalton’s law of 
partial pressures ; it holds approximately even up to 200 atm. pressure, with 
mixtures of hydrogen and nitrogen (cf. “ Physical and Chemical Data of Nitrogen 
Compounds,” H.M. Stationeiy Office, 1918, p. 6 ; Amagat, ” Notes sur la 
physique,” p. 82 ; Kuenen, ” Verdampfung una Verfliissigung von Gemischen,” 
pp. 99-106 (bibliography). 
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pressure of 2 atms.» and at a temperature of 0^ C. Assuming no volume 
ohange takes place on mixing, calculate the total entropy increase. 

6. Find the changes of F and Z when 1 mol of a gas is (a) heated at a 
constant volume of 1 litre, and (6) at a constant pressure of 1 atm., from 0® 
to 100® 0. 

7. Find the changes of F and Z when 1 mol of gas is heated from 0® to 
100° C. at a constant volume of 1 litre and then expanded at 100° to 10 litres. 

8. Find the changes of F and Z when 1 mol of gas is expanded from 1 litre 
to 10 litres at 0° C. and then heated at constant volume to 100° C. Compare 
with Ex. 7. What does the result show ? 

9. If a gas obeys Boyle’s law the diminution of potential on isothermal 
expansion is equal to the diminution of free energy. 

10. Show that the free energy and potential of a gas for which the true 
specific heat is a linear function of temperature = a 4- 6T are : 

F = Uo - TSo - aTlnT - 6T2 - (R/M) Tin v 4* (a + 26)T 
Z = Uo - TSo - aT In T - 6T2 - (R/M)T(ln v - 1) + (a + 26)T. 
In the case of oxygen, if Ct; = 0*148 + 0*000076f° C., find the changes in F and 
Z for an expansion from v = 1 to y = 10 litres at 0° C., stating the units in 
which the results are expressed. 
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Chemical Equilibrium in Gases 

8i. Maximum Work of a Chemical Reaction between Gases. — 

Chemical reactions may be reversible, and then states of equilihium 
may be established. If the smallest increase or decrease in the 
concentration of any one constituent leads to a small chemical 
change, the reaction taking place in such a direction as to diminish 
or increase the concentration of that constituent, respectively, the 
state is one of true equilibrium. It is readily shown from this 
definition that the true equilibrium state is the same whether we 
start with the substances on the left or those on the right of the 
reaction equation. 

The state of equilibrium is defined by T, v (or p), and the chemical 
composition. We thus require more variables than in the case of 
a fluid of fixed composition. Since the state of equilibrium is 
independent of the total amount of the system, the composition 
variables will be the relative amounts of the constituents, i.e., the 
concentrations. 

The concentrations may be expressed in various ways. The 
volumetric molar concentration, denoted by c, or C, gives the number 
of mols, n, per litre. In general we shall use c for the equili- 
brium concentrations, and C for the initial or other arbitrary free 
concentrations. If V = total volume, Cj = w^/V. 

We have as a general expression for the maximum work of a 
reaction : 

Ai = Fo — F = — AF. 

E.g., 2H2 + O2 — > 2H2O ; Ai = [ 2 Fh 2 + Foj] — 2 Fh 20 , 
where the values of F refer to 1 mol of free immixed gas at the 
temperature of the reaction and at given arbitrary concentrations, 
Ch 2, etc. 

Gases . . . . Hg O2 HgO 

Free concentrations . . 0^2 C02 Chjo 

Equilibrium concentrations . CHg cot CHtO 

149 
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Take 2 mols of Hj at concentration Cng and 1 mol of O2 at 
concentration Coj, and suppose the two gases converted isother- 
mally and reversibly into 2 mols of HgO at concentration Chjo* 
What work is done ? 

Fq = 2Fh2 + F 02 = 2RT In Ohj + RT In Cqj + 25 '(T)h 2 + 5(T)o3 
for the unmixed gases, from [233] with the substitution Vi/»i = 
l/Cj ; and : 

F = 2Fh 20 = 2RT In Chjo 4?’25f(T)H20- 

Thus : ^ 

Ax = Fo - F = RTln(C2HaCo2/CV) +/(T) • • • (A) 

where /(T) = 2 ^{T)h 2 + ^(T)o2 - 2^(T)h20 

is a function of temperature which must now be determined. For 
this purpose we suppose that Ch 2> C02, and CH20 are the concentra- 
tions in a mixture of the three gases which is in equilibrium. 

Then, if we allow the change 2Hg + O2 — >• 2H2O to take place 
in such a way that the initial concentrations of hydrogen and 
oxygen are Chj and Cq^, and the concentration of steam formed is 
ch 20> only work done will be the external work : 

Ax = Fq — F = external work. 

For, let the change take place by adding 2 mols of H2 at the 
concentration Chj. and 1 mol of O2 at the concentration C(^, to 



the equilibrium mixture, and at the same time removing 2 mols 
of HjO (gaseous) at the concentration chjo- The gas mixture in 
equilibrium is supposed to be contained in an impervious box (the 
“ equilibrium box ”), and the gases are added to or removed from 
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the box by cylinders fitted with impervious pistons and communi- 
cating with the box through selectively permeable septa, as shown 
in Fig. 29. In this the left-hand upper cylinder contains the 
hydrogen, the left-hand lower cylinder the oxygen, and the right- 
hand cylinder the steam. If the steam is removed as fast as it is 
formed the composition and amount of the equilibrium mixture in 
the box remains constant. 

The work done is 2RT — 2RT — RT = — RT, or, generally 
Sw^RT. Thus, by substituting in (X) we find : 

At = — RT = RT In (c^HaCOa/c^Hao) +/(T) 

hence : 

/(T) = - RT - RTln(cVoa/c%o). 

But c^Hao/c^Ha'^Oa = K. f^be equilibrium constant,^ hence : 

Ax = RTlnK -j- RTln - RT 

= RTlnK - RTln(C2Hao/C2H2Coa) - RT. 

This result is easily generalised. Let the chemical reaction be : 

WjGi -j- ^262 ^ 1^1 "h '^2^2 “f~ • • 

and let n^' . — (»»i + Wg . .) = 

i.e., the increase in the number of mols in the reaction, and 
similarly let ; 

SnilnCj = «j:'lnCi' ^ «2^InC2' . . — (nilnCi -f- WjlnCg + . .) 
where logarithms of concentrations of 'products of reaction are taken 
as ‘positive, and those of the initial reacting substances taken as 
negative. Also, let : 

In K = «i'lnci' -+- Wg'ln c^ — (%lnci -f + . .) 

= Sn^lnci. 

Then At ~ RT In K — RTStti In G| -f- RTZiti . [238] 

This most important equation is sometimes called the equation of 
the Reaxtion Isotherm. 

At depends only on the initial and final states of the system, and 
on T, i.e., for a fixed temperature it depends only on the values 
of the C’s. Hence, at a fixed temperature K is a constant. This 
is the Law of Mass Action, which is here deduced from thermo- 
d 3 naamic considerations. This deduction is due to van’t Hoff 
(1886),*® although the deduction from thermodynamics had been 
effected by Horstmann in 1873,® and by Willard Gibbs in 1876.^ 
The deduction from the kinetic theory is due to Guldberg and 

1 See Partington, ** Text-book of Inorganic Chemistry,’* 1921, ch. zx. 

2 Ostwald’s Klaseiker, No. 110. 

5 Ostwald’s Klassiker, No. 137. 

4 ** Soientifio Papers,” rol 1 p. 172, 
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Waage in 1864.^ K is a constant only when T is constant ; it is, 
in general, a function of temperature. 

82 . Affinity of a Reaction. — Julius Thomsen, in 1863, recog- 
nised that the affinity between reacting substances is connected in 
some way with the energy changes attending their reaction. The 
affinities of halogens for hydrogen is clearly in the ascending order : 
iodine, bromine, chlorine, fluorine, since any one halogen is dis- 
placed from its hydracid by any other succeeding it in this series. 
The heats of formation of the hydracids also increase in the same 
series : 

HF 38‘6 kgm. cal. HBr 8*44 kgm. cal. (from liquid Brg) 

HCl 22 kgm. cal. HI — 6-04 kgm. cal. (from solid I 2 ) 

Thomsen therefore proposed to take the heat of reaction^ or the 
diminution of intrinsic energy (see § 21 ) as a measure of the affinity. 
In the decomposition of an exothermic compound an expenditure 
of energy is required, and a(‘(‘oiding to Thomsen only those sub- 
stances could bring about decomposition which themselves develop 
more heat than is absorbed in the decomposition. Metals such as 
zinc, iron, and magnesium, the oxides of which are formed with the 
evolution of more heat than is developed in the formation of water 
vapour from the same amount of oxygen, are able to decompose 
steam, but if the heat of oxidation of the metal is less than the.heat 
of formation of steam, the metal {e.g.^ silver) is unable to 
decompose the latter. 

A similar principle was advanced by Berthelot in 1865,^ and was 
called the Law of Maximum Work. It assumed that only those 
reactions take place spontaneously which are attended by an 
evolution of heat. 

Numerous exceptions to the law were found. In particular : 

(1) It implies that a reaction can proceed in one direction only, 
viz., that in which heat is evolved, and reversible reactions should 
be impossible. But any correct measure of affinity must clearly 
involve the equilibrium constant. 

( 2 ) Every endothermic reaction, of which there are very many, 
is an exception to the law. 

Although Berthelot tried to overcome the objections by further 
ingenious assumptions,® it must be recognised that the Law of 

1 Ostwald’s Klassiker, No. 104. 

8 See, , “ Thermoohimie,** I., 18d7, pp. 7 ff. ; “ Eesai de M4canique 

ohimique,” 1870, vol. 1, p. 28 ; vol. 2, pp. 417 ff. 

8 In the (endothermic) formation of acetylene in the arc, for instance, it was 
assumed that the carbon was first of all turned into gas (with absorption of 
heat) and then oombined with hydrogen (with evolution of heat). 

O.T. L 
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Maximum Work in its original form is incorrect. At the time it 
was advanced it was, however, quite in harmony with the progress 
of physical science. Lord Kelvin (1861)^ and Helmholtz (1847)® 
(see § 76) had previously made use of an identical assumption 
in calculating the electromotive forces of cells. The first correct 
statement of the relations involved was due to Gibbs in 1876, but 
his differential equations made no appeal to chemists. Helmholtz, 
in 1882 ® (see § 74), gave a more intelligible account of the matter 
by pointing out that the correct measure of the affinity is the work 
which can be done by the chemical forces (“ Arbeitswerth der 
chemischen Verwandtschaftkrafte ”), i.e., the diminution of Free 
Energy, or the Maximum Work, of the reaction. This is by no 
means the same thing as the Heat of Reaction, or the diminution 
of Intrinsic Energy ; in some cases the two may be opposite in 
sign.^ In naming the principle the law of maximum work, not 
the law of maximum heat, Berthelot seems to have had a pro- 
phetic intuition of the real state of affairs, but he remained faithful 
to his original formulation long after it had been shown, by his 
own numerous thermochemical measurements, to be incorrect. 

Since those changes can occur spontaneously which involve 
dissipation of energy, the diminution of available energy in a 
reaction is a criterion of the manner in which the reaction will 
proceed, apart from precise details (cf. § 66). The principle of 
dissipation of energy was applied to chemical changes by Lord 
Rayleigh in 1876 (cf . § 64) ; the related entropy principle of Clausius 
was made use of in a similar way by Horstmann in 1873 (cf. § 41). 

The correct measure of the affinity of a reaction is the diminution of 
Free Energy.^ The consequences of this statement for chemistry 
are as yet hardly realised, but with the further progress of the 
science it is to be expected that empirical results will more and 
more give way to exact quantitative laws. The ultimate aim 
of theoretical chemistry is to arrive at a general method of calcu- 
lating affinities from as small a number of experimental data as 
possible. It is not impossible that these data may ultimately be 
reduced to the dimensions and masses of the atoms, but the 
influence of passive resistances will no doubt prove a fundamental 
difficulty.® 


1 P. 11., 1861, 2, 426. 

2 Ostwald’s Kl^Hker, No. 1, 1889. 

5 Ostwald’s Klassiker, No. 124. 

4 Bugarszkj, Z. an, 1897, 14 » 145. 

6 8ee R. Plank, Z, p, C., 1922, 100, 372. 

4 Partington, Chemical Age, 1922, pp. 850, 884, 
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In '' L'Etude de Dynamique Chimique (Amsterdam, 1884), van’t Hoff 
opens the chapter on Affinity (p. 177), as follows ; 

“ In this chapter we shall deduce from what has preceded, without making 
use of any hypotheses whatsoever, the value of affinity, either by considering 
it as a force and therefore expressing it in kilograms or in atmospheres, or by 
indicating the work which the force can do, work which in this case will be 
expressed in kilogram -metres or in calories. This last manner of viewing it 
leads to the following simple and general conception ; 

“ The work of affinity (A) is equal to the heat which produces the trans- 
formation (a) divided by the absolute temperature of the transition point (P) 
and multiplied by the difference between this latter temperature and T, the 
temperature at which the change takes place : 



The value of At given by [238] may therefore be taken as a 
measure of the chemical affinity in a reaction between gases. It 
includes the external work, RTHni, but this is not always recover- 
able in measurements of the maximum work. Thus, if the 
affinity of the reaction 2 H 2 + Og = 2 H 2 O is measured by the 
E.M.F. of the Grove’s gas battery, the work done in the disap- 
pearance of the gases, 3RT, does not appear as an equivalent of 
electrical work. Most writers omit the external work, and take, 
as the measure of the affinity, At minus the external work, t,e.. 
At', or the diminution of thermodynamic potential Z (§ 71). In 
this case : 

Affinity = Zq - Z = — AZ = At' . . . . (239) 

and equation [238] must then be modified by leaving out the term 
RTSnj^ : 

Affinity = At' = RT In K - RTSni In Ci . . [240] 

If the reaction occurs without change of volume At and Ax' are 
identical. 

If all the free concentrations are unity (1 mol per litre) : 

AT' = RTlnK [241] 

It may be noted that this provides a method of determining K. 

83 . Alternative Deduction of the Maximum Work of a Gas 
Reaction. — The work done in changing the concentration of 
1 mol of an ideal gas from to Cg is (§§ 11, 36) RTln(V^Vi) 
= RT In (C 1 /C 2 ), since the concentration is inversely proportional 
to the volume, i.e., RT In (initial cone,! final cone,). 

Let hydrogen and oxygen gases be taken at the free concerUra- 
tions Ch 2 and Co 2 > and converted into steam at the free con- 
centration ChjO* The operation is carried out isothermally and 
reversibly by means of the arrangement described in § 81, except 
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that now the gases are taken in the exterior cylinders at the actual 
free concentrations, and the latter ni\ist therefore be altered by 
reversible compression or expansion to the equilibrium concentra- 
tions before the gases can be passed into the box ; and the steam 
removed from the box at the equilibrium concentration must 
afterwards be brought to its free concentration by reversible 
expansion or compression in the cylinder. During these com- 
pressions, the selectively permeable septa are shut off, as in § 63. 
The total work done is readily calculated according to the scheme 
below, the directions of change being shown by the arrows : 


Free Equilibrium 

Gas Concentrations. Work of Change. Concentrations. 

Ha: CHa -> - 2RT 4- 2RT In (Cna/cHa) -> Ch^ 

O2 : C02 — > — RT -(- RTln (Coj/coj) — > coj 

H2 O : Chjo + 2RT -f- 2RT In (cHao/Cnao) ^HaO 
Thus : 


Ax = - 2RT - RT + 2RT 4- 2RT In 4- RT In (Coa/coa) 

4" 2RT In (cHao/Cuao) 

= - RT 4- RT In (c V/c Voa) - RT In (C\olC\Go,) 

Ax = RTlnK - RTSwilnCi 4- RTSnj . . [238] 
in the general case, as before.^ 

84. Maximum Work in Terms of Partial Pressures. — ^Let be 
the partial pressure of a component existing at the concentration 
Cl in a gas mixture. Then : 

Pi = «i RT/V = CiRT, or Ci = pJRT . . [242] 

Let the initial and final products of the reaction be under the 
total pressures Ri> Pa* • . . etc. Then : 

Cl = nJY = Pi/RT. Substitute for C and c in [238] : 

Ax = RT2«i In Pi - RT2wi In Pi 4- RT2% . . [243] 
Put 2»ilnpi = In K', where K' is a new equilibrium constant ; 
then : 

Ax = RTlnK' - RTSwilnPi -f RTS»i . . [244] 


Ax'= RTlnK' - RT2»ilnPi [246] 

If the initial and final substances are under the same free 
pressure p, then ; 

Ax' = ETlnK' — RTlnp2«i . . . [246a] 
= RTlnK'ifp = l [246] 

1 Cf. Wegsoheider, Z, p» 0,, 1912» 79« 22Z, 229, 
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85. Application of the Reaction Isotherm. — ^The most impor- 
tant source of useful work is the combustion of carbon in the form 
of fuel. We shall calculate the maximum work of the reaction 
C + O 2 == CO 2 by means of [246]. For this purpose the data of 
Rhead and Wheeler on the equilibrium CO 2 + C ^ 2CO in presence 
of solid carbon at various temperatures, given in Table I.,^ 
and those of Nernst and Wartenberg,® on the dissociation of 
CO 2 : 2 CO 2 ^ 2C0 -f 02> Table II., are used. 

Table I. CO 2 + C ^ 2C0 (1 atm.). 


0. 

% CO2 (vol.). 

% CO (vol.). 

P002- 

Poo - 

850 

6-23 

93-77 

0-0623 

0-9377 

900 

2-22 

97-78 

0-0222 

0-9778 

950 

1-32 

98-68 

0-0132 

0-9868 

1000 

0-59 

99-41 

0-0059 

0-9941 


0-37 

99-63 

0-0037 

0-9963 


0-15 

99-85 

0-0015 

0-9985 


0-06 

99-94 

0-0006 

0-9994 


Table II. 2 CO 2 ^ 2C0 + O 2 . Percentage Dissociation. 


T® K. 

01 atm. 

1 atm. 

10 atm. 

100 atm. 

1000 

0-O4531 

0-0*247 

0-0*114 

0-05631 

1500 

0-104 

0-0483 

0-0224 

0-0104 

2000 

4-36 

2-05 

0-960 

0-446 

2500 

33-6 

17-6 

8-63 

4-09 

3000 

77-1 

64-8 

32-2 

16-9 

3500 

93-7 

83-2 

63-4 

39-8 


At 1000° C. we have, from the tables (1 atm.) : 

(i.) In the gas in equilibrium with solid carbon, 99'41% CO and 
0'69% CO 2 , by volume. 

(ii.) CO 2 dissociated to the extent of 0-0027% (interpolated) : 

2 CO 2 ^ 200 + Oa 

2(1 - 0-000027) 2 X 0-000027 0-000027 

1 0. 8 ., 1910, 07, 2178. 

2 Nernat, “ Lelubaob,’’ 8-10 Aufl., p. 766. 
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pcOi = 1 — 0’000027 atm. = 1 atm. (approximately) ; 

Pco = 0'000027 atm. ; yog = Pco/2 = 0-0000136 atm. 

K' = fco X V0ilj>%02 K' X 1® = (0-000027)2 x .. WK. 1 Ty). 
Let yoj = X atm. be the partial pressure of oxygen in equilibrium 
with solid carbon in the given circumstances. Then : 

K' X (0-0059)2 = (0-9941)2 ^ a; /. a: = 6-22 x 10-i» atm. 

The reversible burning of carbon to carbon dioxide may be 
supposed effected in the following manner (cf. §§ 82 and 83) : 
solid carbon is contained in the equilibrium box, oxygen at 1 atm. 
and 1000° C. is fed in at one side through a plate permeable only to 
oxygen, and carbon dioxide at 1 atm. and 1000° C. is obtained at 
the other side through a plate permeable to carbon dioxide only. 

(1) Take 1 mol O2 at 1 atm. and expand to pressure x = 6-22 
X 10“^2 atm. at 1000° C. The work gained is RT In (1/a;). 

(2) Admit this oxygen to the box. The work gained is — RT. 

(3) Whilst the oxygen is being introduced, let the carbon dioxide 
formed be removed at its pressure in the box. The work 
gained is + RT. 

(4) Compress this carbon dioxide from 0-0069 atm. to 1 atm. 
The work gained is — RT In (1/0-0059) = RT In (0-0069). 

The process is completed, and the total work gained is : 

Ax = Fo - F = In (1/a:) - RT + RT + RT In (0-0069) 

= RTln (0-0059/6-22 . lO-^®) 

= 4-576 X 1273 x log (0-0059/6-22 . lO-^®) 

= 93,513 cal, (R In y = 4-576 log y if R is in cal.) 

We may now compare this with the diminutian of intrinsic 
energy Uq — U = heat of combustion Q^ 

The heat of combustion of carbon at T = 290° K. is 94,272 cal. 
per gm. atom. The atomic heat of carbon from 0° to 2000° K. may 
be taken as 1-1 + 0-0048T — O-O5I2T2, and the molecular heats of 
the gases at constant volume as : C® (O2) = 4-61 + O-OOIOT ; 
C„(C02) = 6-01 + 0-0071T - O-O5I86T2.1 Thence (38) gives 
(Ti = 290° K., Tj = 1273° K. ; the above are true specific heats): 
01273 “ 0290 == ~ 8^8 01273 = 93,626 cal. (approx.). 

The percentage of the intrinsic energy change which is, theoreti- 
cally, convertible into useful work is ^93,r)l.‘> 513,626; x 100 = 99, 

1 Lewis and Randall, ** Thermodynamios,” 1923, pp. 80, 569. The values are 
only very approximate. For more aoourate values for oxygen and C02» see 
Partington and Shilling, ^'Speoifio Heats of Gases,** Benn Bros., 1924. 
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whicK is a very large fraction. This work cannot, of course, be 
obtained by a heat engine, which necessarily wastes a large fraction 
of the heat to the refrigerator (§ 26). Thus, if the boiler operates 
at 600° K. and refrigerator at 300° K., the maximum work is only 
60% of the heat taken from the boiler, and a certain amount of the 
heat of combustion is wasted before it appears in the steam. A 
galvanic cell burning carbon in an electroljdje would approximate 
to the maximum efficiency of 99%, but in spite of numerous 
attempts to construct such “ Fuel Cells,” the problem is still 
unsolved.^ The master problem of chemical technology is to find 
such an arrangement. 

86. Effect of Temperature on Affinity : Reaction Isochore. — 
The Maximum Work (Affinity) of a chemical reaction is [238] ; 

At = RT In K — RTSmj In + RTSn^ (Reaction Isotherm) . (Z). 

Differentiate with respect to T at constant A®, i.e., constant 
Aw and C’s in this case (§ 74) : 

dAx/dT = RlnK + RTdlnK/dT — RSwilnCi + RSn^ . (Y). 
Substitute Ax from (Z) and dAildT from (Y) in (197) : 

rtlnK/dT=Q,/RTO 

ot 0. = R'r>.rtinK/crrJ • • • • 

Equation [247], due to van’t Hoff,® is called by Nernst the 
Reaction Isochore (Greek xdpa = space, or, very properly in this 
case, = Latin regio, a tract or region, viz., A®). The general 
integral of [247] is : 

lnK = y^*dT + lnKo .... [248] 

where corresponds with a standard temperature Tq. The value 
of K at any temperature is then given by [248], provided Q» is 
known as a function of T over the range T 0 to T, which involves a 
knowledge of the specific heats. The latter are, therefore, of 
fundamental importance in chemical problems of this type. 
Substitute [248] in [238] : 

Ax = T/(Q,/T®)dT - RTS»i In Ci + RTEn^ + RT In K, . [249] 
But (41) : Q„ = Qo + /{Tf - mT. (Note Q<^ = Q«, + 
Sw-iRT = Qo» for T = 0.) 

1 Gf. on the aboye, Weigert in Abegg’s ** Handbuoh der anorg. Ohem.,*’ III., 
ii., 192 ff. ; Rideal and Evane, F, S,^ 1922, 17» 466 ; Haber, ** T^ermodynaxnios 
of Teohnioal Gas Reactions ** ; W. H. Patterson, P. if., 1907, 18* 161, 

I Etude de djnamique oUmique,** Amsterdam, 1884. 
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Assume F/ - F* = a + 2^T, i.e., the specific heats are linear 
functions of T : 

Q, = Qo + aT + ^Ta 

At= - Qo + aTlnT + /3T2 - RTSwilnCi 

+ RTSni-hRTlnK<, [260] 

The simplest assumption would be to put F/ — Fi = 0, Qd 
== Qq = const. 

InK = - Oc/RT + const [251] 

InKa - InK, = (Or/R) • (l/T, - l/Ta) . . . [251a] 
log Ka - log K, = (OJ4-576) . (l/T, - 1/Ta). . [251b] 

Even when the separate assumptions made in its deduction are not true, 
[261] covers most cases of eq^uilibrium observed.^ In the application of 
[247] — [261], careful attention must be paid to sign. We shall take the 
logarithms of the products of a reaction, i.e,, the values of n^', etc., positive, 
and the heat of reaction positive when it is absorbed. Thus, in : 

2Ha +02 = 2H2O + 

we put, if 0^2 = useful notation) : K = [Ha0]V[H]a*[02], 

and (evolved) is negative. With increasing T, therefore, [247] shows that 
K will diminish, i.e., the extent of dissociation of the steam will increase. If 
we had written the reaction equation as ; • 

2 HaO = 2H2 + Oa + Q,, 

we should have had K = [H2]*[02]/[Ha0]^ and is positive (absorbed), 
hence, with rise of temperature the dissociation will increase, as before. 

The Reaction Isochore is, therefore, the quantitative expression 
of van’t Hoff’s Law of Mobile Equilibrium : ^ with rise of tempera- 
ture in a system in equilibrium, that reaction will take place which 
occurs with absorption of heat. This is a special case of Le 
Ohatelier’s Law of Reaction : when a system in equilibrium is 
subjected to a constraint, whereby the equilibrium is modified, a 
change occurs which tends to annul the effect of the constraint. 
This covers the effect of pressure, temperature, change of concen- 
tration, etc., but it is important to remember that it applies'^only 
to systems in true equilibrium.^ 

A similar expression to [247] may be deduced when partial 
pressures are used instead of concentrations : 

1 Scheffer, A, A., 1917, 19, 636. 

2 “ Etudes de dynamique Chimique,” 1884. 

* Le Chatelicr, “ Les J^quilibres Chimiques,” 1888, p. 210 ; of. Lord Rayleigh, 
C, 8„ 1917, 111, 260 ; Ari^s, 0, B„ 1914, 158, 492 { Raveau, J. de P., 1909, 8, 
572 f Berthelot, “ Therxijochimie/’ t, 13 ft. 
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In K' = 2ni In In (cjRT) = In Cj + 2»i In RT 

= In K + In T + In R 

d In K'/dT = d In K/dT + ^nJT = Q^/RT^ + 2nJT! 

= (Q„ + 2«iRT)/RT2 = Q,/RT2 . . [262] 

87 . Heterogeneous Reactions. — If we consider reactions in 
wych, besides a gaseous phase, solids or liquids of unchanging 
composition {i.e., pure substances and not solid or liquid solutions) 
participate, the equation of the reaction isochore remains 
unchanged, except that the concentrations in the gas phase 
only are included in K or K'.^ For, we may suppose that 
the condensed phases take part in the form of their vapours, the 
latter existing in equilibrium under pressures constant at a given 
temperature as long as condensed phases are present. Thus 
the free concentration C is always, the same as the equilibrium 
concentration, and in calculating the maximum work the term 
InC/c vanishes for all such materials. The heat of reaction 
must, of course, be that of the complete reaction, and in 
determining its change with temperature the heat capacities of 
all the phases, gases and condensed, must appear in F/ — Fi. 

As an example of a heterogeneous system we may tajre a 
hydrated salt in contact with water vapour, e.g., CuSO^, SHjO + 
2 H 2 O = CUSO 4 , 5 H 2 O + Aj'. If p is the pressure of water 
vapour in equilibrium with the salts, p^ the vapour pressure of 
pure water or ice at the same temperature, then K' = 1 /p*, and 
since = — 2 : 

At' = RT In K - RT 2 «i In = RT In l/p* + RT In pf^. 

The heat of hydration is : 

Qy = RT* . d In K'/dT = - 2RT* . d In p/dT. 

It is usual to refer At' and to 1 mol of water vapour, and in 
that case : 

At' = RT In (pjp) and = - RT* . d In p/dT . [253] 

The following values are calculated for the measurements of Schottky * at 
0® C., all referring to 1 mol of free water in the form of ice. The values of 
-Qp=Qp which are to be compared with those of A^' in considering the 
degree of approximation of the Thomsen-Berthelot rule (§ 82), are from the 
measurements of Thomsen. It will be seen that in some oases A^' and Qp 
are nearly equal, but that in others they differ largely. Hydrates with 

1 Cf. Williamson and Morey, J, A, C, 1918, 40, 49 ; Partington, “ Thermo- 
dynamics,** 1913, § 161. 

Z Z. p. a, 1908, 416, 



154 


CHEMICAL THERMODYNAMICS 


88 


small dissociation pressures give large values of which is what we should 
expect, since the affinity between the salt and water is then large. 


Beactim, 

CuSO. + HaO . 
CUSO4, 3HaO + 2HaO 
ZnS 04 , HaO + 5B.fi . 
MnS04, HaO + 4HaO 
FeS04, HaO + HaO . 


gm. cal. obsd. gm. cal. obsd. 


. 4860 ... 2360 

. 1190 ... 840 

. 664 ... 480 

. 336 ... 369 

. 200 ... 275 


88. Examples of the Reaction Isochore. — The equation of the 
Reaction Isochore is capable of a large number of applications in 
all branches of Physical Chemistry. Many examples will be found 
in the books of physical chemical problems,^ two only will be given 
here to illustrate the method. 

If a: is the degree of dissociation of nitrogen tetroxide : 

and F is the volume of 1 mol of partially dissociated NJO4, then : 

X = (3-179 — A)/A, where A = density of the gas (air = 1), 
3*179 being the (theoretical) density of N2®4> * 

lnK = 21ncN02 - In cn 204 = 2 In - In = In ^ 

where V = RT(1 + »)/p = RT(1 + x) when p = 1 atm. 


Since Qo, the heat of dissociation, may be taken as constant over a 
small range of temperature : 


In 


-In 


05 , 


R VTi tJ 


(1-V)RT2 “'(l-Xi^jRTi 

rp rp 

Q„ = 4*576 X 


T1T2 . 

2-Ti -V)t; 


The following results of Deville and Troost : 

Ti = 273 + 26*7; Aj = 2*65 .'. ajj = 0*1996 
Ta = 273 + 111*3 ; Aa = 1*65 .'. x^ = 0*9267 
give Qe = 12,900 gm. cal. 


1 See Prideaux, ** Problems in Physical Chemistry,” 1920; Jellinek, ** Physi- 
kalisohe Chemie dcr Gasreaktionen,^’ 1913 ; Knox, ” Physio-chemical Calcula- 
tions,” 1920. 

2 Partington, ** Inorganic Chemistry,” 1921, pp. 72, 163. 
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Berthelot and Ogier ^ found that in the interval 27° C. and 160° C. 
(sc = 1 ), 92 gm. of nitrogen dioxide absorb 12,620 gm, cal. The heat 
capacity of the dissociating gas includes the heat required to raise 
the temperature from 27° C. to 160° C., which may be calculated from 
the molecular heat of NOg at high temperatures (Cp = 16*86 for 
92 gm.), when no heat is spent on producing dissociation. (The 
difference between the heat capacities of NgO^ and 2NO2 is 
neglected.) This gives : 16*86 (160 — 27) = 2074 gm. cal. 

Another part of the heat is used in doing external work owing to 
expansion : RTg (1 + *2) ~ ^■'^1 (1 + ^1) = 972*2 gm. cal. (§ 22). 
The third part is the true heat of dissociation : 

/. Qt. (aJa - Xi) = 12620 - (2074 + 972*2) Q„ = 11,968 
gm. cal., as compared with 12,900 calculated.* 

The Dissociation of Steam. 

2H2O — 2H2 + O2 
K X Cl* = Ca* X Cg 

where Cj = concentration of HgO, Cg = concentration of Hg, Cg = 
concentration of Og, and K is the equilibrium constant. 

If X is the degree of dissociation, i.e., the fraction of 1 mol of 
steam which is broken up into hydrogen and oxygen, and if p is the 
pressure : 

p 2 — 2x p 2x _ P ® 

~ RT ■ 2 + a: ’ ‘’‘‘~RT’2T»’ “ RT ' 2T»’ 

ir- P 

RT • (2 + ») (1 - ®)* 

When X is very small in comparison with 1, K = p**/2RT. 

Q« for 2HgO = 113,820 + 2*66T - 4*41.10-*T* + 1*252.10-«T» 

- 9*12.10-i‘>T* + 4*36.10-i^T». (Of. § 21, Ex.) 

When Q„ is inserted in d In K/dT = Qn/RT*, and the resulting 
equation integrated, it is found that *. 

log K = - 24,900/T + 1*335 log T - 0*965.10-«T + 0*137.10-«T* 

- 0*665 . lO-iOT* + 0*1907.10 -i’T5 + I 

where I is the integration constant. The value of I can be found 
from owe value of the degree of dissociation, but Siegel, by a 
comparison of a number of measurements, finds I = — 1*08. The 


1 A. C. P., 1883, 80» 382; of. Nernst, D. p, 0„ 1909, 11,313; Levy, ibid,, 330; 
Duhem, ** M^anique ohimique,” II., 312 ff. ; Swart, Z. p, <7., 1891, 7$ 120 ; 
I 89; Einstein, S, 1920, 380; Keutel, Dise,^ Berlin, 1911 ; Selle, Z. p, C„ 
1923, 104, 1. 

2 Of. van’t Hoff, ** Ohemioal Dynamics ** (Lectures), tr. Lehfeldt, Vol. I., 
p. 144 (error in calculation). On thermal dissociation, see Qibbs, ** Soientifio 
Papers/* Vol. L, p. 372, ff., where methods of oaloulation are explained. 



156 CHEMICAL THERMODYNAMICS 89 

resulting equation then gives very satisfactory calculated figures, 
as is seen from the following table ; 


Dissociation of Steam (p = 1 atm.). 


Method.i 

T. 

lOOx calo. 

100a; obe. 

Gas cell . 

290 

0-466x10-25 

0-47x10-28 

Heated Pt wire . 

1300 

0-0029 

0-0027 

Streaming 

1397 

0-0085 

0-0078 


1480 

0-0186 

0-0189 

Heated Pt wire . 

1500 

0-0221 

0-0197 

Streaming 

1561 

0-0369 

0-034 

Semi-permeable bulb . 

1705 

0-107 

0-102 


2155 

1-18 

1-18 


2257 

1-76 

1-77 

Explosion 

2337 

2-7 

2-8 

>> 

2505 

4-1 

4-6 


2684 

6-6 

6-2 

99 • • 

2731 

7-4 

8-2 

99 • 

3092 

16-4 

13-0 


89. The S^cific Heat of a Dissociating Gas. — If the tempera- 
ture of a mixture of a gas and its dissociation products {e.g,, 
Nj 04 and NO2) be raised through ST at constant pressure p, 
the heat absorbed, CpST per mol of the undissociated gas, is made 
up of four parts : 

(i.) The heat required to warm the undissociated part through 
ST at constant volume = (1 — a:)C»ST, where C® is the molecular 
heat of the undissociated gas (e.p., N2O4) ; 

(ii.) The heat required to warm the products of dissociation 
through ST at constant volume = (wiCj -f ^202 + • OajST, where 
Cl, Cj . . are the molecular heats at constant volume, and Wi, 
«2, . . the numbers of mols, of the products of dissociation 
formed from 1 mol of undissociated gas ; 

(iii.) The heat equivalent of the external work = p(9V/3T)i,ST, 
where V = total volume (ideal gas ; cf. § 19) ; 

1 Cf. Partington, “ Thermodynamics,” 1913, pp. 383 fl. ; Nernst, “ Lehrbuoh,” 
8-10 Anfl., 1921, pp. 768 9 . ; Haber, “ Thermodynamics of Technical Qas 
Beaotions ” ; Jellinek, “ Gasreaktionen.” 
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(iv.) the heat of dissociation = Q„(9x/3T)j,ST, Q» being assumed 
constant. Thus : 

Cy = (1 — a;)Ce + x{'niCi + + • •) + + Q®(93'/9T)p. 

In the case : Gg — 2G {e.g., N 204 ^ 2 NO 2 ), pV = (1 + a:)RT 
~ R[1 "I” ® "1" T(9ir/9T)p]. 

From § 88 : ln^x2/(l — x*) RT = — Qj,/RT + const. 

(9x/9T)p = x(l - a:2)(Q,/R + T)/2T2 

Cp = (1 — x)C» + 2xCi + R(1 + x) + (x — x®)/2 . 

R(1 + Q,/RT)2 . [264] 1 

The value of the heat of dissociation (Qp) is usually large in 
comparison with those of the true molecular heats (Cp and C^, etc.), 
so that the apparent specific heat of a iT' ■■■ ‘ gas has an 
abnormally high value, and has also an abnormally high tempera- 
ture coefiicient. Indications of dissociation are shown in the 
specific heats of many vapours.® Berthelot and Ogier ® measured 
the specific heats of nitrogen tetroxide and acetic acid vapour. 
In the first case the molecular heat Cj, had the values : 96-1 at 0°, 
39’1 at 100°, and 7*1 at 167° (complete dissociation into NOg). 

The external work done by a dissociating gas is calculated as 
follows. The pressures before and after dissociation, p arid p', 
are proportional to the numbers of molecules in a given volume. 
In the case G 2 2G, for 1 mol of G 2 , p'jp = 1 + x SA= p'dv 
= pdv + xpdv. To find dv differentiate the mass-action equation : 

K = x®/(l — x)v dv = x(2 — x)dx/K(l — x)®. 

Also ; p = RT/v = RTK (1 — x)/x® v — x®/K(l — x) 



= M 

EXAMPLES Xni. 

1. For the reaction N, -f 0, = 2NO, K = [NO]>pr,] [0,] is given by 

the relation Iogj« = log 0’0249 — 2'148 (2200 — T)/T. Calculate the free 

energy change of the reaction at 1000° K. 

2. According to Haber, K = [OOtJ [H,]/[H,0] [CO] for the reaction 

1 Cf. Duhem, “ M6osn. Chim.,” II., 312 fit. ; Swart, Z. p. C., 1891, 7, 120 ; 
Sohreber, ibid., 1807, 24, 661 ; Usherwood, C. S., 1922, 121. 1604 ; Einstein, 
B, B., 1920, p. 380 : Eeutel, Berlin, 1011 i Selle, Z. p. O., 1923, 104, 1. 

S Wiedemann, A. P„ 1877, 2, 195. 

> A, 0. P., 1883, 80, 382, 400. 
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H*0 4 - CO = CO, + H, is given by the equation logi^K = - 2116/T -f 
0*783 log,. T — 0-00043T. The heat of the reaction CO + JO, = CO, is 
68,000 cals, at 18® C. Find (i.) the heat of the reaction H,0 -f CO = CO, 
4- H, at 18® C. (Berthelot found this to be 10,100 cals, experimentally) ; 
(ii.) The composition of the water-gas (CO, -f- H, + CO -j- 11,0) formed at 
equilibrium at 1000® K . ; (iii. ) The temx)erature at which the product contains 
10% CO ; fiv.) The heat of combustion of H,. 

3 . The equilibrium constant for the dissociation NO — JN, 4- iO, is 
9*16 X 10-« = [N0]/[N,]1[08]1 at 1811® K, and 24*2 x 10-» at 2195® K. 
Calculate the heat of combination of ^N, and ^O, over this range of tempera- 
ture. If 0*36% NO is formed from the elements at 181 1® K., find the amount 
formed at 2196® K. 

4. Calculate the aflBnity of 0, for Ni if at 450® C. the partial pressure of 
0, over NiO is 6*181 x 10”^* mm. 

6 . Calculate the affinities of oxygen at 26® C. for stannous and stannic 
tin if the oxygen pressure of these oxides is 6*771 x 10"^* mm. and 2*107 X 
10 ”^* mm. respectively. 

6 . The partial pressure of atmospheric 0, over FeO at 727® C. is 
3 X 10“^® mm. Calculate the affinity of Fe for 0, at this temperature. 

7. The heat of formation of Mn 304 from its elements is 328,000 gm. cals. 
(Le Chatelier). Assuming this to be independent of temperature, find the 
temperature at which this oxide would dissociate into its elements when 
heated in air, if the dissociation pressure of IVInjO, is 2*941 x 10“®® mm. at 
460® C. 

8 . For the reaction N 2 O 4 :;z;: 2NO, Haber gives the following figures for 

Kp = ^ pressure of 1 atmosphere. 

t® C. = 0 18*3 49*9 73*6 99*8 

Kp = 8*06 3*71 1*116 0*544 0*273 

Plot a graph of against t and use it to show that NgO, is 60% dissociated 
at 64® C. when the pressure is 1 atm. 

9. Find the heat of dissociation of HI into H, and I, between 300® C. and 
320® C. given that K = [H,][I,]/[HI]2 = 1*26 x 10“® and 1*3 X 10“® 
respectively at the two temperatures. (Assume the heat to be constant 

10. ^In the reactioi^Fe,!^^ 4 - 4H, :;z!: 3Fe 4 - 4 H 2 O at 900® C., = 

71*8 mm. and PsoO ~ ^^* equilibrium. Find PH 20 VPH 2 ® ~ ^* 

The value of K at 727® is (0•67)^ at 1026® (0*78)S and at 1160® (0*86)«. 
Find the heat of reaction in three temperature intervals. 

11. Calculate the degree of dissociation of CO, into CO and 0, : 

(i.) At a temperature of 17® C. and a pressure of 1 atm. 

(ii.) At a temperature of 2227® C. and a pressure of 0*01 atm. 
given that J^he degree of dissociation is 1*68 x 10~^% at 1000® K., and that 
C^ for CO, = 6*106 4 - 0*00334T - 7*36 x lO-’T* 

0^ for CO = for O, 4*68 4- 0 000268T. 

12 . The dissociation pressure of CaCO, is 266 mm. Hg at 740® C., and 
678 mm. at 810® C. What is the heat of the reaction CaO + CO, ? At 
what temperature will the dissociation pressure of CaCO, equal the partial 
pressure of CO, in a mixture of 3 vols. N, 4 - 2 vols. CO, ? 

' 13. Bodenstein found that x, the degree of dissociation of gaseous HI, is 
the following function of temperature: x «= 0*13762 + 0*(X)00722t 4- 
0*0,26764t*, t being in ®0. If K « [H,] find the heat of dissocia- 

tion over the range of temperature 3W®--400® C. pwr mol of HL 
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14. Nemst and Wartenberg (1906) give the equation logjAK = 16‘48 — 
29,600/T + 2*93 logio (T/1000) — 1*286 X 10-»(T - 1000) + 1*61 x 10-’ 
(T*— • 1000 *) for the equilibrium constant K of the reaction 2002 ^ 1^00 + Oy 
(K = [C 0 ]*[ 0 a]/[C 02 ]*.) Calculate the percentage dissociation of CO, at 
(i.) lOCib® K and 10 atm., (ii.) 1000° K. and 0*01 atm., (iii.) 2600° BL and 
10 atm., (iv.) 2000° K. and 1 atm. 

Find also at what pressure COg is 60% dissociated at a temperature of 
600° K. and also the temperature at which 60% dissociation takes place 
under a pressure of 0*01 atm. 

16. Calculate the percentage dissociation of COg into CO and Og at 
2000 ° C. and 1 atm. from the data given in § 86 . (Plot log K against 1 /T and 
interpolate.) Calculate also the heat of reaction. 

16. Keyes and Hara (1922) found that the pressure of oxygen p (in atm.) 
in equilibrium with AggO and Ag was dependent on the temperature accord- 
ing to the equation ; log p = ~ (2869/T) + 6*2863. Find an expression for 
the heat of the reaction 2 Ag 20 = 4Ag + Og in cals, per mol of Og if the 
densities of AggO and Ag are 7*6 and 10*6 respectively (assumed independent 
of tem^rature). 

17. Bodenstein and Starck ^ give for the dissociation of Ig 21 the 

following values of K = ■■ 


T°K. 


K X 108. 

T°K. 


K X 108. 

1073 


. 0*129 

1373 . 


. 4*36 

1173 . 


. 0*492 

1473 . 


. 10*2 

1273 

• 

. 1*68 





Find for the reaction. 

18. The degree of dissociation of PCI 5 at 1 atm. is 0*486 at 200 ° C., and 
0*800 at 260° C. Find the heat of dissociation at constant pressure and 
at constant volume in the interval 200° — 260° C. 

19. The value of [SOg]* X [Ogl/CSOg]* at 627° C. is 0*0,316 ; at 727° C., 
0 * 02364 , and at 832° C., 0*0280. Find for the intervals 627° — 727° and 
727° — 832°. Obtain an equation of the form log K = A + B/T. What 
fraction of SO, is dissociated at 1000 ° C. at 1 atm. ? 


1 Z. E., 1910, 16. 961. 



CHAPTER XIV 


Chemical Equilibrium in Solutions 


90. Solutions. — In a solution containing n components the 
energy depends not only on T and v (or p), as in the case 
of a fluid of unvarying composition, but also on the propor- 
tions of the constituents. A small change in the latter, e.g., a 
chemical reaction, will bring about small changes of the energy 
if the initial system is in stable equilibrium. 

The only independent variations which the homogeneous 
system can undergo are those of the masses m^, ... of the 

constituents, the total volume V, and the variations produced 
by adding or withdrawing heat, i.e., variations of entropy. The 
state of the homogeneous system can, therefore, be completely 
defined by the masses, m^, mg, .... the total volume, V, and 
the total entropy, S : 

U =/(S, Y, mi, mg, mg, . . .) 

.-. dU = (0U/0S)dS + (aU/0V)dV + (0U/ami)dmi 

4- (aU/cmgjdwg + . . . 

When the masses are constant the system behaves as a simple 
fluid, for which (§ 70) : dU = TdS - pdV 

.-. (0UPS) = T; (0U/0V) = - p. 

Hence dU = TdS — pdV -f pidmi -f pgdmg + • . . 

where: Mi = .... (266) 

is called the chemical foterUial of the first component in the 
system ; pg is the chemical potential of the second component, 
and so on. 


dF = d(U — TS) = — SdT — pdV -f- Pidmj -f pgdmg -|- . . . 


Pi = (0F/0mi) 


(256a] 


Tj V, W2» wi-ii . . . 

dZ = d(U — TS -1-pV) == — SdT -j- Vdp -f pidmi -f Pj^Wg -f . . . 


fii == (0Z/0mi) 


T, p, m2, mi, 


(266b: 


ISO 



90 CHEMICAL EQUILIBRIUM IN SOLUTIONS 161 

Equations (266) to (256b) give alternative definitions of the 
chemical potential. 

Let a virtual chemical change : 

Aj ^ -{- ^'1 *^1 “ t “ ^2 ^2 

occur to a small extent, and let : 

dm^ = Ml . . tZA ; cZmg = Mg . Wg . cZA ; etc., where dk is a small 

arbitrary (positive) magnitude defining the extent of the change. 
M is the molecular weight. Then : 

gp == — S(ZT — pdV + (ZA2 wiMi/xi. 

The condition for equilibrium, when T and V are constant 
(dTl = 0 ; dV = 0) is 8F = 0, hence : = 0. 

The same result is found when T and p are constant (SZ = 0). 

Put Mi/Xi = /xj, the nmlar chemical potential, then : 

== 0 (267) 

Equation (257) shows that the condition of equilibrium at con- 
stant temperature, and constant pressure or volume, is given by 
writing down the chemical equation of the reaction but substi- 
tuting the chemical potential instead of the chemical symbol. 

If ^2 = ^3 = . . = 0, we have a pure substance, and in this case 
we see that the chemical potential is the thermodynamic potential 
per unit mass (or mol). 

The above equations, deduced by Gibbs,^ are perfectly general 
and apply to all solutions, whether dilute or not. 

In the case of a gaseous system we deduced [234] : 

F = 2nigri(T) - RTS'^i In V/^^i 
= 2nigri(T) + RTSriilnci, where = concentration == n^/V 

(aF/ani)T.v,n 2 ,n 3 - flri(T) + RT In . . [258] 

giving the chemical potential of a component in an ideal gas 
mixture. 

We have shown (§ 63) that in dilute solutions the equation 
representing the state of the solute is the same as that of an ideal 
gas, and We can put similarly : 

= Gi(T) + RTlnci [269] 

where Gi(T) is an unknown function of temperature, different from 
that in [234]^ Equation [269] then gives as the condition of 
equilibrium at constant temperature and volume : BT2n^ Inc^ 4" 
2wiGi(T) = 0, where 2niGi(T) depends only on the temperature 

1 Soientifio Papers,*’ Vol I.* p. 92 ; BrMy, A. P., >1914, 44» 585. 

OT. M 
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and chemical composition of the solution, and can be put equal 
to — RT In K, a fumtion of temperature for the given system. 
Thus: 

2%lnci = lnK [260] 

or Ci"ic 2”2 . . . = K [260a] 

Thus, the law of mass action holds for dilute solutions. 

As a further example of the application of the chemical potential 
consider a solid in contact with its saturated solution : 

satd. sol. of salt + crystals of solid salt 
Potential Z' Z* 

Let a mass hn of salt pass into solution (a virtual change), at 
constant pressure. 

Potential of solution increases by BZ' = (dZ' /dm) Sm. 

Potential of solid increases by — (dZ" /dm) Bm = BZ". 

Total change of thermodynamic potential = BZ — B{Z' + Z") = 
BZ' + BZ" = Bm{dZ'jdm - dZ"/dm). 

There will be equilibrium when SZ = 0 (T and p constant), i.e., 
when 

dZ'/dm = dZ"/dm, or m' == m"- 

That is, the chemical potentials of the salt in the solid state and in 
solution must be equal. This equality of chemical potential of a 
component in all the phases of a system is the general condition of 
equilibrium in heterogeneous systems. 

For a given salt, fi is constant, hence fx,' is constant, at a fixed 
temperature and pressure, i.e., c is constant in presence of the 
solid salt. 

We can also apply the same method to a substance dissolved in 
two solvents (1) and (2) which do not mix, and so deduce the 
distribution law (§ 92). 

Alternative Deduction of the Law of Mass Action for Solutions. 
— The method used for gases (§ 83) may be applied to solutions. 
The whole apparatus is now immersed in a bath of pure solvent, 
and the different components are contained in solution in cylinders 
fitted with pistons permeable only to solvent. The cylinders are 
separated from the equilibrium box by septa permeable only to the 
substances dissolved, and instead of gas pressures in § 83 we now 
have to consider osmotic pressures. 

It may now be necessary to consider free ions in separate 
solutions, e.g., in the case NaCl 7:1 Na* + CT. 
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The work obtained in a reversible change of concentration is : 


At = £p(iV = P^V, - PiVi - j 

•P2 

VrfP 

Pi 

per mol. 

But PiVi = PaV, 

(ideal solutions), hence 

1 


fPa 

A =- V(iP = 

Jpi 

- RT [%P/P = RT In (Pi/Pg) = 

JPi 

= RT In {cjc. 

Free Concentrations. 

Work of Change. 


Equilibrium 

Concentrations. 

Na’ Cl 

RTln(Ci/ci) 



Cl' Ca 

-> RTln(C2/c2) 


^2 

NaCl Cg 

-RTln(C3/c3) 


^3 


The work done in introducing 1 mol of Na* and 1 mol of Cl' 
into the box, at the equilibrium concentrations, and in removing 
1 mol of NaCl, is — RT — RT + RT — — RT. The work done 
in changing the free concentrations, at which the substances are 
given, to the equilibrium concentrations in the box, is given in the 
three cases in the above table. Hence : 

At = RT [In (Ci/ci) + In (C2/C2) ~ In (C3/C3)] ~ RT 
= RT In (C3/C1C2) + RT In {G^CJC^) - RT 
~ RT In K — RT^^i In + RTS^i in the general case. 

The second term is, with given values of the Us, constant at a 
given temperature and pressure, and since At depends only on T, 
p, and the C’s, it follows that K is constant. Thus the law of 
mass action holds for dilute solutions.^ 

By the method of § 86 we then find : 

dlnK/dT = Q,/RT2 [247] 

The applications of the law of mass action to solutions will be found 
in the appropriate treatises. It will be sufficient to mention that, 
in the case of strong acids and strong bases, which are assumed to 
be completely ionised at infinite dilution, the reaction of neutrali- 
sation is in all cases the union of hydrogen and hydroxide ions 
(possibly hydrated) to form practically unionised water : 

H* + OH' = H2O. 

This reaction takes place with the evolution of 13*7 kgm. cal.* 

1 On the methods of deduotion of. Porter, F. 8., 1920, 16, 76. 

8 Richards and Rowe, J. A, C7. 8„ 1922, 44, 684, find the valne at 20^ to her 
13*62 to 13*69 20°>kg. cal. The differenoes with different acids and bases arer 
within the limits of error. 


112 
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91. Eqwlibrium in Solutions of Electrolytes. — The application 
of the mass action equation to the dissociation of a binary electro- 
lyte leads to the following equation : 

a 2 /(l - a)F = Ki 

where a = degree of dissociation, V = volume containing 1 mol 
of solute, and = a constant. On the assumption that 
<t = A/A„, the following equation is obtained : 

A2/A,(A„-A)F = Ki 

where A = equivalent conductivity of the solution at dilution F 
and A^ = limiting value of A when F — >00 . 

The thermodynamic derivation of these equations precludes 
their application except where the solute is in a state analogous to 
an ideal gas, i.e., when the regions of solvent influenced by indivi- 
dual molecules of solute are independent of each other, a condition 
more likely to hold at high than at low dilutions. 

Ostwald, who deduced the above equation, confirmed it for 
250 organic acids, ^ all weak, and Bredig ^ for 60 weak organic 
bases. The fourth column in the following table shows that in 
the case of acetic acid there is fair agreement at the higher 
dilutions. 


Acetic Acid in Aqueous Solution at 26° C. 


V (litres). 

A. 

a. 

Ki X 106. 

. 

’I 

(viscosity). 

Ki' X 106. 

X 106. 

•334 

•6186 

•001596 

7-7 

1-347 

13-9 

16-6 

•672 

1-123 


12-5 

1-169 

17-2 

18-6 

•989 

1-443 


14-0 

1-112 

17-4 

18-4 

1-977 

2-211 


16-5 

1-056 

18-3 

18-8 

6-374 



18-1 

1-021 

18-8 

19-0 

10-763 

6-361 


18-0 

1-010 

18-4 

18-6 

24-876 

8-388 


19-2 

1-004 

19-6 

19-6 

63-26 


•03359 

18-6 

1-002 

18-6 

18-6 

00 

387-9 

1-00000 


FOOO 

— — 

— — 


To extend the agreement, a correction may be made for the 
change with concentration of the viscosity of the solution, assum- 
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ing A to be inversely proportional to the viscosity, i.e. a = 
r;A/?7^A^. The results are shown as K/. Kendall, ^ introducing 
the solvent concentration into the mass action expression, corrects 
this value to obtaining still better agreement. Solutions 
of strpng electrolytes (i.e., those largely ionised in solution), how- 
ever, show no conformity with the equation and many equations 
have been proposed to apply to them, some entirely, others 
partly, empirical. 

Rudolphi^ suggests a^l{\ — a)\/F == const., and van’t Hofi,^ 
— a)F = const. A generalised form of such equations, due 
to Storch,* has found some favour, viz. : Ci’^/Cq = K', where 
Cj = concentration of either ion ; Cq = concentration of undisso- 
ciated molecules, and K', m, are constants. 

The various attempts to give a theoretical explanation of the 
“ anomaly of strong electrolytes,” and, in general, to bring the 
behaviour of electrolytes into a wide and fairly simple scheme, may 
be placed in five groups.® 

According to the first group, the errors incident to conductivity 
measurements are supposed to be large enough to produce the 
observed deviations. This devolves into a criticism of the work 
of Kohlrausch and Maltby, who determined with the greatest care 
the values concerned, but recent experiments by Weiland,® 
conducted with extreme accuracy, on the conductivity of potas- 
sium chloride solutions at very high dilutions show not only that 
this criticism is unfounded, but that at concentrations between 
0*00001 and O-OOOIN the Ostwald equation holds good. This 
had already been inferred by Arrhenius from the results of 
Kohlrausch and Maltby. 

The second idea is that changes with concentration of ionic 
mobility, etc., render the method of c.ilrulji^irsg the degree of 
dissociation inaccurate. 

The third explanation is that discrepancies are due to the 
formation of complex ions. 

Ghosh ’ extended Sutherland’s idea that the theory of a partial 
dissociation into ions is inaccurate. Making a number of postu- 
lates, among them that ions in a solution are arranged in a space- 

1 J. A. 0. 8., 1914, 86, 1069. 

2 Z. p. 0., 1895, 17, 385. 

8 Ibid., 1895, 18, SOI. 

4 Ibid., 1890, 19, 13. 

8 Partington, 0. 8„ 1910, 97, 1158 ; F, 8., 1919, 15, 98. A sammary is giyen 
in these two papers of all but the very reoent work on the dilution law, 

• jr, A. 0. a., 1918, 40, 131. 

T 0. 8., 1918, 118, 449, 627, 707, 790 ; 1920, 117, 823, 1390. 
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lattice, he deduced an equation for each class of electroljdses 
containing only fundamental quantities. For a univalent binary 
electrolyte he obtained : 


Noe«'^'2No 

J)Vf 


= 2RTln4" 

A 


where Nq = Avogadro’s constant ; e = electronic charge ; 
R = gas constant ; D = dielectric constant of medium ; T = 
absolute temperature and V = dilution in c.cs. The ions exert 
electrostatic forces on one another and are completely free only 
when their kinetic energies exceed a certain value. A noticeable 
feature in Ghosh’s theory is that it is assumed that each molecule 
exists in a state of partial dissociation which may be anything 
between 0 and imity, but will have an average value of a. This 
theory has been criticised by Partington,^ Kendall,^ and others, 
largely on account of Ghosh’s methods of obtaining agreement 
between the observed values (which he sometimes alters to suit his 
results) and those calculated from his equations. The latter must 
be regarded as empirical and not very accurate. 

On the assumption that the unmodified mass action law may 
not be applicable to ionisation, a number of dilution equations have 
been deduced or put forward empirically. According to Arrhenius 
~ /(Ci)> where = concentration of either ion and Cq == 
concentration of undissociated binary electrolyte. Partington® 
deduced the following equation for moderately strong electrolytes : 
a7(l — a) (F + = K, where e is a constant for each electrolyte 

and K is the corrected Ostwald K^. Kendall ^ has put forward a 
special case of this equation : a^j{\ — a)F — A'[(l — a)/a] + K^. 
These fit the results for electrolji)es of medium strength. Another 
variation has been used by McDougall ® and by Kraus and Bray ® : 
a2/(l — a)F = Kj + where n is a constant < 1. 

Szyszkowski ^ deduces a7(l — a)F = Kj + ^k[(l — a)/F]^, where 
P is a constant for each electrolyte. The last two equations apply 
to strong electrolytes. 

A method of approaching the subject, which has been used 
principally by American physical chemists, has been to fit observed 


llF, 8„ 1919, 15, 98. 

2 J. A. 0. 8., 1922, 44, 717. 

8., 1910, 97, 1158. f ^ 
4 a 8„ 1912, 101, 1276. m 
6 J. A. 0. 8„ 1912, 84, 386. 

6 Ibid,, 1913, 85, 1315. 

7 M. K, N., 1913, 8, No. 41. 
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data to the ordinary mass law by introducing an arbitrary concep- 
tion known as the activity coefficient of an electrolyte.^ The idea 
is to replace van’t Hoff’s law P = RTc by the equation P = BTa, 
a, the “ activity,” replacing the concentration term for molecules or 
ions. The mass action expression becomes : = Kdo for a 

binar^ electrolyte, where o^, represent the activities of the ions, 
and dg that of the undissociated molecules. At infinite dilution 
the activity of each ion is considered equal to its concentration. In 
the absence of reliable data as to the concentration of xmdissociated 
salt it is convenient to choose the standard state of the substance 
so that K becomes unity, or : d^dj = dQ. Then d^ is the activity 
of the electrolyte and the geometrical mean of the ionic activities 
is given by a^. 

Several methods have been used to measure activities. Instead 
of Nernst’s equation [307] for the E.M.P. of a concentration cell, 
E = 2(RT/2/F) In a'c7a"c", where R = gaa constant, T = abs. 
temperature, y — valency of electrolyte, o = degree of dissociation 
(A/Aqq ) and c = concentration of electrolyte, the equation 
E = 2(RT/yF) ln/V//V' has been used, where / = d/c, the 
“ activity coefficient.” The activity coefficient found by this 
method is in general, for strong electrolytes at moderate dilu- 
tions, considerably different from a, the degree of dissociation 
defined as A/A^q , as the following table shows : 


Hydrochloric Acid Solution in Water. 


Cone. 


18® C. 

a a= A/ Aqo . 

25® 0. 

/ (activity coeflft.). 

0 . 


. 1*000 ... 

1-000 

•0005 


. — 

•991 

•001 


. *990 ... 

•984 

•005 


. *981 ... 

•947 

•01 . 


. -972 ... 

•924 

•05 . 


. *944 ... 

•860 

•1 . 


. *926 ... 

•814 

•6 . 


— 

•762 

1-0 . 


. — 

•823 

6-0 . 


, — 

2-51 

10-0 . 


. — - ... 

10-66 


92. The Distribution Law. 


-Berthelot and Jungfleisch (1872),* 


as a result of experiments, concluded that when a substance is 


I For a summary of work on “ activity ” of electrolytes, see Lewis and Bandall, 

J. A. O. a., 1921, 48. 1112. 
s A. 0 . P., 1872, 88, 417. 
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brought in contact with two immiscible liquids, in each of which it 
is soluble, the quantities dissolved by the two liquids are in a 
constant ratio, independent of the relative volumes of the liquids, 
and called the distribution coefficient, k. Two solutes are distri- 
buted between a pair of solvents as if each solute were present 
alone. 

Berthelot and Jungfleisch considered that k depended on the 
concentration of the shared substance. It was shown, however, 
by Nernst ^ and by Aulich,^ that for a solute which does not alter 
its molecular weight in passing from one solvent to the other, k 
should be independent of concentration, but will depend on 
temperature. 

It is assumed that equilibrium can subsist with a specified pair of 
solvents and a solute distributed between them in any one ratio of 
concentration : eje^, where 1 and 2 refer to the two solvents. We 
have to prove that for all concentrations within the range of 
application of the laws of dilute solutions : 

C 1 /C 2 const. — * [261] 

Let two cylinders contain the pairs of solvents, in which the 
same solute exists under the osmotic pressures Pi,r 2 in the first, 



Fig. 30. 

1 Z. p. 0., 1890, 6, 37 ; 1891, 8. 110. 

2 Z. p. 0., 1891, 8, 105 ; of. Sohilor, Lepin, Jantaohak and Dubinin, ibid., 
1922, 101, 863; Jakowkin, ibid,, 1896, 18, 686. 
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and Pi + <fl?i, Pj + dPj in the second ; and let Vi.Va, and 
Vj — dVi, V2 — dV2 corresponding volumes of solution 

containing 1 mol of solute (Fig. 30 ). The cylinders are closed 
by pistons 1 and V permeable to solvent 1 only, pistons 2 and 2* 
to solvent 2 only. 

( 1 ) Press in piston 1 so that 1 mol of solute passes from the V* 
space to the V2 space across the plane of contact, at the same time 
allowing piston 2 to move out so that the concentrations are 
unaltered. The work done is : 

[ 1 ] = - PiVi + P2V2. 

(2) The volume Vg of the second solution containing 1 mol of 

solute is isolated, and the volume dV^ of solvent removed througl^ 
the semipermeable piston. The work done is : ^ , V' 4.. - 

[2]=-P2dV2. 

( 3 ) The resulting solution is mixed with identical solution in 2 ', 

and 1 mol of solute passed into the space, the work done 

being : 

[ 3 ] = (Pi + dPi) (Vi - dVi) - (P2 + dP2) (V2 - dV^. 

( 4 ) The concentration in the Vi — dV^ space is now changed to 
that corresponding with Vj, the work done being : 

[ 4 ] = PidVi 

and the resulting solution is returned to the initial conapartment. 

An isothermal reversible cycle has been completed, hence by 
( 44 ): 

[l] + [ 2 ] + [ 3 ] + [ 4]=0 /. = 

But P = cET [ 153 a], V^/Vg = and d!P = RTcic 
• • dc-jjc-^ — — dc^c^^ or dc-jJC'j^ dcg/cg 0. 

By integration : In — In Cg = / (T) or c^/cg = const. = at 
a particular temperature.^ 

93. Depression of Solubility. 

The addition of a third substance to one of two partially miscible liquids 
reduces the solubility of that liquid in the other.® Let ether and water be 
taken, and let s denote the solubility of pure ether in water. Now let a third 
substance, insoluble in water, say benzene, be added to the ether. The 
solubility of ether in the aqueous layer must equal that of ether vapour, 
and the latter is related to the vapour pressure by Henry's law : p ; p' = 
a : a\ But, from [155a] : 

In (pIp') = n/N 


1 On alteration of k with temperature : MaoDougall, J, A. (7. 8., 1919, 41s 1718. 
8 Nernst, Z, p. 0., 1890, 8, 16. 
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pressure curve of a liquid solution, and if pure solvent separates 
on freezing, the freezing-point is Tj, and the depression — Tj. 
But if the solid solvent dissolves some of the second (non-volatile) 
component, its vapour pressure is lowered, and the vapour pres- 
sure of the solid phase will now be represented by the curve A^Bj 
instead of AB. The freezing-point is T3, corresponding with the 
intersection of and B2C2. The depression — T3 is 

obviously smaller than in the case when pure solvent separates, 
and in some cases the freezing-point may actually be raised, the 
intersection lying to the right of T^, as at T4. 

If the lowering of vapour pressure is proportional to the concen- 
tration, both in the liquid and solid solutions : 

~ (^2 ^l)/^2 

where and C2 are the concentrations of solute in the solid and 
liquid solutions, respectively. Thus the freezing-point will lie to 
the right (T^), or to the left (T3) of T^ according as is greater 
or less than Cg, respectively. We thus arrive at an important 
rule deduced by Koozeboom : the concentration of that com- 
ponent, by addition of which the freezing point is depressed, is 
greater in the liquid than in the solid phase, and the concentration 
of that component, by the addition of which the freezing-point is 
raised, is greater in the solid than in the liquid phase. 

If the solid separating on freezing has the same composition as 
the liquid, the freezing-point concentration curve will at that point 
have a maximum or a minimum.^ 

95. Heats of Solution and Dilution. — When 1 mol of solute B 
dissolves in x mols of solvent A, and the solution is brought to the 
initial temperature, the amount of heat absorbed, called the 
integral heat of solution per mol of B : Q (xA,B) = Q^-, is a function 
of X and of temperature (the effect of pressure is negligible). 

The heat of solution in a very large amount of solvent, when 
further addition of solvent produces no thermal change, may be 
called the heat of dilute solution, . 

When a further X2 mols of solvent are added to a solution 
containing 1 mol of solute and mols of solvent, the heat of 
dilution is Qx2 — Qa;i- 

If Qa; is represented graphically as a function of » at a given 
temperature, the heat of dilution is the difference of the ordinates 

1 On the thermodynamic theory of solid solutions see Boozeboom, Z, p, C,» 
1899, 80, 386 ; Whetham, “ Theory of Solution,” 1902, pp. 62 ff. ; also, generaUy, 
Findlay, “Phase Rule,” and Bruni, “ Feste LOsungen,” 1901. ApfiicaUoru : 
Desoh, “ Metallography,” 
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at asj, and at (xi + x^. The slope of the tangent to the ctirve at 
X is the differential heat of dilution : 

dQx/dx = Qd. 

It is very approximately equal to Q* + i — Q*. 

Example 1 . — ^Thomsen found that the (almost saturated) solution of 
composition CuCla + lOH^O {x = 10 ) gave on dilution at 18° C. the following 
evolutions of heat : 

Mols HaO added (x) . 10 20 40 90 190 

Heat evolved . . 1606 2430 3308 4062 4610 cal. 

These values are represented by the equation 5023xl{x + 21*24). Hence, 
on infinite dilution the heat evolved will be 6023 cal. 

The heat of solution of CuCla in 2 OOH 2 O is 3710 cal. (evolved), according to 
Reicher and van Deventer. From the formula : 

Heat of dilution from IOH 2 O to infinity = 6023 cal. 

Also heat of dilution from lOHaO to 2 OOH 2 O = 4610 cal. 

heat of dilution from 2 OOH 2 O to infinity = 613 cal., heat of solution 
of CuClj in an infinite amount of water = 3710 + 613 = 4223 cal. The 
heat of solution of CuClg, 2 H 2 O in 8 H 2 O is 4223 — 6023 — — 800 cal. 
(absorbed). The salt dissolves in a nearly saturated solution with absorption 
of heat.^ 

We may also consider the heat absorbed (or evolved) when y 
mols of solute B dissolve in 1 mol of solvent A. This may be 
denoted by Q(A, 2 /B) = Qy, 

If x' and y' are the values corresponding with saturation, the 
heat of formation of 1 mol of saturated solution is Qaj7(l + x') = 
Qy'/{1 -f y')- If to a solution containing mols of solute a 
further y^ mols are added, the heat absorbed will be Q^i + yg — Qyi> 
the difference of the ordinates at y^ and (y^ + ^ 2 )- The slope of 
the tangent to the curve at y is the differential heat of solution : 
0Qy/9y == Q,. It varies from the initial heat of solution, when 
1 mol of solute goes into solution in pure solvent, to A, the differen- 
tial heat of saturation^ the heat of solution when the last mol of 
solute goes into solution in an indefinite large amount of very 
nearly saturated solution. This is the heat of solution used in 
§ 76, and is an important magnitude. 

It is clear that A cannot be determined directly, but it may be 
calculated from the integral heat of solution and the heat of 
dilution in the following way. Evidently y = 1/a? and Qy = 
Qsr/a? ; hence : 

0Qy/9y = X = d{Q,xjx)j'd{}.jx) = Q* - xdQxfdx 
= Qa» — a?Qd 

X In other oasei, also, the differential heat of saturation differs in sign from the 
integral heat of solution (Reioher and van Deventer, Z. p, 1890, 5t 669). 
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or : differential heat of solution = integral heat of solution — 
differential heat of dilution. 

Example 2. — ^The quantity of sodium nitrate represented by Na^NgO, 
requires 10*9 mols HgO for solution at 18° C. The heat of solution (absorbed) 
from I 2 H 2 O to 4 OOH 2 O is 5868 + 4700 (x — 12)/(a; + 28*96). Assume that 
this holds over the whole range of solubility. Put x = 10*9, then : Integral 
Heat of Saturation == 6738 cal. The heat of dilute solution = 6868 + 
4700 = 10,668 cal. The heat of dilution of the saturated solution is 
obtained by differentiating the expression for the heat of solution with 
respect to x and then putting x = 10*9 : it is 4700 x 40*96/(39*86)* =» 
121*2 caL The limiting heat of saturation is then 6738 — 10*9 x 121*2 = 
4417 cal 


Finally, consider the heat of solution of two liquids which mix 
in all proportions. The heat of formation of any mixture may be 
calculated by the above methods, but it is convenient to represent 
the heat of formation of 1 mol of solution as a function of the frac- 
tional molecular composition of the mixture, since then the curve 
is finite, extending from z = 0 to z = 1, where z = xl(x -f 1) =5 
y/iy “f" i)* Then Q = QxJ{x + 1) = QJiy + 1)* 

Example 3. — In the case of mixtures of water with sulphuric acid Thomsen 
finds the heat (evolved) of admixture of x mols of water with 1 mol HgSO^ 
to be given by : 17860a;/(a; + 1*7983). 

Put zl(z — 1), and divide by (a;+ 1) = 1/(1 — z), then the heat of 
formation of the mixture containing the molar fraction z of HgO is Q = 9932z 
(1 — z)/(l - 0-4439Z). 

This gives the following table 

Molar fraction HgO = z . 0*2 0*4 0*6 0*8 

Heat of formation = Q . 1740 2900 3260 2460 caL 


The valour pressure of a saturated solution^ in the presence of 
solid salt, depends only on the temperature, as we see from the 
phase rule (§ 97, n = 2, r = 3 /. F == 1). If 1 gm. of solvent is 
evaporated under the constant vapour pressure y, the heat of 
isothermal evaporation is (79) : 

L = T(dy/dT)K^ + - (s + 1^] . . . (263) 


where v\ v", u'" are the specific volumes of the salt, solution, and 
vapour, respectively, and s = the weight of salt associated with 
1 gm. of solvent in the solution. 

If v' and t;" are neglected in comparison with o'", and if the 
vapour is assumed to obey the gas laws, o'" = RT/My, where M 
is the molecular weight, 



1 Lehfeldt, ** Phyaioal Chemistry,’* 1899, p. 262 ; of. Riimelin, Z. p, C., 1907* 
S8. 449 ; Brdnsted, %bid„ 1908, 64» 641 ; 1910, 68, 693 ; Nernst, ** Lehrbuoh,’* 
8*10 Aufl., pp. 171 ff. 
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L is the heat absorbed when 1 gm. of solvent is evaporated at T and 
p from a saturated solution, or the heat evolved where 1 gm. of 
solvent vapour unites with the requisite amount of salt, s gm., to 
form a saturated solution. 

Let Q, be the heat evolved when the amount of salt s dissolves in 
1 gm. of liquid solvent to form a saturated solution at p and T, 
then Qg = L — L*, where L* is the latent heat of evaporation of 
pure solvent at pg, T (see § 67, note), i.e., 

_ _ RT* dlapg 


M dT 


[266] 


an equation due to KirchhofE (1868).^ 

In considering the heat of dilution of a solution of 1 part of 
solute in x of solvent we may begin with the equation : 

(dpjdT)^ = Lx/TAv 

where Lr is the latent heat of evaporation of 1 gm. of solvent from 
an infinite mass of solution. If the vapour is an ideal gas, and we 
neglect the change of volume of the liquid : Av = RT/Mj? : 


_RT2 (dlnp\ 
M \ dT I 


[266] 


Ljj is the heat evolved when 1 gm. of solvent vapour at p and T is 
condensed in an infinite amount of solution. The diminution of 
energy is L* — RT/M. The same result is attained by first com- 
pressing the vapour to the pressure pg of pure solvent, leaving its 
energy unchanged (§ 33), condensing it to liquid with diminution 
of energy L, — RT/M, changing the pressure of the liquid to p, 
and adding the 1 gm. of liquid solvent to the infinite amount of 
solution, with the evolution of heat Q^, the differential heat of 
dilution. The total diminution of energy is then Lg — RT/M 
Qa? which must be equal to L* — RT/M. Therefore Q^==l>x — L« 


M'V dT Jf 


[267] 


an equation also due to Kirchhoff.® 


1 A. P„ 1868, 104, 612 ; “ Ges. Abh.,” 492 ; Roozeboom, Z, p, C., 1889, 4, 
60 ; Scholz, A. P., 1892, 45, 193 ; Schiller, ibid,, 1899, 67, 292 ; Juttner, Z, p. G., 
1901 88 76. 

2 A. A, 1858, 108, 176 ; Porter, P. /Sf., 1916, 11, 19 ; 1918, 18, 373 ; Edgar and 
Swan, J. A, C, 8., 1922, 44, 670. See also F. Jiittner, Z. p. C., 1901, 88, 76 (full 
bibliography) ; Duhem, ibid,, 1888, 2, 668 ; Ewan and Ormandy, (7. 8„ 1892, 
61, 769 ; Ewan, Z. p. 0., 1894, 14, 409 ; 1899, 81, 22. 
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When Qa =0, (Inp/Po)* = const., as in [155a] ; von Babo’s 
Law is valid only in this case. A small change of In with 
T occasions an appreciable value of Qa and the calculation of Qa 
from vapour pressure measurements is difficult, on account of the 
enormous influence of small errors in p. The calculation of p from 
Qa is more accurate. 

The integral heat of dilution is 


Qx„ ~ Qx 


XI 

In Fig. 32 AB = 1, Ba = 2 parts of constituent B, and Aa = 1 — 2 parts 
of constituent A (say, water and sulphuric acid). The corresponding ordi- 
nates denote the amounts of heat absorbed by the 
admixture. These lie on a continuous curve, 
wholly above (A6B) or below (A^SB), or partly 
above and partly below, the axis of z. The length 
ah represents the heat absorbed in the addition 
of 2 parts of B to 1 — 2 of A to form unit mass of 
solution. The heat evolved for 1 part of A will 
be 1/(1 — ^ of this, viz., BC. As 2 becomes unity, 
the point U moves upwards and finally attains the 
position F, when 1 part of A dissolves in an 
infinite amount of B. If 6G is drawn a tangent 
to the curve, BG represents the heat of solution 
of 1 part of B in an infinite amount of solution 
of composition represented by The corre- 
sponding intercept on the A axis is the heat of 
solution of 1 part of A in the solution. 2 

96 . Effect of Pressure on Solubility. — 

Let the apparatus described in § 75 be 
enclosed in a vessel into which an in- 



Fig. 32. 


different gas may be pumped to any desired pressure 'p. If there 
is a change in total volume when solute passes into solution, it will 
occasion the performance of work by, or against, the pressure p. 

Let P = osmotic pressure under total pressure p\ Av = change 
in total volume when 1 mol of solute is dissolved, which may be 
considered constant. Let V = change in volume of solution when 
solvent is admitted to dissolve 1 mol of solute ; this may also 
be considered as constant. The following cycle is carried out : 

( 1 ) Increase ptop + hp: the work done = — SA, say. 


1 See Roozeboom, “ Heterogen. Gleichgewichte,*’ vol. 2. 

2 For heats of dilution, see Tucker, P. T., 1915, 215» 319 ; Brdnsted, Z, p, C., 
1908, 64, 641 ; Magie, P. P., 1912, 85, 265 ; Pratt, P., 1918, 185, 663 ; Deventer 
and van de Stadt, Z. p, C., 1892, 8, 43 ; Staokelberg, Z. p, C7., 1898, 26, 533 ; 
Gibbons, J. P. O., 1917, 21, 48 ; Bancroft, ibid,, 1906, 10, 319. 

For specific heats of solutions, see Bousfield, P. T„ 1919, 218, 119 ; Richards 
and Rowe, J. A, C, 8„ 1920, 42, 1621 ; 1921, 48, 770 ; Speranski, Z. p. C„ 1912, 
78, 86 ; Woitaschewsky, ibid,, 110 1 Jauoh, Z. P., 1921, 4, 441. 
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(2) Allow solvent to enter until 1 mol of solute has dissolved in 
the cylinder : work done = (P + SP)V + (P + Bp)Av, where 
P 8 P = osmotic pressure under total pressure p -{• Bp. 

(3) Decrease the external pressure to p : work done = + BA. 

(4) Express from the cylinder the solvent which entered in 
operation ( 2 ) : work done = — PV — pAv. The cycle is com- 
plete, from (44) : 

VSP -f- Av . Sp = 0. 

But V = 1 /c, and SP = (9P/3c)jSc 

V 8 P = (0P/ac)j8 In c = - Sjj . A« 

(0 In cjdp)^ = - Av/(0P/0c) j = - Ai;/RT . . [271] 

since P = cRT.^ The sign shows that if there is increase in 
total volume on solution, t he solubility is di minished b v increase 
of pressme^ iv Both results have fceen confirmed 

■experimentally, although the changes are small. If the solute is 
ionised, P = icRT, and, for a binary electrolyte ca7(l — a) = 
E(§91) 



97 . Gibbs’s Phase Rule. — The conditions of equilibrium of a 
system of phases are defined in a very general manner by an 
equation deduced by J. Willard Gibbs. ^ The system is defined by 
the number of phases, r, the number of components, n {ix,, the least 
number of independently variable constituents required to define 
the composition of all phases) ; the temperature ; and the pressure. 
The influences of surface tension, electrification, and forces other 
than uniform pressure, are excluded from consideration in the 
present deduction.® 

The assumption is made that it is possible to have a state of 
equilibrium between several phases at a definite temperature and 
pressure ; this will be characterised by certain definite relations 
between the compositions of the phases (for example, a solid salt, 
saturated solution, vapour of the solvent). 

For each pair of phases there must be some condition satisfied 
for each component, such that this particular component does not 

1 Guldberg, 1870, Ostwald’s Klaaaiker, No. 139, p. 62 ; Braun, A, JP., 1887, 
80, 260 ; Stackelberg, Z. p. G., 1896, 80, 337 ; 1898, 86, 633 ; SiU, J. A, 0, S„ 
1916, 88, 2632 ; Ck>ben and Moesveld, Z, p, C,, 1919, 98, 386 ; Hoenen, A, A., 
1920, 88, 631. 

2 Scitntific PapexB, rol. 1, pp. 62—100. 

J. B. Partington, P. C. 8., 1911, 87. 18. 



97 CHEMICAL EQUILIBRIUM IN SOLUTIONS 177 


pass from one phase to the other. The r-phases may now be 
arranged in (r - 1) pairs, namely, (1, 2), (2, 3), (3, 4), . . {(r -- 1), 
f}, and there will therefore be 
(f — 1) conditions to be satis- 
fied for each component in all 
the phases, that is, {r — 1) 
equations defining the equili- 
brium. It is evident that such 
pairs as (1, 3), (2, 4), etc., need 
not be Considered, since, if 



phase (1) is in equilibrium with 
phase (2), and phase (2) with 
phase (3), then (1) will also be 
in equilibrium with (3). If this 
were not the case, we could, by 
enclosing (1), (2), (3) in a ring- 
shaped tube (Fig. 33), so that 
there are three surfaces of separation, set up a continuous circu- 
lation at a uniform temperature, which is contrary to the second 
law of thermodynamics. 

For all the components there will therefore be n(r — 1) equations. 

The number of variables is made up of : 

(i.) the pressure p, 

(ii.) the temperature 6, 

(iii.) the number of concentrations = r(n — 1), since for each 
phase we have (w — 1) fractions of the total mass for the n com- 
ponents. The last (nth) fraction, being obtained by subtracting the 
sum of all the others from the total mass, is fixed, and is not an 
independent variable. Therefore : 

number of variables = 2 -f r(n — 1). 

The number of variables left undetermined 


= number of variables — number of equations 
= 2 -}- r(w — 1) — n[r — 1) 

== 2 -{- n — r. 

This, however, is defined as the number of degrees of freedom {F) 
of the system, hence ; 

F4.r=n-t- 2 (273) 

If any component is absent from a particular phase (for example, 
the vapour phase, or » solid phase), there is one variable less, but 

O.T. X 
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also one boundary condition less, for migration of that component 
cannot occur with respect to the phase considered. The equation 
(273) is therefore still true. 

Equation (273) is known as the Phase Rule, and finds very 
extensive application. 

98 . The Triple Point. — The Phase Rule (273) shows that the 
three phases, solid, liquid, and vapour, of a pure substance co- 
exist in equilibrium only at one definite temperature and pressure. 
The corresponding point on the ^?,T diagram is known as the 
triple point. 

If the volumes of liquid and solid phases are neglected in com- 
parison with V, that of the gaseous phase, (81) and the correspond- 
ing formula for sublimation, give, for the slopes of the evaporation 
and sublimation curves at the triple point : dpJdT == L^/Tv and 
dptIdT == LgjTv, 

Hence, since L, — the latent heat of fusion (see § 67) : 

dps/dT - dpeldT - Lf/Tv (274) 

The two curves meet at a finite angle, tan“^(L//Tv), at the triple 
point. Equation (274) is due to Lord Kelvin (1854).^ Regnault, 
in 1847, considered that the vapour pressure 
of a supercooled liquid was the same as 
that of the solid at the same temperature, 
but (274) shows that this cannot be the case. 
The angle is usually very small. 

In the case of water Fischer (1886) found a 
difference of slope of the two curves amounting to 
0-0465 mm. Hg per 1° C. The calculated difference 
(taking the temperature of the triple point 0° C. 
instead of 0-0077^ C., the actual value) is {v = 206-6 
litres per gm.) ; 

dpt dpg _ 80 X 0-0413 

IS ““ 273 X 206-6 

0-0000585 atm./l° C. = 0-0446 mm./r C. 

The sublimation and evaporation curves of phosphonium chloride meet at 
a very decided angle at the triple point, as is seen from Fig. 34, which also 
shows the fusion curve and the critical point. 

99 . Liquid Mixtures ; Duhem - Margules Equation. — The 

1 Tr, B, 80 c, Edin., 1867, 21» 123 (read in 1854) ; also Kirchhoff, A, P„ 1868, 
108, 206; P. Saurel, J. P, C., 1902, 6, 399; Duhem, Z, p. 1891, 8, 367; 
Roozeboom, “ Heterogen. Qleiohgewiohte,** vol. 1, 1901 ; Partington, “ TherttiD- 
dvnamios,*’ 1913, p. 214 ff. Variation of triple point with pressure : Porter, 
P.M., 1915, 28, 143. 
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vapour in equilibrium with a homogeneous mixture of two volatile 
liquids has, in general, a different composition from the liquid, 



fOOA WOB mter + Methyf. Alcohol 


Fro. 35. Fig. 36. 

which makes it possible to separate such mixtures by distillation. 
The compositions of liquid and vapour, and the vapour pressures 
at a given temperature, may be represented by two curves, 
as shown in Fig. 36, in which a and refer to liquid and 
vapour respectively. The constituent B has a higher vapour 



Water "h Propyf Alcohol Water + Formic 


Fro. 37. , Fig. 38. 

pressure than A, and since the vapour will be richer in this 
constituent than the liquid, the lower curve will correspond with 
vapour. 

The total pressure curves of binary mixtures were experi- 

II2 
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mentally investigated by Konovalofi, in 1881 ; the theory had 
previously (unknown to KonovalofE) been investigated by 
Gibbs, in 1876. Three cases are known, shown in Figs. 36, 
37, and 38, in which the total pressure : (i.) lies between the 
vapour pressures of the pure constituent ; (ii.) exhibits a 
maximum ; and (iii.) exhibits a minimnm, respectively. In 
some cases curves of the first type show a point of inflexion, 
as in Fig. 36 at 18”. The total pressure curves are made up 
additively of the partial pressure curves of the constituents in 
the vapour. 

The pressure changes during distillation of a binary mixture 
are regulated by an important rule, deduced by Gibbs, and 
used by Konovaloff as a consequence of some experiments 
of Pliicker (1864), who found that the vapour pressure over 
a given quantity of a mixture of alcohol and water is less the 
larger the space which the vapour has to saturate. The Gibbs- 
Konovaloff rule may be stated as follows : During isothermal 
increase in volume of a vapour standing in equilibrium with a 
liquid mixture, the total vapour pressure either decreases or 
remains unchanged. When the pressure remains unchanged it is 
either a maximum or minimum pressure and corresponds with 
the case when the vapour has the same composition as the 
liquid. 

Let Nj mols of the first liquid (e.g., alcohol), with the vapour 
pressure at the temperature T, and N 2 mols of the second 
liquid (e.g., water), with the vapour pressure at the same 
temperature, be taken. When they are mixed together let the 
'partial pressures of the two components in the vapour of the 
mixture be p^ and p^. 

The mixing may be carried out isothermally and reversibly. 
Assume that the vapours are ideal gases, and that the volume of 
liquid is negligible in comparison with that of vapour. 

(1) Evaporate mols of liquid (1) and Ng mols of liquid (2) 

imder their vapour pressures. The work done is p^v^ + = 

(Ni4-N2)RT. 

(2) Expand the vapours to the partial pressures p^ and pg. The 
work done is : 

RT(Nilnpi»/pi + Naln^jjO/pa). 

(3) Condense the two vapours through semipermeable parti- 
tions on the liquid mixture in such a way that the composition of 
the latter remains constant. The work done is 

- (piVi + yjVj) = - (Ni -f- N,)RT. 
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The total work done is : 

A = RT(Niln;)i>i + N2lnp27j)2). . . [276] 
The work done when a small quantity mols of liquid (1) is 
transferred isothermally and reversibly from pure liquid to a large 
quantity of solution is SA = . RT 

Hence 0A/0Nj = RTlnpi^/pj. 

Let X = Ni/'(Ni + Ng), then 1 — a; = where 

X and 1 — a; are the molar fractions of (1) and (2) in the liquid 
mixture 


dNi = '^^xj{l — x)^ (Ng const.) 
(dA\ RTN, 

\0a;yN2 (l-a;)'* Pi 


[276] 


Differentiate [276] with respect to x (Nj const.) and compare 
with [276], then : 


a:(0 In p j/0a:) -f (1 — x) (dlnpjdx) =0. . . (277) 


This is the equation deduced by Duhem and integrated by 
Margules.^ 

The differential equation (277) contains 
two dependent variables, p^ and p^, and 
is therefore indeterminate. The only 
condition imposed is that each side of 
the equation must be a symmetric func- 
tion of X and 1 — x. The integration 
assumed by Margules and simplified by 
Porter is : 

Pi = pi®xe^f^ 

Pi = P2®(1 - 

which satisfies the differential equation, y3 
being a constant. 

The equations may be applied in con- 
structing the partial pressure curves of Fio. 39. 

mixtures, e.g., of acetone and ethyl ether 
(Fig. 39). In this case a value of ^8 = 0'7414 at 30° (the only 
arbitrary constant involved) was found to reproduce the partial 



1 A. W. Porter, F. S., 1920, 16, 330 ; 1922, 17, 19 ; Duhem, C. B., 1886, 108, 
1449 ; “ M4oan. ohim.,” t. III., oh. 7 (1899) ; Margules, W. B., 1896, 104. u., 
1248 ; E. Bose, Z. p. 0., 1909, 66, 458 ; Rosanoff, J. A. C. 8., 1914, 86, 1408 ; 
Rosanoff and Easley, Z. p. 0., 1910, 68, 641 j Story, ihid., 71, 129 ; Plank, P. Z. 
1910, 11, 49 : Konovaloff, A. P.. 1881, 14, 34, 219; J. O. P. 1907, 6, 1, 237 ; 
Wrewsky, Z. p. O., 1912, 81, 1 ; ibid., 1913, 88, 661 ; F. H. Campbell, F. 8., 
1916, 11, 91 ; Rosanoff, Bacon and Schulze, J, A. C, 8. 1914, 86, 1993. 
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pressure curves. At 20°, yS = 0'75. The abscissae represent molar 
fractions of acetone, and the ordinates pressures in mm. Hg. 
The thick line is the total pressure curve ; A, B are the partial 
pressure curves of acetone and ether. 

The curves for mixtures of ether and sulphuric acid cannot be 
represented by any value of and in this case chemical action 
probably occurs.^ 

Differentiate [276] with respect to T and use (197). The heat of 
admixture (evolved) ® is then : 

Ui-U2 = 0(Ni,N2,T) 

= - RT2 . a/0T[Ni In (pf>/p^) + In {p^jp^J]. . [278] 
which is a generalisation of Kirchhoff’s equation [267]. 

The critical temperature, of a mixture of liquids can be obtained 
approximately from those of its components by the mixture rule * : 

Tc = + m^). 

The following formula connecting the density of a pure liquid Ijv^ with the 
temperature e was put forward by Avenarius ^ : Vq ~ a — b log ( 0 ^ *— 0), 
where a and h are constants. According to Herz,® this formula also holds 
for mixtures of liquids. Thorpe and Rucker * give an alternative formula : 

= (Tr^ — 273)/2(v^ — 1). Mendel6eff gives the relation p 0 = po (I — K0).’ 

100. Heat of Evaporation. — In comparing the heat of evapora- 
tion of a binary liquid mixture with those of the pure components, 
we may first consider the mixture resolved into these, with absorp- 
tion of heat Q, the heat of admixture, and then each pure liquid 
evaporated with absorption of its latent heat. If the liquid con- 
tains Ni mols of (1) and Ng mols of (2), the heats absorbed in the 
separation of 1 mol of (1) and (2), respectively, are dQ/dNi and 
dQldN 2 - If Ai, Ag are the heats of evaporation of 1 mol of (1) and 
of (2), respectively, from the mixture, and A/, Ag' the latent heats 
of evaporation of the pure liquids : 

Aj = Ai' -f and Ag = Ag' + rfQ/eiNg. 

1 For a discussion of the various types of curves, see Ostwald^s “ Lehrbuch der 
allgemeinen Chemie,** II., 2, (1), 612-648. On partially miscible liquids, ibid,, 
687 ff. 

2 Heats of admixture, see Linebarger, P. P., 1896, 18, 418. 

3 Strauss and Pawlewski, B., 1882, 16, 460, 2460. See also Winkelmann. 
“ Handbuch der Physik,” 1906, Vol. III^ p. 860 ; Centnerszwer, Z, p. 0., 1906, 
54, 689 ; Schulze, P. Z., 1912, 13, 426 ; Campetti, Atti, B, Acad, Sci, Torino, 
1913, 48, 968. 

4 Petersburg Acad,, 1877, 10, 697. 

6 Z, an, C„ 1918, 104, 261. 

6 O. P., 1884, 46, 136. 

7 See Herz, Z, p, C„ 1913, 86 , 632 ; ibid,, 1914, 87 , 63 ; von Jiiptner, Z, p, 0„ 
1910, 78 , 173. 
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[ 279 ] 


[ 281 ] 


From [82] we thus find : 

Ai - dQjdl^ii = RT* . d In pjOjdT 
A 2 - de/dNg = RT* . d In pO/dT 
where p^^, p^ are the vapour pressures of the pure liquids.^ 

By (’onsidoriiig the evaporation of 1 mol of each constituent, 
under its partial pressure, from a large mass of liquid mixture, we 
find : 

(dpi/aT)^ = JJiAi/RT2 and {dp.Jd^)^ = . [280] 

dlnipJp^ydT = (a0/aNi)^/RTn 
9 In {pJp.ydT! = {dQld^,)jnT^y 

giving a relation between the partial pressures, the vapour pres- 
sures, and the heat of admixture as a function of composition and 
temperature. 

If we put Q = (Ni + . . 

we find, since Ni/(Ni + Ng) ~ x : 

(dQ/d^i)^ = g + (1 - *) . dqjdx 
and = q — x . dqjdx J 

From [281] and (283) we find : 

q + {I- x}{dqldxy = RT* . djdT [In {pjpi% 
q - x{dqjdxy = RT* . djdT [In {pM)\ 

S' = RT* . djoTlx In (pi/pi®) + (1 - a?) In {pMjX 
{dqjdxy = RT^ . 8/0T [In (pi/pi^) - In {pjpi\ . . . 

due to Nernst,^ and Ostwald,^ respectively. 


( 282 ) 


( 283 ) 


[ 284 ] 

[ 285 ] 


EXAMPLES XIV. 

1. Show that the temperature coefficient of the degree of ionisation of a 
univalent electrolyte, 1/a.da/dT, is equal to Qv(l — a)/RT*(2 — a). Find 
the value of this for a 0*06 molar solution of acetic acid at 18° C., given the 
dilution law constant K = a^l(l - a)v = 0*04180 (v in litres), and Qy == 
28 cal. 

2. The values of = C|£» X COH', the dissociation constant of water at 

0° 0. and 50° C., are 0*09 X 10“^* and 4*5 x 10~^*. Calculate the heat of 
ionisation at 26° C. * 

1 Ostwald, “ Lehrbuch,** II., ii., 646 (1911) ; R. Gahl, p. C., 1900, 88, 178 ; 
Zawidzki, i6td., 1900, 86, 128 (partial preesures). 

2 “ Lehrbuoh,** 1 Aufl., 1893 ; 8-10 Aufl., p, 122, equation (2). 

8 “ Lehrbuoh,” IL, ii., p. 647 (1911); cf. iSuhem, ” M6canique ohim,,** t. IV., 
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3 . The figures given below were found by Nemst (1891) when studying the 
partition of phenol between water and benzene : 

0 , (cone, in HgO) . 0 051 0-123 0-327 0-76 mols/Ht. 

ol (cono. in CeH.) . 0-077 0-169 0-263 0-39 „ 

Calculate the constants according to the equation CgVcj = k and interpret 
the results. 

4. The solubility of in water is 0-03004 gm. per 100 gms. of solution at 
26® C. ; the solubility in CCI 4 at the same temperature is 30-33 gms. per litre. 
The distribution ratio of I 2 between these liquids is 86-3. Calculate the 
concentration of the 1 2 in water if, after shaking with CCI 4 , the concentration 
in the latter is 10-88 mols/litre. 

6 . Nemst found the following figures in an experiment on the partition of 
CHjCOOH between water and C 4 H 4 (o^ = cone, of acid in H 2 O ; C 2 == cone, 
in C 4 H 4 ) : 

c. = 0-043 0-071 0-094 0-149 

C 2 = 0-246 0-314 0-376 0-600 

Given that the partition coefficient is of the form C 2 “/Cj“ = k, find the values 
of m, n and k and say what you know about the state of acetic acid in solution. 

6 . At 26° C. the distribution coefficient of bromine between CCI 4 and water 
is 38. The partial pressure of Brg above a 0-06 molar solution in water at 
26° C. is 60 mm. If 1 litre of this solution is shaken with 60 c.c. of CCI 4 what 
will be the pressure of the bromine over the CCI 4 phase ? (Assume the 
partial pressure of the Bra to be proportional to the molar fraction in the 
solution.) 

7. The partition coefficient of I 2 between water and amyl alcohol is 230 

at 26° C. (= Cj/cg, where Cj = mols of I 2 per litre of alcohol and Cg = mols of 
Ij per litre of water). One litre of water is shaken with 400 c.c. con- 

taining 1 gm. 1 2 per litre. Calculate the weight of I 2 which enters the 
aqueous layer. 

8 . Find the partition coefficient of CgHg.COOH between HgO and ; 

0 . (cone, in HgO) . 0-0160 0-0195 0-0289 1 gms. per 

Ca (cone, in CeHj) . 0-242 0-412 0-970 J 10 c.c. 


By plotting Cj® against Cg show that the partition coefficient is given by 
the tangent of the angle of slope of the graph at any point. 

9. The integral heat of solution of 1 mol KgSO, in 100 mols water at. 
16° C. is 6680 cals. (Berthelot). The heat evolved when this solution is 
diluted by the addition of 400 mols water is 248 cals. Find the heat of 
solution of 1 mol K 2 SO 4 in 400 mols water at 16° C. 

10. The specific heats of mixtures of 1 mol HaS 04 with 6 and 10 mols 
HgO are 0-646 and 0-700. Find the change in the heat of dilution of the first 
solution to the second with 1 ° C. in temperature. 

11. Solutions of TlCl saturated at 26° C. and 39-7° C. contain 0-386 and 
0-604 per cent. Assuming a mean ionisation of 90 per cent., find the heat of 
solution of 1 moL 

12. If Q is the heat of dilution per mol of solvent, assumed independent of 
tem^rature, show by integration of Kirchhoff’s equation (38a), and the 
combination of the result of Examples IX., No. 8 , with the equation for 
CMsmotic pressure : P = RT In (pJp) that : 

(L) at the freezing point T^ of ^e solution : 




Cl — Ob At , Cl — Cg (At)*”! 
2 ~3 


(ii.) at any temperature T 

■D __ _ 0i — Cg At . Tq ^1 ^8 (At)*T^jT 

P*At|^— ^ 3 fl-J 
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where At = depression of freezing point ; Ci, are the molecular heats 
of liquid and solid solvent ; Agf is the latent heat of fusion at 0®K ; Tq =* 
freezing point of pure solvent. 

13. The heat of solution at 18° C. of a gm. water and b gm. NaNO^ is given 
by 23-061 6(6 + 0-8791 a)/(6 + 0*3261 a) absorbed. The solution is saturated 
when 6/a = 0*8665. Find the heat of solution of 1 gm. water and 0*8665 gm. 
NaNOj,. Find d log(pJp)ldT, Find the heat absorbed when 1 gm. of water 
is added to an infinite amount of saturated solution and thence calculate 
d Po)'^'V at concentration 0*8665. 

14. The integral heat of solution of HI in water, Qx, is a cubical function 
of m, the percentage of water in the mixture (Bose). Thomsen found the 
figures given below for the intergal heat of solution of HI in water at 17° C. : 


mol H 2 O 
* mol HI 

Qx at 17® C. 

mol H 2 O 
* ~ mol HI 

Qx at 17® C. 

2 

12,540 g. cals. 

20 

18,990 g. cals. 

3 

14,810 

50 

19,140 

5 

17,380 

100 

19,180 

10 

18,580 

500 

19,210 


Find the relation between and m ; thence find an expression for the 
differential heat of dilution, Q^j, in terms of m. 

15. If P is the vapour pressure of pure water at the absolute temperature 
T, and p is that of a saturated aqueous salt solution, then T In (P/p) is a linear 
function of temperature (Speranski, 1912). Given that dlnP/dT= Q/RT* 
for pure water, Q being the heat of vaporisation of 1 mol of water, show that 
1, the integral heat of solution of a saturated salt solution in 1 mol of water, 
is a constant. 

16. The solubility of NaCl in water at 24*05° C. is given by the equation 
c = 35*898 + 0*001647 p ■— 0-0g3286p^ where c is ingms. per 100 gms. HgO, 
and p is the pressure in atmospheres. Calculate the volume change when 
1 mol of salt is dissolved in a litre of water under a pressure of 1 atm. (Den- 
sity of water at 24*05° C. = 0*99732.) 

17. A function <p{Xif X 2 , . . x^) of n variables is said to be homogeneous and 

of the mth degree when the equation h'^(p{x^j x^, • . a;^) == (p(hx^f hx^, . . kx^) 

is true for all values of k and the variables. Show that ; 

a?! . dcpldxj^ + X 2 . 0<^/9»2 + . , = m(p (Euler’s theorem). 

Thence show that, if Z is the thermod 3 niamic potential of a solution : 

Z = m^ju^ + mjjjUj + . . 

where, m^, mj, . . are the masses of the components and pi, /i*, . . their 
chemical potentials. 

Also . dpildm^ + mj . dpildm.^ + . . = 0 

Dlj • + • . = 0 

= dpildm^, etc. 

+ Dig . 0^/0m^ + , , s=s 0 

m^ . dpjdm^ + m, . d/xgldm^ + . . « 0. 

In the case of a binary mixture ; 

• dpjdixit ** nil • dfijdixii + . dpildva^ 

+ “1 • and if mg/mi « s, dpilds + s . « 0. 
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18. Show that if an equilibrium constant is defined for the reaction 

njA^ + ngAg + . . , :;z!: ni'Aj^+ na'Ag' + . . in the form Snilnoi = InK, 
where then (01nK/9p)x “ Av/RT, for a mixture of ideal 

gases or a dilute solution, where Av is the total increase in volume of the 
system when the above reaction takes place (Planck). If K is the ordinary 
equilibrium constant, InK = Sn^ In (n^/V), show that (9 In K/9p)x = 
-Av/RT -2ni/V.9V/9p.i 

19. Show that if c is the solubility of a gas in a liquid, in mols per litre, 
(9 In c/9T) = Qy/RT^, where Qy is the heat absorbed per mol of gas dissolving 
in a large volume of saturated solution. 

20. Show that the prolongation of the vapour pressure curve of a liquid 
below the freezing point { metastable region) lies above the vapour pressure 
curve of the solid form. Also that the prolongation of any curve beyond a 
triple point must lie between the other two curves which meet at that point. 

21. Show that, in a system of two phases in equilibrium, the only possible 
spontaneous transition which can occur just above/( below) the saturation 
curve p = f(T) is one which leads to diminution/(increase) of volume when it 
occurs on the saturation curve (G. Robin). 

22. Show that the only possible spontaneous transition which can occur 
in the region to the right/(left) of the saturation curve is one which leads to 
absorption/(emission) of heat when it occurs on the saturation curve. 
(Moutier). 

23. Show that the following relations hold for the three curves meeting in 
a triple point (s = entropy) : 

(^2 — Vj) . dpJdT + (v, — Vj) . dpj/dT + (Vj — Vj). dpj/dT = 0 
(sj — Sg) . dT/dpj + (sj — Si) . dT/dpa + (sj — Sj) , dT/dpj = 0. 
Thence show, that if an isotherm T ± dT is drawn to cut the three curves of 
transition (or their prolongations) meeting at a triple point, the central point 
of section corresponds with the transition involving the greatest change of 
volume (Moutier, 1876). Also that if an isobar p ± dp is drawn to cut the 
three curves of transition (or their prolongations), the central point of section 
corresponds with the transition involving the greatest change of entropy 
(Roozeboom, 1901). 

24. The triple point divides each curve passing through it into two parts, 
one corresponding with a stable, and the other with an unstable, system. 
If there is a reversible change which increases the entropy of the system but 
leaves its volume unchanged, and another reversible change which increases 
the volume but leaves the entropy unchanged, there will, in each case, be an 
increase in the amounts of some phases at the expense of the others. Show 
that if the mass of any phase decreases the system from which it is absent 
cannot exist in stable equilibrium at temperatures and pressures lower than 
those corresponding with the triple point (Roozeboom, 1887). 

26. Show that the system of two phases corresponding with the transition 
involving the greatest change in volume is in stable equilibrium at tempera- 
tures which lie on one side of the triple point, while the other two systems 
are in stable equilibrium at temperatures which lie on the opposite side 
(Duhem, 1891). 

26. The system of two phases which corresponds with the greatest change 
of entropy is in stable equilibrium under pressures lying on one side of the 
triple point, while the other two systems are in stable equ^brium under 
pressures lying on the other side (Roozeboom, 1901). 

27. If a small circuit is drawn round the triple point, it cuts alternately 

1 Bioe, F. 6f., 1917, 12, 318 ; of. Porter, ibid., 1920, 15» 76. 
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stable and unstable branches of the transition curves meeting at that point 
(Gibbs, 1876). 

28. Dolezalek applied the Duhem-Margules equation: dlnpj/dx + 

X . d In p2/dx = 0 to aqueous hydrochloric acid on the assumption that— In 
(HgO) = a In x + ^, where a and k are constants. The agreement was fairly 
satisfactory from pg = 0-62 to 277 mm.^ Lapworth, Lingford and Jones,* 
in the case of alcoholic hydrogen chloride, put d In Pi/dx = a' -f b'x + d'x* /, 
In Pa = ao In a: + boO; -f QQa;* + or, with numerical constants : log lOp* == 

1*284 log X + 0*01106 X + O OgllSX* - 0*256, where X = 100 x. Calcu. 
late the values of pa for x = 0*19fe, 0*0696, and 0 0162, and compare with the 
observed values 4*69, 0*811, and 0*108. 

29. In a solution containing . . mols of different solvents, with 

vapour pressures p^®, pg®, . . to 1 mol of solute, show that n^ In (Pi®/Pi) + 
n2ln(pa®/p2) + . . = 1, where pp pg, . . are the pressures after addition of 
solute.® If p, P are the vapour pressures of solvent and of a volatile solute, 
thence show that d In p/dx -f x . d In P/dx = 0, where x = molar fraction of 
solute. 

30. In a mixture of benzene and carbon disulphide between temperatures 

of 48° —77° C. the molar fractions of benzene in the liquid and vapour (yj) 
are given by (1 — PiVyi ~ 3*32[(1 — Find the composition of 

the distillates from mixtures containing 90% and 10% of benzene. 

31. In the case of mixtures of two immiscible liquids, the composition 
of the vapour is independent of the proportions of the components, provided 
large enough quantities of the latter are present. The vapour pressures of 
CeHgClandHgOare^; 

t = 90°C. ... CeHgCl: 208*35 mm. ... HaO : 525*45 mm. 

ore. ... 215*8 „ ... 545*8 „ 

92° C. ... 223*45 „ ... 566*75 -,, 

Calculate the percentages of CgHgCl in the vapour by weight at the three 
temperatures. 

32. If m^^' and m^' are the relative masses of two infinitely miscible liquid 

substances a and b in the vapour over a liquid mixture of the substances in the 
proportions m^ and m^^, then according to Brown (1881) ma' . m^ = c .m^ . 
where c = Pa/Pb» vapour pressures of the two substances. 

The following figures relate to a mixture of CCI4 and CSa : 


% CCIa (mols) 
in liq. 

c. 

B P. (750 mm.). 

Obs. % CCI 4 
(in vap.). 

20 

0*3649 

49*0° C. ... 

9*4 

40 

0*3726 

53*2 

19*6 

50 

0*3771 

55*8 

25*8 

60 

0*3825 

59*0 

33*8 

80 

0*3947 

66*5 

57*6 


Calculate the percentage composition of the vapour at the B.P. for each 
mixture. 

33. Lehfeldt has modified the Duhem-Margules expression to the formula 
t = Kq^, where t = ratio of the masses of the two substances in the vapour, 
q = ratio in the liquid, K = const, and r = (log s — log Pa/Pb)/l®g (®9/A) 
where pa and pj, are the vapour pressures of the pure liquids at the tempera- 
ture of the experiment, s == ratio of the number of molecules of the two 

1 D. p. 1903, 6, 4. 

2 0. 8., 1913, 108. 260. 

5 Nernst, Z. p. (?., 1893, 11, 1. 

4 Young, “ Distillation Principles and Processes,** 1922, p. 78. 
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substances in the vapour ; A and B are the normal molecular weights of the 
components. 

For a mixture of C«H. and CCI4, r = 0*947 and log K = 0*066. Test the 
relation for mixtures ot these liquids contaiaing the following molecular 
percentages of OgHg in the liquid ; 17*0, 34*0, 62*4, 80*3, 96*7. [The observed 
percentages of in the vapour for these concentrations are : 16*6, 32*3, 
68*8, 76*7, 94*6.] Show also that a mixture of minimum B.P. would contain 
6*6% CgHj by weight. 

34. The vapour pressure of benzene at 34*8° C. = 14*54 cm. Hg and that 
of chlorobenzene at the same temperature = 2*03 cm. Calculate : 

(i.) The partial pressure of benzene in a mixture of 58*28 gms. chloroben- 
zene and 66*16 gms. benzene. 

(ii.) The partial pressure of chlorobenzene in a mixture of 28*39 gms. of 
bemene and 61*78 gms. chlorobenzene. 

(iii.) The partial pressures of both chlorobenzene and benzene in a mixture 
of 73*19 gms. of the former with 27*26 gms. of the latter. 

(Assume the partial pressures of the constituents are proportional to the 
molar fractions of the latter in the liquid and also the Guthrie formula of 
Ex. 42.[ 

35. Show that the ratio of the weights of the components of a mixture of 

two immiscible liquids distilling over is where m = molecular 

weight. A mixture of water and C.H5NO2 boils at 99° C. at 1 atm. pressure. 
Assuming the liquids to be immiscible find the vapour pressure of C^HgNOa 
at 99° and the composition of the distillate. (Assume ideal gases ; vapour 
pressure of water at 99° = 733 mm.) 

36. In the case of a mixture of chlorobenzene and bromobenzene the partial 
pressure of each constituent is proportional to the molar fraction in the 
liquid. The vapour pressures at 140° C. are : C4H5CI 938*8 mm. ; CeHsBr 
496*7 mm. What mixture boils at 140° under a pressure of 760 mm. ? 
Find the molar fractions of chlorobenzene and bromobenzene in the vapour 
from mixtures containing (a) 1% C^HgCl; (6) 1% CeHgBr. What is the 
composition of the liquid when the partial pressures of the two constituents 
are equal ? 

37. Mixtures of benzene and ethylene dibromide behave like those in the 
question above. At 50° C. the vapour pressures are : C-H^ 269*0 mm., 

mm. What is the molar fraction of benzene in tne vapour when 
that in the liquid is 0*6, and vice-versd ? 

38. In the case of mixtures of ethyl alcohol and ether the molar fraction in 
the vapour is related to that in the liquid by the formula pj = 

where n is a constant. At 10° C. the vapour pressures of the pure liquids 
(Vo) s-re : ether 291*8 mm., alcohol 23*8 mm. If n = 0*6, draw the total 
vapour pressure curve of mixtures of the two liquids and by means of the 
curve find the composition of the mixture of maximum vapour pressure. 

39. Schilow and Lepin (1922) found the following figures for the distri- 
bution of salicylic acid between benzene and water at 26° C. : 


Cl — Cone. In mol/llt. 
in water layer. 

C 2 “ Cone, in nool/lit. 
in benzene layer. 

Ci/Cg. 

0*0363 

0*0184 

1*97 

0*0668 

0*0504 

1*32 

0*094 

0*0977 

0*96 

0*126 

0*146 

0*86 

0*210 

0*329 

0*64 

0*283 

0*633 

0*63 

0*668 

1*660 

0*34 

0*766 

2*810 

0*27 

0*912 

4*340 

0*21 
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Obviously the relation = const does not hold. Find the distribu- 
tion equation for this system, on the assumption it is of the form CJC^^ =s 
const (Plot log 0^ against log C2 ; find n from the slope of the line and the 
constant from the intercept on the log Oj axis.) 

40. 100 c.c. CeHjCl ana 80 0.0. water were distilled together, the atmo- 
spheric pressure being 740*2 mm. The B.P. was found to be somewhere 
between 90-91® C. The vapour pressures of C^HjCl and of water are 208*35 
mm. and 525*45 mm. respectively at 90®, and 215*8 mm. and 545*8 mm. at 
91®. Calculate the true B.P. of the mixture. [Assume dp/dT to be constant 
over the range of 1®.] 

41. Rosanoff (1914) has put forward the following formula connecting the 
vapour pressure P of mixtures of CCI4 (a) and CeHg (b) at 49*99® C. with 
m (= % of component a) : 

P = 268*075 + 80*853 m. - 43*826 m^ + 16*531 m« - 13*695 m*. 

Find the composition of the mixture of maximum vapour pressure at 
49*99® C., and find the value of the latter. 

Given, also, that (logio loSio^b)/(^a ^b) “ 0*0015103 at 49*99® C. 

for the mixture CCI4 + CgHg, calculate P for mixtures of the following 
concentrations .* 

Molec.%CCl4 in liquid: 507, 11*70, ^ 17*58, 25*15, 29*47, 39*53, 55*87, 
67*55, 76*52. 

P (obs.) mm. : 271*8, 277*6, 281*5, 285*4, 288*3, 294*5, 301*0, 

305*2, 306*8. 

42. Guthrie (1884) put forward the following formula for the vapour 
pressure P of a mixture of two liquids, a and b of vapour pressures P^ and P5 
respectively (P, P^ and P^ being measured at the same temperature) : 
loop = wP^ + (100 *— w)Pft, m being the percentage by weight of the 
liquid a. This formula only holds if the liquids a and b show no volume or 
heat change on mixing. Speyers (1900) showed that m is more accurately 
represented by the molecular percentage of a, provided the critical pressures 
of a and 6 are nearly equal. 

Test the equation from the following figures for a mixture of C-H.Br and 
CeH^Cl : 

vn (CeH6Br)=25*01. Pa==452*85 mm. P6=862*95 mm. at B.P. = 136*75® C. 

50*00. 526*25 „ 992*30 „ 142*16® C. 

73*64. 618*40 „ 1153*00 „ 148*16® C. 

The observed value for P in each case is, of course, 760 mm. 

43. The following table gives Pj. the vapour pressure of CeH^Cl in mm. 
and P^ the vapour pressure of CgHgBr in mm. at various temperatures t (® C.): 


t 

^6* 

a* 

t 

^6* 

^a* 

132 ... 

760*25 

... 396*1 

144 ... 

1039*6 ... 

663*2 

134 ... 

802*16 

... 418*6 

146 ... 

1092*9 ... 

683*86 

136 ... 

846*85 

... 443*2 

148 ... 

1148*4 ... 

616*76 

138 ... 

891*4 

... 468*9 

160 ... 

1206*0 ... 

649*06 

140 ... 

938*85 

... 496*8 

162 ... 

1266*8 ... 

683*8 

142 ... 

988*2 

... 523*9 

164 ... 

1327*9 ... 

719*96 




156 ... 

1392*3 ... 

767*66 


Assuming the Speyers-Guthrie formula (question 42) plot m against the 
temperature and find the boiling point of the mixture when m 60*00 and 
the molecular percentage of C^Hjfein a mixture boiling at 148*16® C. (both 
at a pressure of 760 mm.) 



CHAPTER XV 


Capillarity and Adsorption 

loi. Surface Tension. — The surface of a liquid behaves as 
though it were an elastic skin tightly stretched. If an attempt 
were made to increase the surface by pulling upon an imaginary 
line 1 cm. in length, located in the surface, at right angles to this 
line in the plane of the surface, the force opposing such an increase 
of surface is called the surface tension cr (often called 7 ) of the 
liquid. If the line is displaced 1 cm., the free energy of the surface 
will be increased by a-, so that the surface tension per 
unit length is numerically equal to the surface energy 
per unit area. The surface tends to become as small 
as possible under given conditions.^ The dimensions 
of surface tension are forcellength == energy farea. 

Experiments show that there is a definite surface 
energy located in the interface between any two 
phases (solid, liquid, gas) : its amount will be denoted 
generally by a per unit area. This is the free energy 
of the surface.^ 

102 . Effect of Surface Tension on Vapour Pres- 
sure. — The vapour pressure of a liquid in the form 
of drops, or otherwise exhibiting a curved surface, 
is different from that over a plane liquid surface (Lord Kelvin, 
1870).3 

In Fig. 40 the liquid is supposed to wet the glass and ascend in 
the capillary tube to the height h, with a concave meniscus 
exposed to the vapour. The hydrostatic pressure in the liquid 
just below the concave surface of the meniscus in the tube is 
less than that just beneath the plane surface in the vessel by the 
amount hgp = hglv, where p is the density, and v thespecific volume, 

1 SeelPoyntingrand Thomson’s “ Properties of Matter,” chap. 14 ; Ferguson, 
F. a., 1522, 17, 370 ff. 

8 For surface tension and molecular attraction, cf. Harkins and Grafton, 
J, A. C, 8,, 1920, 42* 2534 ; Harkins and Ewing, xhid,^ 2530 ; Harkins and Cheng, 
J, A, C, 1921, 48 , 35 ; Harkins and Feldman, ibid,, 1922, 44 , 2665. 

» P. if., 1871, 42, 448 ; A. Bacon, P. i?., 1905, 20, 1. 
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of the liquid. The pressure in the vapour similarly differs by 
where V is the specific volume of the vapour. If tt, tt' are the 
hydrostatic pressures in the liquid, and the vapour pressures : 

p ~ p' = = hgjN 

TT — tt' = Stt == hgjv 

Sp^SiT .vlY (286) 

giving the change of vapour pressure when the pressure on the 
liquid itself is changed in any way by an amount Stt (say by 
pumping an indifferent gas into a vessel liquid in 

equilibrium with vapour).^ 

The increase in vapour pressure of water at 0° C. per 1 atm. will be v/V atm. 
= 18/22,400 approximately = 0-0008 atm. = 0-61 mm., the vapour pressure 
of water being then 4-6 mm. (15 per cent.). At 70° C. the effect is 0*15 mm. 
on a vapour pressure of 149-5 mm. (0*1 per cent.). The relative change 
diminishes rapidly with increase of temperature. 

The vapour pressure of small drops of water is greater than that over a 
plane surface (see formula 287 below). For a radius of 10“^ cm. the increase 
is about 1 in 1000 ; for r = 10 cm. the increase is 10 per cent., and for 
10“^ cm., 100 per cent. For very small drops, however, the surface tension 
may diminish. 

Experiment shows that instead of this small increase in vapour pressure 
there is a larger diminution of vapour pressure of a liquid when the 
measurements are made in the presence of an inert gas. The cause is 
unknown. 2 

If we combine (286) with the simple formula for the ascent of 
liquids in capillary tubes (spherical meniscus) : 

(T = irhglv or h — ^a-vjrg 

we find Bp —p — p' — 2<rt)/rV (287) 

and Bit = TT — Tt' = 2a-/r ...... (288) 

(287) gives the excess of vapour pressure of a spherical drop of 
radius r over the vapour pressure of a plane surface ; (288) gives 
the excess of hydrostatic pressure inside the drop over that out- 
side. 

The above formulse are approximate, since the density of 
vapour throughout the column h is assumed uniform. A more 
exact formula may be obtained by supposing a small mass Bm of 

1 Gibbs, “ Scientific Papers,** I., 160 ; cf. Niggli, Z. an. C„ 1916, 91, 107 » 
Wegscheider, ibid., 1916, 93, 95. Poynting, P. if., 1881, 12,32 ; J. J. Thomson, 
“ Applications of Dynamics to Physics and Chemistry,** 1888, p. 168 ; Le Ohatelier, 
Z. p. a, 1892, 9, 336 ; Schiller, A. P„ 1894, 68, 396 ; 1907, 60, 766. 

2 Cf. Partington and Huntingford, C, S„ 1923, 123, 161. For the surface 
tensions of liquids in contact with different gases, see Ferguson, P. if„ 1914, 
28, 403. 
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liquid transferred from a drop of radios rj to a drop of radius r^. 
The work done by the surface forces = <r x decrease in surface. 

Let Bv, Sr, Sa be the changes in volume, radius, and surface of 
one drop due to the change of mass Sm. Then Sv = Smjp = vSm. 
But Sv = 5(4/3 . TTf®) = and Sa = 5(47rf ®) = 8iir5f 

/. Sa — 2vSm/r 

decrease of surface = 2vSm(l/ri — l/r^) 
work done = 2<rt;(l/ri — IJr^Sm ~ A^. 

If Sm is returned by isothermal distillation, the work done is 
[164]: 

5m(RT/M) In (pjpi) — Aj 

where M = mol. wt. of vapour. 

The cycle is now complete + Ag = 0 


(RT/M) In {pzipi) = 2(rv(l/r j - 1/ri) 


or 


In^S. 


2(tvM 


(---) 

\r2 ^1/ 


[289] 


Pi RT 

If we puf V = RT/Mp in (287) and rg = f, rj = oo (plane sur- 
face), and assume that 2)2 — Pi = P — p' small, equation [289] 
goes over into (287). 


In osmotic equilibrium the vapour pressures of solution and water under 
the pressures tt' and ir (§ 53) must be equal. If p^, are the vapour pres- 
sures of pure water and solution, equation (286) shows that: In (Po/Pi) 
szMjPvi/RT, where P is the osmotic pressure = w' — w, Mi is the molar weight 
of the solvent vapour, and Vj is the increase in volume of a large amount of 
solution when 1 gm. of solvent is added. If p is the density of a solution 
containing Nj mols solvent and N 2 mols solute in V litres, and c = Ng/V = 
molar concentration of solute, then lOOOpY = NiMj -f* NjMj. Also 
Mit;i=(0V/0Ni)N *. (sincedV = -V/c.dc) l/UiV^= 1000 {p-c.dpldc)IM^. 
The equation for JP then becomes : 

which was used by Lord Berkeley and Hartl^ ^ in calculating results of 
osmotio pressures of CaaFeC^N^ in water at 0® C. 


Oms. in 
1000 gm. 
HaO. 

P- 

c. 

dpjdc. 

PolPi 

obs. 


P 

obs. atm. 

313*9 

1*224 

1*001 


1*033 

41*27 

41*22 

428*9 

1*287 

1*323 

0*188 

1*070 

87*36 


499*7 

1*322 

1*509 


1*107 

132-8 

130*66 


1 P. T., 1906, 206t 481. 
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If p — c . dptdc = const. = po, we recover the simple equation [166], which 
reproduces the above results with an error not exceeding 6 per cent. 

Effect of surface tension on melting point — Pawloff ^ found that with 
crystals of salol with surfaces lying between 228 — 1296 /u* (p. = 10-* mm.) 
the melting point decreases 2*8® 0. per 100 times increase of surface. 


103. Effect of Surface Tension on Solubility. — The effect of 
surface tension on solubility may be calculated in a way similar to 
that used in deducing [289]. If Pg are the osmotic pressures of 
solutions in equilibrium with spherical particles of solute of radii r , 
and : 


ln^ = ln^ 


2(ruM 

■rF 


(i_i) 

Vrg tJ 


where v is the specific volume of the solid and M its molar 
weight in solution,^ If ri— >oo, the excess solubility of a substance 
in spherical particles of radius r over that of large pieces (r — > oo) is 
given by 


In {crjc^) = 2(rvM/RTr [290] 

If the solute is ionised, and the degree of ionisation is assumed 
constant over the range of dilution involved, then (cf. § 75) : 
iln {Cflc^) = 2o-t;M/RT. 

In the case of gypsum, a = 1050 erg/cm^. at 25^^ C., v = 1/2*33, 
R = 8*316 X 107 erg/r, M = 136(CaS04), i = 1*65, hence . 

log Cf = log “f 0*00040/Tr. 

At 0° C. the solubility of large crystals is 12*93 mgm. molsjlitre ; 
that of particles of radius 0*001 mm. will then be 13*37 mgm, 
molsjlitre.^ 

104. Theory of Supersaturation. — The above considerations 
throw some light on the phenomena exhibited by supersaturated 
solutions (cf. references to § 103). These are caused to crystallise 
by the introduction of a particle of the solid only when the latter 
exceeds a certain size.^ Smaller particles dissolve, and [290] 
shows that there is one particular size of particle which is in 
equilibrium with a supersaturated solution of given concentration. 

By comparing [290] with [211], which may be written : 


C* — RT R ^ * 

1 Z. p. O.. 1910, 74, 662. 

2 Hulett, Z. p. 0., 1901, 87, 386 ; 1904, 47, ?67 ; W. J. Jone^ Z. p. O., 1918, 88, 

448 ; A. P„ 1913, 41, 441 ; W. J. Jones and J. B. Partin^on, 101^ 

29. 35 ; M. Jones and J. B. Partington, 0. 8., 1015, 107, 1019 ; Frenndlioh, 
** Kapillarohemie,** 1922, p. 207 ; Dundon and Mack, J. A. O. 8., 1923, 45, 2479. 

* Solubility of different faces of a crystal : J. Lebrun, BvXl.^Acad, Boy, 

1013, p. 953 I Bitsel, Z. p. 0., 1913, 88, 106. 

4 Ostwald, Z. p. a, 1897, 22, 289 ; “ Lehrbuch,** II., 2, i., 704 ff, (bibliography). 


O.T. 
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as is seen when A = Aq + aT is substituted in [208], where Aq = 
heat of solution at the absolute zero, and a is a constant, we find : 


, AgtETpf ST ^ K \ 


By comparing this with the corresponding equation for the tem- 
perature T + dT we find on making use of the experimental fact 
(293) that d(r/(T = dp/p, approximately, that : 





0 , 


where k' = XQp/2Mcr, and hi = ap/2M(T. 

Now Xq is large compared with a, so that ki may be neglected in 
comparison with k\ and the above equation on integration then 
gives : 

T = Too(l -l/A^V) [291] 

where T qq is the value of T for r — > 00 , i.6., the temperature corre- 
sponding with saturation of a solution in contact with large pieces 
of solid which has the same concentration as the supersaturated 
solution (in equilibrium with particles of radius r) at the tempera- 
ture T. 

If Aq > 0, i.e., heat is absorbed when solid passes into solution, 
and hence, by [211] the solubility increases with rise of tempera- 
ture, 1 — l/A;'r-< 1. With diminishing r, equation [291] shows that 
T then decreases. The tendency to spontaneous formation of a 
particle of sufficient size to bring about precipitation, by molecular 
collisions, will become more and more probable as the temperature 
is lowered, first on account of the fact deduced from the above 
equation that a smaller particle is then sufficient, and second, 
because the number of molecules with small kinetic energies is 
then larger. The number of centres causing spontaneous crystalli- 
sation will therefore increase rapidly with fall in temperature, as 
is actually the case.^ 

When Aq < 0, i.e., heat is evolved when solid passes into solution, 
and the solubility diminishes with rise of temperature, then 1 — 
1/k'r > 1, i.6., the temperature of supersaturation increases as the 
particles diminish in size. In this case lowering of temperature 
favours the formation of clusters by molecular collision, as before, 
but it also retards precipitation, which then requires larger 
particles. A solution of calcium butyrate saturated at 18® C. 


1 Z, p, C., 1903, 49i 335 ; Mim and Xiaao, (7. 5., 1906, 88, 413. 
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first deposits crystals (under a layer of paraflGb oil) when heated 
to 42® C.i 

105. Latent Heat of Extension of a Surface. — Consider a 
surface film of area a, exhibiting the surface tension a at tempera- 
ture T. Let the following cycle be carried out : 

(1) Increase the a to a + da at constant T. The work done is : 

BAi = — (rda (da > 0). 

( 2 ) Lower the temperature to T — dT at constant area : 

or changes to cr — (d(r/dT)dT. 

(3) Allow the film to contract to the original area. The work 
done is SAg = [a- — (da-/dT)dT]da (da < 0 ). 

(4) Raise the temperature of the film to T. 

The cycle is now complete ; the total work done 

= (SA) = 3Ajl + SAg = — (dor/dT)dTda. 

If Zft = heat absorbed per unit increase of surface at constant tem- 
perature = latent heat of extension, then (46) gives : 

~ T(do-/dT) (292) 

which is analogous to (47) and is due to Lord Kelvin. ^ 

In all cases (for a pure liquid or a solution) cr decreases with rise of 
temperature, approximately linearly : 

0-9 = <ro(l - 70) (293) 

The coefficient 7 is approximately equal to the rate of decrease 
of density with the temperature ® : 

Po = Poil-y0) ...... (294) 

(292) shows that a surface film absorbs heat on extension. In the case 
of water at room temperature dajd^ == — 1/7 approx., — T . <Z<r/cfT = 290/7 
= 41 = <r/2 approx, (tr for water = 76) ; the latent heat of extension in this 
case is equal to about half the work spent in producing the extension. 

1 Jones and Partington, C, 8,, 1916, 107f 1019 ; Frenndlioh, “ Kapillarohemio,*’ 
2nd ed., 1922, pp. 440 ff. 

2 P. R. 8,, 1868, 9, 266 ; P. M., 1859, 17, 61. 

3 A more accurate relation in the neighbourhood of the critical point To is given 
by van der Waals : 

<r= A(1 -T/Tc)S (293») 

where A is a constant independent of temperature. At T « To both <r and 
d<r/dT are zero, in agreement with experiment. Instead of 3/2, the exponent 
1*23 gives better results. 4 

MacLeod (P. 8„ 1923, 19, 38) uses the equation <r/(p^ — p„) «- const,, where 
pZ and pf) are the densities of the liquid and vapour. Ferguson (P. 8,, 1923, 19, 
407) has proposed an equation of which MacLeod’s is a special case. 

According to Ferguson (P. M„ 1916, 81, 37), the power law <r w <ro(l — W)* 
where b is approximately l/Se, is usually quite satisfactory. Gf. B. Swinne, Z, p 
a, 1912, 79, 461. 
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The intrinsic energy per unit surface, is given by equation 
(201): 

= <r - T . dirldl (296) 

in which <r has the significance of a free energy per imit surface.' 

The molar free surface energy is the surface energy associated 
with 1 mol (M gm.) of liquid in the form of a sphere : 

F„= 4-8360- (Mu)» (296) 

where v is the specific volume. It was found by Ramsay and 
Shields 2 that the dependence on temperature is given by : 

o-(Mv)t = Z: (To - T - r) (297) 

where r is a small correction (c. 6°) which must be subtracted from 
Tc in order that the o-, T curve shall remain a straight line to the 
point of intersection with the T axis. 

Richards and Matthews* give the following relation between ijj, the 
isothermal compressibility, and o- for a liquid : = const. = 0-00263 

for pressures between 100 and 600 atm. Tyrer * finds that, to 1 atm. = 

Hi X const. ; the “ constant ” varies from 1-026 X 10"* to 1-62 x 10~*. 
Amagat* has deduced the equation 

The value of It in (297), which should be independent of the 
nature of the liquid, is obtained from the equation : 

i = {(ri(Mvi)* - (ra(Mva)*}/(T2 - Ti) . . (298) 
where o-j, Vy, and o-j, Vg values at Tj and Tg 

respectively. 

For a large number of non-associated liquids of not too high 

1 Bennett and Mitchell, Z, p, C., 1913, 84* 475. Whittaker (P, P. P., 1908, 
81 > 21) suggests that Ua » jTLi, where Li is the internal latent heat (see { 40), 
M » moL wt. 

Klee man (P. 3f., 1909, 18 » 39) suggests that K ■■ 0*667 Kleeman 

(P. M,, 1909, 18f 491, 901) finds that at corresponding states the values of Ual^r, 
the ratio of surface tensions of different liquids, LjM^P^/<r, L^^M^/P^, and L^P/Pct 
are constant. 

Hammiok (P. if., 1921, 4 I 9 21 ; t&tU, 1919, 88» 240) deduces I/17 ^ ip 

{vi mm compressibility) if a in van der Waals’ equation is independent of volume. 

If a depends on volume : 1 /t; — ^ L^. 

2 P. T., 1893, 184 , 647. ^ 

2 Z. p. 0., 1908, 61 , 449. 

4 Z. p. a, 1914, 87 , 182. 

6 A. 0. P., 1877, 11 , 620. 
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molecular weight k has the value 2*12. Liquids known to be 
associated (e.g., alcohols, water, acids) give smaller values of k, 
variable with temperature, and this is assumed to mean that the 
normal value of M, taken in (298), is too small.^ Fused salts give 
a very small value of k (0*6), practically independent of tempera- 
ture. With substances of high molecular weight {e.g., fats such 
as tristearin), k may reach the value 6.® 

The heat absorbed when 1 gm. of a liquid of density p is trans- 
ferred from a drop of radius r to a plane surface is readily shown 
from [289] to be 

w 

106. Adsorption. — When two homogeneous masses are in 
contact at a surface of separation there is usually a change in con- 
centration from that in the bulk of the phase to a different value at 
the interface. Gases tend to adhere to solid surfaces {e,g., 
ammonia gas to charcoal), and dissolved substances tend to 
accumulate from solutions at such interfaces (cf . the decolorising 
action of animal charcoal). This is a result of the tendency of the 
free surface energy to become as small as possible ; where this 
depends on the concentration, such a change of concentration will 
occur at the interface as will reduce the interfacial surface 
energy. 

A change of concentration at an interface is known as adsorption ; 
it is positive when the solute increases in concentration at the 
interface, and negative when it decreases. Both cases are 
observed.^ 

107. Gibbs’s Adsorption Equation. — Suppose we have a solution 
separated from another phase with which it does not mix. Let the 
free surface energy per unit surface = or. Let n, be the difference 
between the concentration at the surface and that in the interior of 

1 Ramsay, P. B. 8,, 1894, 56 , 171 ; Ramsay and Aston, Z, p, 0., 1894, 16 , 98 ; 
Guye and Baud, ibid,, 1903, 42, 379 ; Gninmaoh, A, P„ 1904, 15 , 401 ; Bolle and 
Guye, J. 0, P„ 1906, 8 , 38 ; Brandt, A, P., 1903, 10 , 783 ; Nernst, “ Lehrbuch,” 
8~10 Aufl., 316 ; J. L. R. Morgan, /. A, C, 8„ 1909, 81 , 309 ; 1911, 88 , 643 ; 
Morgan and Gann, ibid,, p. 1060. Morgan puts <r (Mv)^ » A + B< + G^, where 
B - 2G {tc ~ 6). See also D. Tyrer, Z. p. C„ 1912, 80 , 60 ; J. P, C„ 1916, 19 , 
81 ; Walden and Swinne, Z. p, 0„ 1912, 79 , 700 ; 1913, 82 , 271 ; P. Bogdan, 
ibid,, 1913, 82 , 93. 

2 Freundlioh, “ Kapillarohemie,** pp. 46 ft , ; van der Waals, Z, p, C„ 1894, 
18, 667 ; also van der Waals, “ Thermodynamik,** I., 218 ff. ; Prud’homme, 
J. C, P., 1916, 14, 286 ; Mathews, J, P. C„ 1916, 20, 664 ; Jaeger and Kahn, 
A. A„ 1916, 18, 617 ; Z, an, 0„ 1917, 101, 1. 

* Of. (negative adsorption) A. M. Williams, if. K, N,, 1013, No. 27 ; P. 8„ 
1914, 10 , 166, 166 ; Freundlioh, “ Kapillarchemie.*’ 
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the solution. Then for an infinitesimal increase in the area of the 
surface we have the relation (§ 90) : 

(iz = <r . (Za + /X . 

where n is the chemical potential of the solute ; dz is the increase 
of thermodynamic potential and must be a perfect difierential. 
Hence {do'ldnt)^ — (d/x/da)„,. 

In (29) (cf. H. M., § 66) : 

{dpldv)0 . {ddldp)v = — {d9ldv)p 

which is a general relation between the three variables p, v, d, 
we can let p = fx,v = a and 6 = n,\ 

{dixlda)n,{dn,fdp)^ = - {dn,lda)^. 

Substitute for {dfilda)„^ the expression found above : 

(d<rldn,)^{dntldix)a = idfilda)n,{dn,/dfj.)^ 

or (d<r/d/x)a = — {dn,lda)y, (300) 

But, from [269] p. = RT In c + G(T), or d/Z = RT . dcjc 

m (i)„= - (t), = - 

where F is the adsorption excess at unit surface, and n, is the 
adsorption excess, both in w^ols. 

Equation (300) was deduced by Gibbs in 1874.^ It indicates 
that a substance will tend to he adsorbed at an interface when it lowers 
the interfacial tension {dcr/dc << 0). 

The equation has been tested in the case of an airlsolution interface by 
Dorman and Barker * (1911), who passed bubbles of air through a tube con- 
taining aqueous solutions of nonylio acid or saponine. Each bubble carried 
with it a very slight alteration of concentration, and after a time the concen- 
trations at the top and bottom of the tube were different, r (nonylic acid) 
= 10"^gm./cm®. (agrees with calculated), r (saponine) = 4 x 10“’gm./cm*. 
(twice as great as calculated). Other experimenters obtained abnormal 
results. 

Adsorption is usually represented by an empirical equation at a 
given temperature. Let m = mass of adsorbent (e.gr., charcoal), x = 
amount of substance adsorbed when equilibrium is attained, and c 
=± concentration of the solution, then : 

xjm = ac^l^ (302) 

1 “ Scientif. Papers,’* I., 236 ; see also Milner, P. M„ 1907, 18, 96 ; W. 0. M. 
Lewis, P. M.p 1908, 16, 499 ; 1909, 17, 466 ; Z. p. C., 1910, 78, 129 ; Pollnyi, 
Z. p. 0., 1914, 88, 622 ; Porter, P. 5., 1916, 11, 61. 

2 P. P. P., 1911, 85A, 667 ; also Patrick, Z. p. C., 1914, 86, 646. 
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where a, n are constants.^ The values of Ijn vary only from 0*1 
to 0*6 for dissolved substances (0-1 to 0*8 for gases), but a depends 
largely on the nature of the substances and adsorbent ; on char- 
coal, a = 2-6 for acetic acid, and 23*1 for bromine, in water. The 
following results were obtained with acetic acid in aqueous 
solution, and blood charcoal, at 25® C. (a = 2*606 ; 1/n == 0*4:26.) 


c mol./lit. 

xjm millimols per gm. 
charcoal (obs.). 

xjm calcd. by (302). 

0*0181 

0*467 

0*474 

0*0616 

0*801 

0*798 

0*2677 

1*65 

1*49 

0*8817 

2*48 

2*47 

2*785 

3*76 

4*01 


io8. Effect of Electrification. 

When a spherical drop of water carries an electric charge (e.gr., drops 
composing a thundercloud) this resides in the surface, and a charge of 
surface density k causes a hydrostatic tension 2irk^ to be exerted on every 
unit of surface, acting along the outward normal, and so tending to explode 
the drop. 2 By (286) this will cause a diminution of vapour pressure of : 

p — p' = Stt . v/V = — 2vkHIY . . . . (303) 

The effect is very small, since the greatest tension which can exist on an 
isolated conductor in air under atmospheric pressure is equal to a pressure 
of about 0*3 mm. of mercury, corresponding to a lowering of vapour pressure, 
in the case of water, of about 10”® mm. of mercury. 

The increase of vapour pressure, due to the influence of surface. tension 
will, of course, be superposed on the effect due to the electrification of the 
drop.® 

EXAMPLES XV. 

1. Calculate the latent heat of extension of films of the following liquids at 
the given temperatures, dcr/dT being the decrease of surface tension in ergs 
per cm®. (Harlans and Roberts) ; 

CCI4, d(r/dT = 0103 at 140^^ C. CeH.a, der/dT = 0*088 at 260® C. 
EtaO, d(r/dT = 0112 at 40® C. Na, da/dT = 0*220 at ~ 193® C. 

C4H4, d(r/dT = 0*100 at 190® C. Og, d(r/dT = 0*260 at - 196® 0. 

2. The following figures give the surface tensions in dynes/cm. of different 
liquids at the given temperatures : 

CCL, (T = 12*22 at 140® C. C4H.CI, (r = 7*14 at 260® C. 

EtgO, (f = 14*06 at 40® C. Ng, c* = 8*27 at - 193® 0. 

CgHe, <r = 19*16 at 190® C. Og, a == 16*26 at - 196® 0. 

Calculate, with the data in question 1, the intrinsic energy per unit surface 
in each case. 

1 Further particulars of the subjects of this section will be found in Freund- 
lioh’s excellent treatise, “ Kapillarchemie,” 2nd edit., Leipzig, 1922 ; see also 
Firth, F. S., 1921, 10, 434 ; C. 8., 1921, 119, 926, and other papers. 

On effect of temperature on adsorption : J^undlioh, ibid,, pp. 166 ff., 180 (heat 
of adsorption) ; Williams, F. S„ 1914, 10,* 167. 

2 Cf. J. J. Thomson, “ Elements of Electricity and Magnetism,” 1904, § 37. 

5 See Blondlot, J. P., 1884, [ii.], 8, 442 ; Gouy, 0. P., 1909, 149, 822. For the 
effect of magnetic field on solutions, see Duhem, Ann. Ecole normaU Super,, 
1890 [iii.], 7, 289; also Koenmsberger, A. P., 1898, 66, 698. For the effect of 
gravity on the concentration of a solution, see Vegard, P, M,, 1907, 18, 689, and 
Lippmann, 0, P., 1911, 168, 239. 
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3. According to J. L. R. Morgan the molecular surface energy of ethyl 
alcohol is given by the expression 

y (Mv)2/8 = 347-26 - 0-8772 1 - 0 002377 t* 

t being in ®C. Calculate the degree of association between the temperatures 
0® and 20® C. (take the constant for non -associated liquids as 2 - 12 ). 

4. The surface tension of PCI 3 is 28-71 dynes at 16-4° C. and 24-91 dynes 
at 46-2® 0. The density of the liquid at these temperatures is 1*682 and 

1- 627. Is PCI3 associated over this range of temperature ? 

6 . The surface tension of liquid hydrogen iodide is given, according to 
McIntosh and Steele (1909), by 29-06 (1 — 0 00266T)/0-402961. Calculate 
the Ramsay and Shield’s constant for this liq^uid over the range — 48® C. 
to — 37® C., given that the density is related to the temperature by the 
expression d^ = 2*799 [1 + 0-0043 (237-4 — T) ]. 

6 . The surface tension of is given by the relation <r = 42-00 
(1 —0-00381 t), where t is the temperature C. Is licpiid Brg associated 
over the range 0® C. — 100® C ? (Take the Ramsay and Shield’s constant as 

2 - 12 . The specific volume of Brj, according to Thorpe, is given by the 
equation v/v^ = 1 + 0-00106218 1 + 0 - 05187 1 * — O-O 33 O 86 1 *, which holds 
between 0® and the B.P., 63® C.) 

7. The following figures were found by King and Wampler (1922) when 
studying the adsorption of aqueous ester solutions [Temp. = 20® C.]. 



Diethyl Tartrate. 

Diethyl Malonaie. 

Diethyl Succinate. 

Cone, in mola per 
1000 g. H£0 q- 

j 

dynes/cm. 

Cone, in mols per 

1000 g. H 2 O. <r 

dynes/cm. 

Cone, in mols per 

1000 g. H 2 O. <r dynes/cm. 

(a) 

0-673068 

48-890 

0-1344000 

43-686 

0-1126360 

43-169 

(6) 

0-340060 

63-120 

0-0677000 

61-116 

0-0662670 

61-480 

(c) 

0-170030 

67-236 

0-0338600 

66-706 

0-0281340 

66-816 

id) 

0086010 

60-860 

0-0169200 

61-260 

0-0140670 

60-283 

(e) 

0-042600 

63-970 

0-0084600 

64-826 

0-0070334 

63-940 

{/) 

0-021260 

66-720 

0-0042300 

67-700 

0-0036167 

66-760 

(9) 

0010626 

68-662 

0-0021160 

69-760 

0*0017683 

68-932 

(A) 

0-006312 

70-160 

0-0010570 

70-966 

0-0008791 

70-463 

(A) 

0-002666 

71-176 

0-0006276 

71-710 

0-0004396 

71-416 

(1) 

0-001328 

71-880 

0-0002637 

72-116 

0-0002197 

71-870 

Pure water 

72-6 

Pure water 

72-6 

Pure water 

72-6 


Calculate r for each concentration, using Gibbs's adsorption equation. 
It is an instructive exercise to plot log (cone.) against o-. 

8. The following figures relate to the adsorption of Z-leuoine by animal 
charcoal ; a is the percentage concentration of the leucine in the solution, 
X is the percentage amoimt adsorbed. 

X = 0-698, 0-401, 0-366, 0-237, 0-141, 0-107 
a «= 1-860, 0-926, 0-696, 0-463, 0-2786, 0-221. 

Plot the adsorption isotherm (t.c.,plot x against (a — x ) ). Also plot log x 
against log (a— x); this graph (allowing for experimental errors in a and x) 
is a straight line which changes its slope at about log (a — x) » 3. Calculate 
the constants in the adsorption isotherm x k (a x)^!^ for each half of this 
graph. 
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9. The adsorption of glycyl Meucine by animal charcoal from solution is 
given by the following figures ; 

a = percentage concentration of the acid. 

X = percentage amount adsorbed. 
a = 1*91, 1-0, 0-955, 0-477, 0-400, 0*318. 
a; = 0-744, 0-488, 0-496, 0-286, 0-235, 0-198. 

Plot the curve and find the constants in the adsorption isotherm, using the 
method outlined in the question above. 

10. The vapour pressure of ether at 0® C. is 184-9 mm. Find the vapour 
pressure when the pressure on the liquid is 100 atm. The specific volumes 
of the liquid and vapour are 1-358 c.c. and 1209 c.c. 

11. The specific volume of ice at 0® is 1-092. Show that the vapour 
pressure increases by pressure to the extent of 0*088 % per atm. 

12. If Po, Pi are the vapour pressures of a liquid exposed to the action of 
gravity at heights hi in the column, show that Po — Pi = g{hi — Ao)/F, 
where g = acceleration of gravity and V =* specific volume of vapour. 



CHAPTER XVI 


Electrochemistry 

109 . Single Electrode Potential. — A metal immersed in a 
solution of its ions tends to pass into solution as charged ions, 
leaving the metal negatively charged {e.g., Zn in ZnSO^, Aq), or 
ions tend to deposit from the solution giving the metal a positive 
charge {e.g., Cu in CuS 04 ,Aq) : 

Zn = Zn++ + 20 ; Cu++ = Cu + 2 ©. 

The charged free ions will move up to the oppositely charged 
metal surface, and an electrical double layer will be produced. 

Consider a small charge Se transported from metal to solution, 
in the form of Be/yF mols of ions {y = valency of the ion ; F = 
1 faraday = 96,500 coulombs). The free energy of the metal 
decreases by f^Be/yF, where /q is the free energy of the metal per 
mol ; whilst the free energy of the solution increases by {BejyF ) . 
dfjdn, where dfjdn is the increase in free energy of the solution 
when 1 mol of ion is added, i.e., the chemical potential of the 
ion, jl (§ 90). The total diminution of free energy of the system is : 

(Be/yF) (/o - dfidn) = {BejyF) {/„ - fi). 

This is equal to the electrical work done, E 8 e, where E is the poten- 
tial difference in the double layer, or the single electrode potential^ 
hence, generally : 

EBe + {BejyF) (/„ - /i) = 0 

-E = {f,-fi)jyF (304) 

For a dilute solution [269] gives : 

E = ( - /o + Mo + = ( - /o + + RT/yf.ln c 

E = Eo + RT/»F . In c [305] 

where Eq = ( — /q + jxf^jyF = — RT In OjyF, say, is the value of E 
when the solution contains 1 mol of ions per litre (c = 1 In c = 0 ), 
and is called the electro-affinity. The sign of the electrode poten- 
tial is taken as the sign of the charge on the metal (or other) 
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electrode, the potential of the normal hydrogen electrode being 


taken as zero.^ 

Electro- Affinities (in volts).® 

Li’ 

- 3 022 

(H2)H'+ 0-000 

Rb‘ 

- 2-922 

Cu” + 0-34 

K- 

- 2-920 

Hg,” + 0-799 

Na* 

- 2-710 

Ag’ + 0-800 

Mg- 

- 1-66 

02+2H20-4F=40H' +0-397 

Zn" 

- 0-768 

r + 0-64 

Fe- 

-0-42 

Br' + 1-066 

cd- 

-0-40 

2 H 2 O — 0, + 4H* + 1-23 

Sn” 

Pb” 

-0-14 

-013 

Cl' + 1-36 


Electrode potentials are usually determined in molar aaU 
solutions, but as these are generally 80 per cent, ionised, the ion 
concentration is 0'8 molar, and the correction to 1-0 molar is only 
0'006 volt.® 

1 10 . Alternative Deduction of the Electrode Potential Equation. 

The following deduction is based on the discussion of Nernst.* It is 
assumed that a metal in a liquid tends to throw off ions in virtue of a solution 
pressure^ P. The ions in the liquid, on the other hand, tend to redeposit on 
the metal, in virtue of their osmotic pressure^ p. At a certain concentration 
of the ions, C, the osmotic pressure balances the solution pressure, and there 
is equilibrium. The charge acquired by the metal will depend on the 
relative values of P and p. When P > p, ions will be thrown off, and the 
metal will acquire a negative charge. When P < p, ions will deposit, and the 
metal will acquire a positive charge. Let us consider the second case in 
detail. 

When the metal is immersed in a solution of concentration c > C of its ions, 
the latter will be driven out of solution on to the metal, and will give the 
latter a positive charge, setting up a potential difference between the metal 
and solution, the magnitude of which is, say, E. 

Now, suppose a small mass of metal passes into solution as ions. This 
will cause a small charge + de to pass from the metal to the solution. Sinee 
the metal is charged positively and the solution negatively, the motion of 
these ions does work Ejc. 

Owing to the small solution pressure in the case considered, the metal ions 
in the solution in equilibrium with the metal surface will be at a smaller 
concentration, C, than the concentration c in the bulk of the solution. The 

1 The temperature of the hydrogen electrode is taken as 18^ C. Effect of pressure 

RT p 

of the hydrogen is given by aE « ^ In p, giving (at c. 760 mm.) 0-00001748 

volt/mm. (obs. 0 00001761, Aoree and Loomis, J. A, C, S„ 1916, 88f 2391). 

2 Maodougall, “Thermodynamics and Chemistry ’* (New York, 1921), p. 326; 
Lewis and Randall, “ Thermodynamics,** 1923, p. 433. 

6 Of. F. Foerster, “ Elektrochemie wasseriger Lbsungen,** 3rd edit., 1922 ; 
Lehfeldt, ** Electrochemistry,** 2nd edit., 1908 ; Jahn, ** Elektrochemie.'* 

4 Z. p. C., 1889, 4 , 129. 
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value of C will, since there is equilibrium, be given by P = CRT, where P is 
the solution pressure. 

During the small change, the ions are transferred from a lower to a higher 
concentration, and work is therefore done against the osmotic forces. The 
small change is isothermal and reversible, hence by (187) the total work 
vanishes. 

The osmotic work per mol is given (§ 90), since the ions are transferred 
from a solution of concentration 0 to one of concentration c, by : 

— RT . In c (final cono.)/C (initial cone.). 

Thus, if 3n mols are transferred : 

E . + 5n. RT In ~ = 0. 


Thus, since Je = 5n . yF, where F is the charge per gm. equiv., and y is the 
valency of the ion ; 

E = -5^ ln-= [306] 

yF c yF p ^ 


In this formula the value of E must be in joules/l° = 8’316, when 
E is in volts and F in coulombs : 1 volt x 1 coulomb — 1 joule. 
We also change from In to log, by dividing by 0*4343, and find : 


p _ 8*316 X T j P _ 0*0002T 

^ ~ 0*4343 X 96,500 p~ y 

„ 0-0002T, 

y c 

If we put c = 1, we find : 

^ 0*0002T , _ 

Eo= * . * 


log-1 


[306a] 


[306b] 


which is the electro-affinity, and is characteristic of each metal, 
since P, which corresponds with C, is the solution pressure. Thus : 


„ „ , 0 0002T, ^ 

E = Eo H log c 


[306c] 


which enables us to calculate the electrode potential for any con- 
centration from the value of the electro-affinity Eq given in the 
table in § 109. 

If Ej and E, are the electrode potentials of two metals (or other 
ionising conductors) in solutions of their ions, the E.M.F. of the 
cell formed when the solutions are put in conducting contact is E^ 
— E„ provided contact potential difierences between the solu- 
tions are eliminated. 

The values of the electro-affinities given in the table are calcu- 
lated with reference to the normal hydrogen electrode. The 


1 More oorreotly, 0*0001984 instead of 0*0002. 
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absolute electrode potential, i.e., the difference of potential 
between electrode and solution, is found by adding the abso- 
lute potential of the hydrogen electrode, 0*274 volt, to these 
values. 

The solution pressure is calculated from the electrode potential 
as follows. In the case of zinc, Eq = — 0*76 volt, hence the 
absolute potential is — 0*76 + 0-274 = — 0-486 volt. If P is the 
solution pressure : 


- 0-486 


0 0002T , 
-Y-log 


P atm. 
22-4 atm. 


hence P = 1-3 x 10^® atm. (The exponent is positive, since a 
solution pressxrre greater than P will make E negative, by conven- 
tion.) Such large values are probably meaningless.^ 

III. Heat of Ionisation. — The heat evolved when 1 electro- 
chemical equivalent of a metal- is converted into its ions at a 
reversible electrode is called the heat of ionisation, q. 

Ostwald assumes that the Gibbs-Helmholtz equation (221) 
applies to each electrode separately, and hence, per electro- 
chemical equivalent : 

E = j -}- TdE/dT ..... (221a) 
Bouty has made measurements with cells of the type : 

Cu/CuS04Aq . cold/CuSO^Aq . hot/Cu, 

and the E.M.F. then gives dE/dl directly. This was compared 
with the heat evolved at the electrode, the latter being composed 
of a thermometer coated with copper by electrolysis. If q' is the 
reversible heat effect at such an electrode : q' (absorbed) = E — j 
= TdE/dT. 

The directly observed value of the heat absorbed by a copper 
electrode in copper nitrate solution per second was 0-608 ergs ; 
the value calculated from dE/dT was 0-528 ergs. The value of 
dE/dT was the same in copper sulphate as in copper acetate 
solution, showing that the effect is independent of the 
anion. 

The heat absorbed when 1 coulomb crosses the boimdary be- 
tween metal and solution is E — j. From (221a) we find, per mol 
of ion produced : Q = yF(E — TdE/dT). In the case of copper : 
y = 2 ; E = 0-34 -1- 0-274 = 0-61 volt ; T . dE/dT = 0-22 volt/l“ 
(obsd., T = 290° K.), hence, since 2F = 2 X 96,500 coulombs. 


1 Of. Lehfeldt, P. M„ 1901, 1, 877. 
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and since volt x coulomb = 0'239 cal., Q = 18,000 cal. This 
is the heat of ionisation (evolved) : Cu = Cu" + 18,000 cal. 

In a similar way the value : Zm = Zn" + 33,680 cal. was found. 
Now consider the reactions : 

Zn + 2H‘ + 2C1' = Zn" + + 2C1' + 34,200 cal. 

Zn = Zn” + 33,680 cal. 

By subtraction we find = 2H' — 620 cal. 

This value is very small, and may usually be neglected : the 
heat of ionisation of hydrogen is prac- 
tically zero. Thus, the heat of ionisa- 
tion of a metal is practically equal 
to its heat of solution in a strong 
(highly ionised) acid with evolution of 
hydrogen.^ 

The above considerations show that 
the heat of precipitation of one metal 
from a solution of a salt by means of 
another metal should be independent 
of the anion. This result was found 
experimentally by Andrews in 1844.® 

1 12 . Concentration Cells. — A con- 
centration cell is usually formed of two identical electrodes in two 
solutions of different concentrations, e.g. : 

Ag/AgNOg sol. cone. Cj/AgNOg sol. cone. Cg/Ag. 

The source of the E.M.F. is then to be sought in the tendency of 
the dissolved substance to equalise its concentration. When the 
solutions are dilute there is no heat of dilution, and as there is no 
heat of reaction, q — 0 in (221a), hence dE/E = dT/T, i.e., the 
E.M.F. is proportional to the absolute temperature. 

Consider the above case in detail. Silver dissolves in the dilute 
solution, where the osmotic pressure opposing the solution pressure 
is smaller, and is deposited from the concentrated solution. The 
current is transported through the liquids by both ions, Ag' and 
NOg', and the scheme in Fig. 41 and the table below shows that the 
nett result of the passage of IF is the transport of n mols of AgNOg 
from the strong to the weak solution, where n is the transport 
number of the anion (NOg'). 

1 On the subject of heats of ionisation, see Ostwald, ** Lehrbuoh,” II., i., 949 
Herzfeld, 4. P., 1918, 66, 133. On the thermodynamics of the Volta, Thermo- 
electric and Thermionic effects, see Bridgman, P, B., 1919, 14, 306. 

2 ** Soientifio Papers,*’ 1889, p. 180. 
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Vbssei, a . — Weak Solution, 
Gains 1 equiv. Ag by dissolution 
from the electrode. 

Loses 1 — n equiv. Ag by migra- 
tion. 

Gains n equiv. NOj by migration. 
Nett gain = n equiv. AgNOj. 


Vessel B . — Strong Solution. 
Gains 1 — » equiv. Ag by migra- 
tion. 

Loses 1 equiv. Ag by deposition. 
Loses n equiv. NO, by migration. 
Nett loss = n equiv. AgNOj. 


The osmotic work of transferring n mols of salt from the con- 
centration Cl (strong solution) to the concentration (weak solu- 
tion) is 2«RT In since two ions are formed from 1 mol of salt. 

Thus EF = 2 wRT In {cjc^, or : 


E = 


2 wRT 

'~¥~ 



[307] 


If the ion concentrations are in the ratio of 1 : 10, then, since 
n = 0-628 for AgNOg, E = 2 X 0-628 X 0-068 X log 10 = 0-061 
volt at 18°. This equation also .applies in non-aqueous solvents.^ 
1 13 . General Equation for the E.M.F. of a Reversible Cell. — 
The affinity of a reaction : 

WjAj -|- TtgAg -|“ . . = Wj Aj Wg Ag -f- . . . 

is given by equation [240] : 

Ax' = RT In K — RTS«i In Ci 


where is a free concentration, as explained in § 83, and K is the 
equilibrium constant : 


,ni' ,n 2 ' 


• - /«: 


«1 . »2 


But if a cell is reversible, and the reaction takes place in it so as 
to yield current, then : 

Ax' = yEii’ (308) 


where y denotes the number of F'a transported through the cell 
when the reaction occurs. Thus, since the value of Ax' is indepen- 
dent of the process : 


E = A,.M= «TtoK-R Tj;n,l nC . 


T 

00002T 


, KC,“i CL“2 . . , 

log V- /S < — volts 


[309] 


y - Cg'“x' C/"2; . . 

which is the most general formula for the E.M.F. of a reversible 


1 Cf. Lapworth and Partington, 0. S., 1911, 09, 1417 } Partington and Grant. 
F. 8„ 1923, 19, 414. 
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cell, on the assumption of the gas laws. By making use of equa- 
tion (304) this last restriction may be removed. 

As an example of the application of the formula consider the calculation 
of the potential of an oxidation or reduction electrode. The equations ; 

Fe*’ + © ~>Fe*'* 2C1' + 2 © -> Clg 

Cu* + © Cu- • FeCye"" + © -> FeCy^"' 
show that, in reactions involving ions, oxidation is equivalent to increase in 

S ositive charge, or decrease in negative charge, and reduction is equivalent to 
ecrease in positive charge, or increase in negative charge. 

Consider the oxidising power of the chromic acid electrode. The reaction 
is : 

CrO/' + 8 = Cr V + + 3©. 

Here y = 8 — 2 — 3 = +3, and [HjO] is constant ^ 

. ^ _ 0 0002T K[CrO/'] x [H ]« 

. . J!. g log f ] X [H 2 O J* 

_ 0-0002T , K'[CrO/] x [H’]® 

—3 log 

In reality this electrode is not reversible. 

The reducing power of hydroquinone is represented by * : 

OeH^COH)^ = CeH^Oj (quinone) + 2H* - 2© 

^ _ 0-0002T K[CeH 4 (OH) 2 ] 

2 [C.H^Oj] X - 

Changes of free energy determined by electrode potential 
measurements are, of course, additive in the same sense as intrinsic 
energy changes according to Hess’s law. 

Luther’s Rule. — An important relation between the electro- 
affinities of a material with several stages of oxidation was deduced 
by Luther.® Let the lowest, intermediate, and highest stages of 
oxidation be denoted by I, m, h, then : 

A¥(l-^h) = AF{i->m) + AF(m->A), 
the free energy change for 1 mol from the lowest to the highest 
stage of oxidation being independent of the path, and therefore 
equal to the sum of the two changes vid the intermediate stage. If 
a, b, are the valencies of the two ions, and E°(Z — >■ h), E°(Z — >• m), 
E°(m — >■ h) are the electro-affinities : AF(Z — > m) = aFE°(Z — > w), 
and two corresponding equations 

/. E‘’(Z -> A) = [aE°(Z m) -1- (6 - o) W{m -> A)]/6 . (310) 
When the three forms are in equilibrium : 

E(Z->A) = E(Z->-m) = E(m-^A) . . . (311) 

1 Concentrations are expressed by the symbols in square brackets. 

2 Granger and Nelson, «/. A. 0. A, 1921, 48> 1401 ; Conant and Fieser, ibid,, 
1922, 4^4382, 2480 ; La Mer and Baker, ibid,, 1922, 44, 1954. 

• Luther and Wilson, Z, p, 0,^ 1000, 488 ; Luther, ibid,^ 1901, 385. 
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114 . The Oxy-hydrogen Cell. — ^An important cell is that formed 
of the hydrogen and oxygen electrodes. The maximum work of 
the reaction : 

2 H 2 + 02 = 2H20(liq.) 

is (omitting external work, which is not electro-motively active) : 
Ai' = RTln K' — RT^Wiln^i from (245a), 

hence : 

•prp 

E = ^ln(K>2^,poa/yV) 


where K' = (p%o)/^*H 2 '”’ 02 ; and are the pressures 
of the free gases ; tthj and 1702 (extremely small) partial 

pressures of hydrogen and oxygen in equilibrium with water 
vapour at the temperature of the cell. If we assume that the pres- 
sures of the free Hg and O 2 are equal to 1 atm., we find : 




[312] 


4 “ TT^Hg •^Og 

an equation deduced by Nernst and Wartenberg in 1906.*^ 

The values of tthj and irog can be calculated from a formula 
derived from direct measurements of the dissociation of steam at 
high temperatures (see § 88 ) by extrapolation. At 17° C.- = 
290° abs. we find from this formula that 0466 X 10 per cent, of 
the steam is dissociated at 1 atm. pressure. The vapour pressure 

p 3 ? 


of water at 17° C. is 0-0191 atm., and since K' = 


RT 2 


when X, 


the extent of dissociation, is small, it follows that x is inversely 
proportional to IJ'p. Thus, under its own vapour pressure, water 
vapour is dissociated at 17° C. to the extent of 0-466 X 10 - **/ 
V^O-0191 = 1-75 X 10“*® per cent. Thus WHg = 0-0191 X 1*75 X 
10 - 2 ® atm., and iroj = 0-5 X 0-0191 X 1-75 X 10 - *® atm. The 
substitution of these values in [312] gives E = 1-233 volt. 

This value is at least 0-1 volt higher than the measured value of 
the E.M.F. of the cell. The discrepancy has been traced to the 
fact that the oxygen electrode is not reversible, and the true E.M.F. 
of the cell has been determined indirectly in the following way. 

G. N. Lewis ^ measured the E.M.F. of the cell : Ag/AggO in 
alkali soln./Hg, and from the extrapolated dissociation pressure 
curve of AggO calculated the partial pressure of Og over AggO 


1 Z. p. 0., 1906, 56, 634. 
Z Z. p. C., 1906, 66, 449. 
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at the temperature of the experiment. From the E.M.F. he 
was then able to calculate the value of the E.M.F. when the par- 
tial pressure of the oxygen was 1 atm., and foimd 1-217 at 26° C. 
The corresponding value from Nernst and Wartenberg’s results 
would be at 26° C. 1*226 volts, since these observers calculated 
the change of E.M.F. with temperature according to the formula 
E = 1*232 — 0*00086 (t° C. — 17). Bronsted ^ used the cell : 
Hg/HgO in alkali soln./Hg, and by using the dissociation pressure 
results of Pelabon at higher temperatures and extrapolating, 
found 1*227 volt at 26° C. 

The slight discrepancy between Lewis’s values and the others 
was cleared up by Rordam (1921),* who found that there are two 
forms of silver oxide, and the dissociation pressure meastirements 
of Lewis were made on one form, stable at higher temperatures, 
whilst the E.M.F. measurements were made with the other form, 
stable at lower temperatures. The correction brings Lewis’s 
results into absolute agreement with those of Bronsted and of 
Nernst and Wartenberg.® 

The Lead Accumulator . — The reaction taking place in the lead 
accumulator is : PbOg + Pb -j- 2H2SO4 ^ 2PbS04 -f- 2H2O. 
When two cells, with different concentrations of acid, are coupled 
together, the result is equivalent to the passage of 2 mols of H2SO4 
from the first to the second, and 2H2O from the second to the first, 
for each 2F transported. Let p^ be the partial pressures of 
the acid, Pj, P2 those of the water, in the two acids, then the work 
done per F transported is given by [276] : 

AE . F = RT fin In 

V Pi Pi/ 

where AE is the difference in voltage of the two cells. The 
values of P^, Pg are known, but and are too small to be 
measured directly. We therefore integrate (277) by parts : 

ln^-fa:ln^= f In^das 
p PIP 

*^o 

for the two solutions : 


In^ = 0:2 In Pg — In Pj 



1 z. p. 0., 1909 , 66 , 64 , 744 . 
i Cf. Z. p. O., 1921 , 89 , 474 . 

* Eeyei and Hur», J. A. O. 8 ., 1922 , 44 , 479 . 
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AE = ^(a:jlnPj - In P rfa: + In .[313] 

^ XI 

which was found by Dolezalek (1898) ^ to give values of AE in 
good agreement with the measured values. 


EXAMPLES XVI. 


1. The E.M.F. of the cell Ag, AgCl/KCl(n.)/HgCl, Hg is 0-04661 volt at 
24-86° C. and 0-04216 volt at 14-86° C. Calculate the heat of reaction of the 
cell (in cals. /equivalent) at 19-86° C. Calculate also the latent heat of the 
cell in joules. 

2. The temperature coefficient of the cell Pb/Pb"^ ■^/Pb(Hg), Pb, is 0-000016 
volt per 1° C. (Gerke), and its E.M.F. at 26° C. = 0 0067 volt. Calculate (i.) 
the latent heat of the cell at 26° C. ; (ii.) the heat of reaction at this tempera- 
ture ; (iii.) the change in entropy ; and (iv.) the free energy change. 

3. The diminution of thermodynamic potential in the formation of liquid 
water from its elements is 37,466 cals, at 25° C. Assuming the electrode 
potential of the H2 electrode to be zero at this temperature, and that the 
thermodynamic potential change whenl mol HgO is formed from its ions is 
19,105 cals, at 26® C., show that the electrode potential, Pt/OH702, is -f 0-397 
volt. 

4. Ogg (1898) found the E.M.F. of the cell Hg/HgaClg, n.KCl/0*ln. 
JHga(N08)a -h ri.HNOa/Hg to be 0-466 volt. What is the concentration 
of Hg" ions in saturated HgaClj solution ? 

6. The latent heat of transition of white tin into grey tin is 9,660 gm. cals. 
Calculate dE/dT for the cell; white Sn/SnCl4Sol./grey Sn at 18° 0.; the 
transition point. (N.B. At the transition temperature the two modifica- 
tions of Sn are in equilibrium, hence the electrical work done in the cell is zero. 

6. Find the E.M.F. of the cell Tl/TlI sat. 8oln./TlCl sat. soln./Tl at 25° C., 
if the concentrations of the T1 ions in the chloride and iodide solutions are 
0-01409 n. and 0-000235 n. respectively. 

Calculate also the E.M.F. of the cell Pt/Ig sat. soln. in 0-1 n.KI/TlI sat. 
+ 12/Pt at 26° C., given that the concentration of the iodide ion in 0*1 n.KI 
soln. saturated with 1 2 is 0*04267 n. 

7. Assuming the data in question 6, and given that the E.M.F. of the cell 
Tl/sat. TlCl soln./O’l n.KCl + Hg2Cl2/Hg is 0*7816 volt and that of the 
cell Hg/Hg2Cl2 -+-0*1 n.KCl/0*l n.KI -+- sat. 12/Pt is 0*2835 volt (both at 
26° C.), find the free energy of the reaction T1 (solid) -f 4X2 (solid) = Til solid. 

8. The Clark cell at 18° C. has an E.M.F. of 1-4291 volts ; this falls off with 
the temperature at the rate of 0*0012345 volts per 1° C. Calculate the latent 
heat of the cell together with the thermodynamic potential change ; thence 
find the heat of the reaction Zn + HgaS04 = 2Hg -f- ZnS04.* 

9. The E.M.F. of the cell Cu/Cu(N08)a soln. hot/Cu(N08)2 soln. cold/Cu 
shows that dE/dT for this cell is 0-00072 at 291° K. Show that the positive 
pole of the Daniell cell cools during action. 

10. Calculate the heat of ionisation of zinc given that dE/dT at 18° C. of the 
cell Zn/hot Zn" soln. /cold Zn*' sol./Zn is 0-0007. 


1 A, P., 1898, 65, 894 ; Z. p. 1898, 26, 321 ; Whetham, “ Theory of Solu- 
tion,’* 1902, p. 266 ; of. R. Thibaut, Z, E., 1913, 19, 881 ; F6ry, J, P., 1916, 6, 
21, 187. 

2 For the disorepanoy between this value and the value calculated by thermal 
methods, 233,000 joules, see Lehfeldt, **£ieotro-ohemistry,” London, 190^ 
p. 187. 
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11 . Calculate the heat of ionisation of Ou at 27® C., given dE/dT = 0*00072 
volt/® C. for the Cu electrode. 

12. The E.M.F. of the cell Ag (metal)/sat. AgCl soln./Cl 2 (gas) is 1*132 
volts at 17® C., the Clg being under atmospheric pressure. The heat of the 
reaction Ag (metal) -f Cl (gas) = AgCl (amorph.) is 29,380 cals. (Thomsen). 
Calculate the change of thermodynamic potential for the cell ; also the 
entropy change at 17® C. Find also the dissociation pressure of AgCl in 
atmospheres at 17° C. 

13. Calculate the E.M.F. of the cell in which the reaction SCN' + TlCl “ 
Cl' -h TISCN occurs at 20° C., with concentrations of SCN' and Cl' in the 
ratios 0*84 and 1*52, given K = [C1']/[SCN'] = 1*24. 

Find also the affinities in the two cases. 

14. The E.M.F. of the cell Ag/sat. AgCl soln./Clg is 1*132 volts at 17° C. 
If the decomposition potentials of Ag and Cl 2 are -}- 0*784 volt and + 1*3600 
volts respectively (Hj electrode as unit), find the solubility of AgCl at 17° C. 

Calculate also the dissociation pressure of AgCl at this temperature. 

15. In the case of cells consisting of Na amalgam electrodes of two different 
concentrations transfer of sodium takes place from the more concentrated 
to the more dilute amalgam. Calculate the total energy change per mol 
involved in the latter process from the following figures (Richards and 
Conant) obtained at 25° C. : 


Sodium I 



Ci%. 

C2%. 

dE/dT. 


E (in volts ). 

(«) 

0*416 . 

.. 0*1978 

... 0*0000915 

... 

003577 

{b) 

0*416 . 

.. 0*1102 

0*000155 

... 

0 05738 

(c) 

0*1978 . 

.. 0*0396 

... 0*0001625 

... 

005312 

(d) 

0*0396 . 

.. 0*01972 

... 0*000061 

... 

001943 

. Pearce and 

Hart found 

the E.M.F. of 

the 

cell Ag/AcBr, 

8oln./K(Hg) to 

be as follows (0 

= cone, of KBr in mols per litre) : 


c. 

E (25°). 

E (30°). 


E (35°). 

(a) 

2*5000 

2*8032 

2*0235 


1*9948 

(6) 

1*0000 

2*0792 

2*0657 


2*0518 

(c) 

0*5000 

2*1108 

2*0976 


2*0849 

(d) 

0*2500 

2*1432 

2*1308 


2*1179 

(e) 

0*1000 

2*1858 

2*1740 


2*1624 


Calculate for each temperature and concentration the thermodynamic 
potential decrease in joules. 

If the decrease of Z at any temperature t, (— AZ)^, is connected with 
that at any other temperature 6 by the relation 

( - aZ)^ == ( ~ AZ)^[1 + a(t ^e) + ^(t - ey] 

find the value of the constants a and for each concentration. Thence 
deduce the enthalpy decrease accompanying the cell-reaction at 25° C. 
(F = 96,494). 

17. The following table represents the E.M.F.’s of cells consisting of two 
electrodes of concentrated and dilute Na amalgam measured by Richards and 
Conant (1922) ; 

B.M.F. in MlUivolts. 



16°. 

25°. 

85°. 

CeUA . 

. 34*84 

35*77 

36*67 

CellB . 

. 56*82 

67*38 

68*92 

CeUO . 

. 51*48 

63*12 

64*73 

OeUD . 

. 18*84 

19*43 

20*05 

Calculate the average value of dE/dT for each cell 
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18. According to the double sulphation theory the reaction taking place 
in the lead accumulator is Pb -f 2H2SO4 + Pb02 == 2PbS04 + 2H2O. 
The heats of formation of PbS04, H2O, H2SO4 and Pb02 are 112,970 ; 68,360 ,* 
89,680 ; and 31,160 gm. cals, respectively. The heat of infinite dilution of 
sulphuric acid is 17,836 gm. cals. Calculate the E.M.F. of an accumulator 
(a) when cone. H2SO4 is used, and (b) when very dilute HaS04 is used. 

19. According to Luther’s rule : 

T7 _ ®Cu + Cl' — CuCl + ®Cua — * Cu- + Cl' 

■*^Cu metal — ► Cu 2 

_®Cu + Br- — CuBr + ®CuBr — Cu" + Br 
2 

The electro-affinity of Cu/CuCl + KCl is + 0*4870 volt ; similarly, the 
electro-affinity of the electrode Cu/GuBr + KBr is -f 0*4066 volt. The 

E otential of the electrode Pt/CuCl + CUSO4 + KCl, the Cl' concentration 
eing 0*926, is + 0*6376 volt and that of the electrode Pt/CuBr -f CUSO4 -f 
KBr, the Br' concentration being 0*93, 0*7205 volt. Taldng T = 18° C., 

find whether the rule holds for these electrodes. 

20. Bronsted measured the E.M.F.’s at different temperatures of the cell 
Pb/satd. PbClg soln. + AgCl/Ag. Halla found that the results could be 
expressed by the formula : 

E = 11,904 - 1*0062 X 10-2T2 + 8*55066 x 10-«T» 

E being the electrical work in calories. Find the heat of the reaction at 
constant pressure, Pb + 2AgCl == PbClg + 2Ag at 27° C. 



CHAPTER XVII 


Nernst’s Theorem 

1 15. Nernst’s Theorem. — It has been explained (§ 82) that 
Berthelot’s Principle of Maximum Work, which amounts to 
the assumption that the heat evolved in a chemical change (Q) 
is a measure of the affinity, is not in general strictly true. A 
correct measure of the affinity is supposed to be given by the 
diminution of free energy, — Fg == A, rather than the diminu- 
tion of intrinsic energy, Uj — U2 = Q, and the principle of maxi- 


mum work (§ 82) in the form : 

At = 0 (218) 

must then be replaced by the maximum work equation : 

AT = 0 + T.dAT/(iT (197) 


The term T . dA^/dT may be regarded as a correction to the 
principle of Berthelot. In some cases it may be negligibly small, 
in others very appreciable (see § 76). 

A particularly striking case of the different results obtained by 
these two equations is furnished by a chemical reaction between 
gases, where the value of Ax is very largely dependent on the con- 
centrations, as is seen from equation [238], whilst the heat of 
reaction is practically independent of these. In cases where there 
are very variable concentrations, therefore, the principle of 
Berthelot fails. 

In other cases the principle of Berthelot gives results very 
approximately correct ^ (§ 82). The correct interpretation of the 
equation and the formulation from it of a new principle in 
thermodynamics we owe to Nernst. The latter, in 1906, 
remarked that, since dAx/ciT remains finite. Ax and Q are neces- 
sarily equal at the absolute zero (T = 0 in 197), and in many cases 

1 Berthelot himself limited the application of his principle to solids, in which 
case it is approximately correct (“ Thermochimie/* I., p. 10). and also pointed 
out that it would be more exact at very low temperatures {ibid,, p. 12). He also 
defines ** chemical heat,*’ to which the principle applies, as that transformable 
into work, i.e., really free energy. 
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they are approximately equal even at other temperatures, not too 
high.^ The curves representing At and Q as functions of tem- 
perature then approach asympto- 
tically in the neighbourhood of the 
absolute zero, as shown in Fig. 42.* 

In this case the relation ; 

lim dA^jdT = lim dQjdT for T = 0 

is assumed, and this may be called 
the Theorem of Nernst. 

In the first place this will hold 
good only for reactions between 
pure liquid or solid materials, not, 
as we have seen, for reactions be- 
tween gases, and cases of variable 
concentration, although the prin- 
ciple may be extended to reac- 
tions between gases. Its application to solutions awaits 
development. 

We may also consider the part played by Nemst’s theorem in 
thermodynamics from another point of view. In such cases as the 
relation between the equilibrium constant and temperature ; 

dlnK/dT = Q„/RT* [247] 



the integration : 

In K =: — Qp/RT -f const [261] 

introduces an unknown constant, Nernst’s theorem, as we shall 
see, enables us to calculate this constant, and thus supplements 
the two laws of thermodynamics. 

ii6. Formulation of Nemst’s Theorem. — The two forms of the 
maximum work equation given in (197) and (206) may be repre- 
sented without suffixes {Q= — Q) : 

A-hQ = T.dA/dT or A -0 = T.dA/dT (314) 


But 


tfT VT/ ~ T ' dT T* ~ 


Q 


. . (316) 
. . (316)» 


1 The oriticiem of Berthelot’a principle by Ostwald Watts* Dictionary of 
Chemistry,** ed. Morley and Muir, vol. i., 1890, p. 86) is far too sweeping. 

2 On a method of tracing the A and Q curves, see Nernst, ** Qrundlagen det 
neuen Warmesatzes,’* p. 70. 

3 Integration of (316) mechanically : Gans and Miguez, JP. Z., 1915, 16 » 247, 



216 


CHEMICAL THERMODYNAMICS 


ii6 


If Aq, Qq are the values for T = 0 , and if dAldH is never infinite, 
(314) shows that : 

Aq = — Qo == (31*^) 

Berthelot’s rule is therefore always true at the absolute zero.^ 

To find the limiting value of : 

dA/dT = (A - Q)IT 

at the absolute zero, differentiate the numerator and denomina- 
tor of the fraction on the right with respect to T, and then put 
T = 0.2 Thus: 


Lim 

T-O 


dT 


= Lim 

T=.0 


dT 



/. Lim-^ = 0 (318) 

x-o 

Thus from (38) : r< - F/ = 0 , when T = 0 (319) 

This result agrees with the quantum theory, according to which 
all the separate values of the specific heats in Fj and F/ are equal to 
zero when T = 0 (§ 130). 

Nernst then assumes that : 


Lim dAjdT = Lim dQfdT^ when T = 0 . (320) 

Equations (318) and (320) show that : 

Lim dA/dT = 0, when T = 0 . . . (321) 

which may be taken as the expression of Nernst’ s Theorem. 

1 17 . Maximum Work and Heat of Reaction. — Assume that the 
heat of reaction may, as usual, be represented as a function of 
temperature of the form : 

= ©0 +“T -1- iST* -b7T® + (322) 

where a, /3, . . are constants (cf. § 22 ).® 

Then dg/dT = Fj - F/ = o -j- 2y8T 

from (318) a = 0 and 

Q=Qo + ^r» + (323) 

It is usually sufficient to omit terms after T® in (322) : 

d(A/T)/dT= -G/T®= -(J?o + m/T* 

by integration A = — )3T® -f const, x T. 


1 M since at T 0 the external work vanishes. 

2 See Edwards* Differential Calculus ” (London, 1912), p. 376. 
9 Cf. P. jattner, Z. P., 1911, 17, 189. 
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DifEerentiate with respect to T and put T = 0. Then, from 
(321), it follows that const. = 0 

/. A = eo - PT* (324) 

Equations (323) and (324) are not in accord with the quantum 
theory of specific heats, but are useful approximations.^ At very 
low temperatures, with reactions between pure solids, Debye’s 
theory (§ 136) gives, exactly : 

O = Oo + 0'T* I . . . . 


(326) 


As an application of the above equations consider the calcula- 
tion of the transition temperature, Tq, of : 

rhombic sulphur monoclinic sulphur. 


At this temperature there is equilibrium between the two phases, 
and the vapour pressures are equal. 

But <? = j?o + ~ 3*69 X 10“^ as found from the 

experimental values of the specific heats and the heat of transi- 
tion, hence : 

A = 60-4 - 3-69 . 10-%® = 0 

/. To =(V50-4/3-69 x 10-«) = 369-6° K. (obs. 368-4° ; the 
very close agreement is accidental).* 

As a further application we may calculate the E.M.F. of the 
Clark cell ® at the cryohydric point, when ice separates and all the 
substances taking part in the reaction : 

Zn -f HgaSO^ -f 7H20(ice) = ZnS 04 , 7 Ea 0 -f 2Hg -f- 2Q 

are pure substances. 

Calculation of Q : heats of formation : 

(Zn, S, 40) = 230,090 cal. 

(2Hg, S, 40) = 176,000 cal. 

(ZnS 04 , 7 H 20 Uq.) = 22,690 cal. 

H20(liq.) = HaO (solid) at 17° C. (extrapolated) -[- 1680 cal. 
2Q = 230,090 + 22,690 - (176,000 + 7 X 1680) = 66,720 
cal. at 17° C. 


1 Cf. NemBt, B. B., 1909, p. 247. 

2 Tin, of. Bronsted, Z, p. C., 1914, 88, 479. 

i Cf. PoUitzer, Z. E., 1911, 17, 5 ; ‘*Bereohnnng Ohem. Affinitaten naoh dem 
Kernstsohen W&rmetheorem,** 1912, p. 149; Nernst, **Grandlagen des neuen 
Warmesatzes,** 1919, pp. 87, 95 ; Haifa, Z, E„ 1908, 14, 411 ; Fischer, Z, an, 
1912, 78» 41 ; Braune and Koref, 1914, 17^ 
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Calculation of : specific heats : 

Molecular heats : Zn = 6*0 (10°) ; Hg 2 S 04 = 31 -0 (60°) ; 
7HjO (ice) = 63-7 (10° extrapol.) ; ZnS04,7H80 = 89-4 (10°) ; 
2Hg = 13-2 (10°). 

20 = 2 O 0 + 2)8Ta /. 2 dQldfi = 4|ST = Fj - F/ 

= (6 + 31-0 + 63-7) - (89-4 + 13-2) = - 1-9 for T = 283°, 
/. 4y9 = - 1-9/283, or;3 = - 0-0017. 

Calculation of Qq : 

Thus q = q^ + ^T;^ = 66,720/2 at T = 290 

= 33,360 + (290)2 x 0 0017 = 33,606 cal. 

Calculation of A : 

A = Oo - i8T2 = 33,605 - 0-0017 T® cal. 

At the cryohydric point, T = 266° K. 

Aage = 33,605 + 0-0017 X (266)* = 33,626 cal. 

Thus E = 33,626/23,064 = 1-469 volt, which is very near the 
observed value.^ 

1 18 . Application to Gaseous Reactions. — Nernst’s theorem 
does not directly apply to reactions in which gases take part, but 
it is easy to apply it by indirect methods to this case, and if the 
new theory of gases is true (§ 140) it may apply directly. 

The principle of the method may be illustrated by an example. 
The af^ty of the reaction 2Ag + Ig = 2AgI may be calculated 
from the equation A = Qq — yST*. It may also be calculated 
from the equation A=RT In (Po/p), where p^ is the vapour pressure 
of solid iodine at the given temperatiu-e, and p is the dissociation 
pressure of silver iodide. Thus, if we know the vapour pressure 
curve of solid iodine at various temperatures, a combination of the 
two equations (the first involving Nernst’s theorem) will enable us 
to find the dissociation pressures of silver iodide at various tem- 
peratures. 

1 19 . Vapour-pressure Curve at Low Temperatures. — It is 
obvious from the discussion in the previous paragraph that it is 
impoi^nt to know the vapour pressure curves of pure substances 
at low temperatures (when A = Q^ — ^T* applies approximately). 
At low temperatures, p is small, and the ideal gas law 
pt> = RT, or p = cRT, may always be applied. But, from [82] : 

A (absorbed) = RT* . d Inp/dT 
1 Of, Seibert, Hulett and Taylor, J, A, C. S., 1917, 38. 
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Assume X = Xq + <* 0 ^ + + ... for a pure substance 

In y = - Xq/RT + Oq In T/R + /So^/R 

■j” 'yQT^/2R -f* . . i [326] 

where i is the constant of integration. Hence, Hi' — i — In R : 

In c = - \o/RT + (aJR - 1) In T + ySpT/R + 7oT2/2R + i' [327] 

To find the value of i we must know X as a function of T at very 
low temperatures (since then we know Xq, Oq, etc.), and one 
value of p or c. At very low temperatures, however, we can 
neglect the terms involving powers of T in [326], and since i is 
independent of T : 

In p = — X q/RT ”j~ Oq lnT/R-f"i . . . [328] 

Now X = Q„ + RT dX/dT = dQ»/dT + R 

= Cv (vapour) — C (solid) + R 
- = Cp (vapour) — C (solid) 

where C denotes the molecular heat of the condensed phase. 

But X = Aq + Oq T Ofl = dX/dT = Cp (vapour) — C (solid). 
At very low temperatures, C = 0, as we shall see, and for aU gases 
the quantum theory (§ 137) gives Cp = 6/2 . R at very low tempera- 
tures, since all gases then behave like monatomic gases, for which 
C* = 3/2 . R and Cp = 6/2 . R. Thus : 

lnj> = -Xo/RT-l-5/2.1nT + »- . . [329] 

may be taken as the form of the vapour pressure curve of all pme 
substances at very low temperatures. 

More generally, the equations : 

d In p/dT = X/RT® and X = X,, -f-y‘(Cp — C) dT give ^ : 

)p-C)dT + i . [330] 

A ” to Langen,* the value Cp may be split into a trans- 
lational term independent of T and equal to 2'6R for a diatomic 
gas and a rotational term Cp,, dependent on T : 


Injp = — 


M l 
(( 


Inp = — 


^4-|lnT4-y-P 

*'0 


(Cp, - C) dT -j- i . [330a] 


1 Partington, “ Thermodynamioa,” 1013, p. 493. 

2 2. S., 1019, S5. 26. 
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The assumption that Cp, is very small at low temperatures gives ; 


where E 


Inp = 

= PTi 

Jo 


4. ® InT 
RT ^ 2 


_ L ® 

R Ta 

•'n 


dT + i . . [331] 


is the energy of the condensed phase, which 


may be calculated from specific heat measurements, since C = 0 
when T = 0.^ 

120. Chemical Equilibrium in Gaseous Systems. — Consider the 
chemical reaction : 


WjAj + W2A2 + n^'A^ + . . . 

in which all the substances are gaseous. Let : 

A = 1/K = . . . /Ci'"' . . . 

then, from [261] or [252], since O = — Q, and In A = — In K ; 

Q = RT2.dlnA/dT. 

Let 0 = + «T + /3T2 + 7T3 + . . . 

d b KjdT = 0o/RT 2 + a/RT + y8/R + 7T/R + . . . 

In if = - 0o/RT + a In T/R + pT/R 

+ Y'P/2R + .. + I . . . [332] 

where I is the constant of integration (cf. § 116). 

If we can find I we can determine K from purely thermal data, 
viz., 00, a, etc. 

Suppose the reaction takes place between solids : 

“i" ^2®2 + • • • = fltClx "t" ■!■••• 

This may be effected by evaporating the requisite amounts of the 
solids (oj, etc.) under their vapom pressures, allowing the reaction 
to proceed between the vapours with the aid of the equilibrium 
box, as explained in § 81, and finally condensing the vapours of 
the products on the solids 0/ etc. under their vapour pressures. 
The affinity of this reaction is [240] : 

A'= -RT(lnA -SnilnCi) 

where In Cj = Wi In (7i + Wj b Cg 4- • •• — («i'bCi' + Wj'b 

C7,' + . . .). 

We may substitute In C^, etc., from [327], and b K from [332] ; 

A'= -RT[-0o/RT + abT/R + /QT/R + ..+I 
— 2»i{ — Aq/RT 4- (oo/®’ ~ 1) ^ T + ^0 T/R 4- . • • + »/}]• 


1 See MSndel, Z. p. O., 1913, 86 436 ; Crommelin, A. A., 1914, 17, 276. 
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Since this is ultimately a reaction between solids, it follows from 
(321) that the coefficient of T must vanish ; hence : 

I-.SniV = 0 I = Sniii' . . [333] 

giving the important integration constant I in terms of the vapour 
pressure curves of the fure substances (by [326] and [331]), which 
may be determined once for all, and then serve for the calculation 
of chemical equilibria at all temperatures, 

1 2 1. Heterogeneous Reactions. — Suppose some substances 
taking part in the reaction are solid. Assume first that all the 
substances are gaseous, and from the equation : 

In Z = - QJUT + a/R . In T + /0/R . T + . . . + . . . [334] 

subtract one after the other the expressions for the concentrations 
of the vapours of the solids, e.g, from [327] : 

»ilnC = n[-^ + (g-l)lnT + ^+ . . . + i'] 

Equation [334] will now refer to a homogeneous gaseous system, 
since all the terms relating to the solids have disappeared from 
In jSl and whilst the thermal terms combine to give those 

which apply to the actual reaction involving the solids, because 

(Qo + uT + +...)— (Aq + OqT + ^0*^^ *+*•••) 

is the heat of reaction in the heterogeneous system.^ In the 
application to heterogeneous reactions, therefore, the terms 
relating to the solids are omitted from the expressions for In K and 

122 . The Chemical Constants. — The value of i in equation [326] 
may be called the (primitive) chemical constant of the substance. 
Since the data for the calculation of these (mainly vapour pres- 
sures and specific heats) are imperfectly known, Nernst adopted 
an empirical method for this purpose. In the equation (§ 119) : 
dA/dT = Cp ~ C, it is known that at ordinary and higher tempera- 
tures, C > Gpy whilst at very low temperatures C approaches the 
limit 0 and therefore, since remains finite, C <; C^. Thus at 
some low temperature A must reach a maximum, and will then 
decrease with further rise of temperature until it becomes zero at 
the critical temperature, when the two phases are identical. 

This behaviour may be represented approximately by the 
empirical equation ^ : 

A = (A^j + 1-75RT - cT2)(l - p/p,) . . (336) 

1 See also Partington, ** Textbook of Thermodynamics,* ’ 1913, p. 603. 

2 Of. also Herz, Z, E,, 1919, 25, 323, who gives « pcTo/T^Pc ■■ (2/3). Pc/p«. 
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in which a and e are positive constants. This exhibits a maxi- 
mum and vanishes when p = p<,. From (79) and the empirical 
equation : p (F, — F/) = RT (1 — p/p*),^ deduced by Nernst from 
the measurements of Young on fluorobenzene,* we find : 

A = RT2^(1-P/P,) .... (336a) 

and, by substitution of A. from equation (336) and integration : 

lnp= -^ + l-761nT-|T-fi . . (336) 

where i is the constant of integration or,® 

where C is called by Nernst the conventional chemical constant.^ 
The formula (336a) contains only three constants (Aq, e, C), but 
“ in numerous cases has been fotmd to reproduce with considerable 
accuracy the vapour pressure curves of crystals and liquids 
over enormous ranges of temperature.” ® Miindel has shown, 
however, that for organic substances of high molecular weight the 
values of A^, e, and 0 may be varied within certain limits without 
affecting the agreements of the formula with the experimental 
data, “ which, naturally, affects the certainty of the determina- 
tions of C ” made in this way. Also, at very low temperatures 
equation (336) does not pass into (329) ; the term in In T remains 
1*76 In T instead of 2*6 In T, which appears to be the correct value 
at very low temperatures. 

Equation (335a) may be improved by using Berthelot’s charac- 
teristic equation instead of Young’s ; one then finds ® : 

X = . . (336b) 

1 This is compatible with Berthelot’s equation (131 of 1 51), since in the region 

9 

contemplated, 1 /t 0*66 to 0*70, hence the value of the correction term 

(I — 0t2) is nearly — 1. Cf. F. Russ, Z, p, C„ 1913, 82, 221. 

8 Nernst, Theoretische Chomie,” 8-lOAuflL, 1921, p. 796; “ Grundlagen,” 
p. 109. 

» Cf. Herz, Z. E., 1919, 26, 323. 

4 Cf. Grassi, N. C., 1914, 7, i., 313. 

6 Nernst, D, p. G., 1909, 11, 313, 336; Weber, Kongelige Danske Vidtnska^ 
hernea Selskaha, 1915, p. 459 ; Siemens, A, P„ 1913, 42, 871 ; Miindel, Z, p, C., 
1913, 86, 436 ; U. Grassi, N, C., 1914, 7, 313 ; Sonaglia, ibid,, 321 ; C. A. 
Crommelin, A, A„ 1913, 16, 477 (vapour pressure of solid and liquid argon 
to — 206® C.) ; Kohner and Wintemitz, P, Z,, 1914, 16, 393 ; Ari^s, C. E,, 

1917, 164, 343. 

e Nernst, Z, S„ 1916, 22, 186 ; of. Leduo, 0. JR., 1913, 16^ 226 ; Gay, (7. 

1918, 166, 1464. 
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The following table, given by Siemens (Zoc. dt.), shows the values 
found : 


Substance. 

T. 

A calcd. cal. 

A obs. cal. 

(335a). 

(336b). 

cs, . 

287-2 

6743 

6667 

6614 

CO, . 

194-7 

6011 

6929 

6626 

0, 

90-1 

1624 

1683 

1629 

0, . 

68-2 

1784 

1776 

1777 

N, . . 

77-2 

1386 

1327 

1336 

N, . 

63-2 

1459 

1446 

1460 


According to Cederberg : 

0 = 1-& log (337) 

For most substances the value 0 = 3 is sufficiently accurate, as is 
seen from the table of chemical constants given below. By com- 
parison of (336a) and (326) it is seen that : 

C = t72-3023 (338) 

The following table of conventional chemical constants is given 
by Nernst : 


He . 


. 0*6 

HI . 


. 3-4 

HjO 

3-6 

H, . 


. 1-6 

NO . 


. 3-5 

CCl.. 

CHa. . 

31 

CH.. 


. 2*5 

N^O 


. 3-3 

3-2 

N, . 


. 2-6 

HaS. 


. 30 

C,H, 

30 

0, . 


, 2-8 

SOj. 


. 3-3 

C,H.OH . 
(C,H5),0 . 

41 

CO . 


. 3-6 

COa. 


. 3-2 

3-3 

a* . 


. 31 

CSa. 


. 3*1 

Acetone . 

3-7 

I, • 
HCl. 


. 3*9 
. 30 

NHa 

• 

. 3-3 

Propyl acetate . 

3*8 


Other formulse (“ purely accidental,” according to Nernst) for 
the chemical constant are : G = !•!« = 0'14\ /Tb, where a is the 
constant of van der Waals’ vapour pressure formula (§ 40) ; A, is 
the molecular heat of evaporation, and Tb the absolute boiling 
point.i 

1 A relation between the oritioal data and the ohemical constant has also been 
deduced by Henglein (Z. an, O’., 1920, 114> 234; Z, p, 0., 1921, 98, 1). The 
ohemical constant is calculated by the equation 0 «« AqM’BTIT, where A »• 
(Ao -f AT — BT2 — . . .)(1 — pIp^) is the latent heat and p^, are the 
oritioal constants, Nernst’s equation, 0 « 0*14A/Tb, where Tg is the absolute 
boiling point, follows from van der Waals* equation, log pjp^ — ail — T^/T). 
Gederberg*s equation, O' « X: log (where 1; is 1*6 in many cases), also follows 
from this equation, since it is • special case of the more general equation, Q 1*1 
- 1 ). 
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Nernst ^ observes that in the applications the chemical constant 
C always appears in the equations together with the term 1'76 
log T, and since the factor 1*76 is empirical [and probably incorrect] 
the two must be used together. When different values are used 
instead of 1*76, different values of C must also be used to obtain 
agreement, and a great part of the comparison with experimental 
results therefore rests on a somewhat tentative foundation. 

The calculation of the (primitive) chemical constant i from the 
quantum theory (see § 139), which is free from doubt in the case 
of monatomic gases, is therefore a useful check on this part of the 
theory. The values so obtained are not, as would be expected, the 
same as those found by the empirical method used by Nernst. 
The formula given by the quantum theory is : 

C = - 1-689 + 1-5 log M, 

where M is the atomic weight of the substance. The following 
table gives the results so far obtained in this direction ® : 



M. 

C obs. 

C calc. 

. 

2-016 ... 

-1-23 + 0-16 ... 

-1-13 

A 

. 39-88 

0-76 ± 0-06 ... 

0-81 

Hg . 

. 200-6 

1-83 ±0-03 ... 

1-86 

Zn , 

. 66-37 

1-23 ±0-26 ... 

1-13 

Cd . 

. 112-4 

1-66 + 0-31 ... 

1-49 


Further progress in the strict evaluation of chemical constants 
must be based, as Nernst^ points out, on (330), the general 
integral of the vapom pressure equation, which appears first to 
have been given by the author.® This presupposes, however, a 
knowledge, which we do not at present possess, of the vapour 
pressure curves and specific heats of substances.® 

123. Examples of the Application of Nernst’s Theorem. — 
Gaseous Equilibria. — If the equilibrium is specified in terms of 
the ‘partial pressures (§ 84), and if (following Nernst’s notation) we 
put : 

A'=l/K' = piV.../Pi'”''pa'"' • - • = JS:(RT)“''*'”'+”-“"''"’^"- 

1 “ Lehrbuoh,’* 8-10 Aufl., pp. 799, 806. 

2 Nernst, “ Grundlagen des neuen Warmesatzes,*’ 1918, pp. 143 ff. (H 2 , A, Hg) ; 
Egerton, P. if., 1920, 39, 1 (Zn, Cd, Hg). The errors in the cases of Zn and Od 
are too large to enable any definite conclusion to be drawn. Of. also Lindemann, 
P. if., 1920, 89, 21 ; Ladenburg and Minkowski, Z, P., 1921, 8, 137. 

* Of. Kohner and Wintemitz, P. Z., 1914, 16, 393, 646. 

* “ Lehrbuch,’* p. 807. 

6 “ A Textbook of Thermodynamics,” 1913, p. 493, equation (7). 

6 Of. Langen, Z. B,, 1919, 25 ; Herzfeld, A, P., 1916, 61, 261 ; Eggert, 

P. Z., 1919, 90, 670. On chemical constants and entropy of gases, see Njegovan, 
Z. p. 0., 1918, 92, 276. 
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and if the heat of reaction is expressed in the form : 

= Oo + 3-76 SwiT + SniyS . T* 
from (38b) and the assumption of § 122, then : 

log K' = - Oo/ 4-576T + l-75Sni . log T 

+ SnipT/4-576 + SniC, . . [339] 

As an example of the application of this equation Nernst ^ con- 
siders the dissociation of water vapour, but instead of calculating 
the extent of dissociation at a given temperature he calculates the 
temperature corresponding with a given dissociation, which is 
much less influenced by deviations between calculation and 
experiment. A similar procedure is adopted in his monograph.® 
The true molecular heats at constant pressure from Pier’s 
researches are : 


6-686 -f 9 . 10-¥ ; Oj 6-885 -|- 9 . 10“ 

HgO 8-050 -1- 10 . 10-*^ + 8 . 10-i«^3 
and the heat of formation of 2 H 2 O is then : 

Qp = 116,090 -f 4-1650 + 3-65 . l0-*d^ - 4 . 1O-1O0‘. 

In order to use the values of the conventional chemical constants 
in § 122, however, Qp must be expressed in the form : 

Qp = Qo + . 3-6T + . T® + etc. 

and the above equation is altered by trial until the form : 

Qp =113,900 -I- 3-6 T -f 2-2 . 10-»T® - 1-1 . 10-«T8-9 . lO-i^T* 
is obtained, which gives : 


iogA:'=- 


113,900 

4-576T 


+ 1-75 log T-f- 


2-2.10-3, 

4-676 


1 9 . 10-11 
3' 4-576 


T3 + SrtiCi. 


2 ■ 4-676 


From the table of chemical constants : = 2 X 1-6 -f- 2-8 — 

2x3-6=- 1-2. 

When the values of K' found experimentally are inserted in the 
equation one finds : * 


100 X obs. 

0- 0197 

1- 18 
1-77 


log K' obs. 

T obs. 

T calc. 

- 12-026 

... 1500 

... I486 

- 6-687 

... 2166 

... 2131 

- 6-169 

... 2257 

... 2226 


1 “ Lehrbuch,” 8-10 Aufl., p. 799. 

2 “ Applications of Thermodynamics to Chemistry,*’ 1907. 

i Jellmek, ** Qasreaktionen,” p. 6|5, Many other examples will be found in 
this treatise. 
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In the present state of this part of thermodynamics it is probably 
quite sufficient to omit the term in in [339], and to put Qq —Qp, 
the heat of reaction at constant pressure as given in the thermo- 
chemical tables. The approxinuUe equation : 

logK' = - 0p/4-576T + l-75Stti . logT 

-f Sn^Ci [340] 

will then be a useful guide in a large number of technical and 
laboratory problems in cases where, for lack of data (mainly 
specific heats), the more exact equations cannot be used. Two 
examples may be given for the purpose of illustration. 

The reduction of carbon dioxide by carbon : ^ 

2 C 0 :^C 02 -f C -f 39,300 cal. 

In accordance with § 121 the constants referring to the solid 
carbon do not enter either log K' or The approximate 

equation [340] gives for 800° C. : 

^o^Poo^IPco 2 ^ -39,300, l-.->76.1073-i-l-751ogl073 + (2 x3-5 - 3-2) 
= - 8-004 -f 6-304 -f 3-8 = 1-1, 

IjK' = poojpoo^ = 0-0794. 

Boudouard found at this temperature 7 per cent, of CO 2 in the gas, 
IjK' = 0-07/(0-93)2 = 0-0809. 

The good agreement in this case is probably accidental.* 

Dissociation of metallic oxides. — Stahl® calculated the tempera- 
tures at which the pressure of oxygen over dissociating metallic 
oxides reaches 0-21 atm. (when they have a dissociation pressure 
equal to the partial pressure of oxygen in the atmosphere) from the 
equation : 

2MO=^2M -f O 2 

log 0-21 = - 0-6778 = - e/4-676T + 1-75 log T -f 2 - 8 , in which 
2-8 = chemical constant of oxygen. The values of log p are 
plotted against T and cut by the ordinate log p= — 0-6778 to find 
the required temperatures. Q is twice the heat of formation of 
the oxide. 

Dissociation of ammonium hydrosulphide : 

NH 4 HS^H 2 S + NH 3 . 

Molecular heats : solid NH^HS, 19-1 ; gaseous NHg, 9-5 ; 

1 Greenwood, “Industrial Gases,” 1920, p. 14, 

2 See Jellinek and Diethelm, Z. an, G„ 1922, 104» 203. Instead of 3*8, the 
integration constant is found to be 3*876. Other examples will be found in the 
monographs of Nernst cited. Gf. also Stern, P., 1914, 44$ 497. 

• Metallurgie (Halle), 1907, p. 682. 
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gaseous HgS, 8*6. Heat of dissociation of NH^HS, 22,800 gm. cal. 
(All these values refer to T = 300) 

/. Qj, = 21,900 + 7-07T - O OIST® 
ilogA:' = log(j)/2)=-2396/T + l*75logT -0-0014T + 3-15, 

where 3*15 = mean of chemical constants for NHg and HgS. 
For T = 298*1, f = 0*661 atm. (obs.). If we put p = 0*661 in 
the above equation we find T = 318. The approximate equation : 

log (p/2) = - 11,400/4*576T + 1*76 log T + 3*16 
gives T = 311. 

The calculation of the E.M.F. of a gas cell may be carried out by 
combining [339] and [309].^ In the case of the oxy-hydrogen cell, 

[309] gives E = ^ 0001984 where w = 0*0191 atm. = 

vap. press, of water at 17° C. The value of log K' is calculated for 
T = 290 as explained above, and the value of E is then found to 
be 1*237 volts, in good agreement with the observed value.* 

A consideration of [340] shows that, when Xni = 0, and SwjCi 
= 0 (similar substances), then if = 0 (transformation of optical 
isomers), K' = 1 exactly. If Q is approximately zero, K' is 
approximately 1, i.e., all the components are present in appreci- 
able amounts (e.g., Hj -f Ig “ 2HI). But if Q is positive and 
appreciable, then at low temperatures log K' is strongly negative, 
i.e., the reaction is practically complete {e.g., Hg + Clg = 2HC1). 
If Q is negative under the same conditions {e.g., Ng -f Og = 2NO ; 
2C -f- Hj = CjHg), the compounds are formed in appreciable 
amounts only at high temperatures. In cases where 4 0 
sign and magnitude of the heat of reaction is important, e.g., 

2NOa = NgO^ + 12,500 cal. 

At T = 300 the dissociation is appreciable, and at slightly higher 
temperatures is nearly complete. 

In the reaction CaO + COg = CaCOg + 42,620 cal.,® we take 
Ccoa = 3*2 

.*. log p = - 42,620/4*576T + 1*75 log T -f 3*2 ; 
or, if T = Ti when p — 1 atm. 

g/4*576Ti = 1*76 log T^ -|- 3*2 . . . . [341] 

1 Cf. Nernst, B, B., 1909, p. 247. 

2 Nernat, “ Lehrbuch,” p. 834. 

S Cf, Mitchell, 0, 8., 1923, 128, 1055. 
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When Ti is approximately 260 to 360, log T changes only slowly 
with T 

4-676 (1-75 log T + 3-2) = 34 approx. 

O/Tj = 34 (342) 

which is the de Forcrand-Matignon rule (§ 49). This holds only 
under the given conditions ; in other cases the more general 
equation [341] must be preferred. 

124. Planck’s Statement of Nernst’s Theorem. — A rather 
different statement of Nernst’s theorem has been advanced by 
Planck. This is in agreement with the quantum theory (see 
Chapter XVIII.) and with the experimental values of specific 
heats at very low temperatures (§§ 4, 131 ff). 

According to Planck,^ the entropy of a condensed {solid or 
liquid} chemically homogeneous substance [not a solution] vanishes 
at the zero of absolute temperature : 

s = 0 when T = 0 . . . . (343) 



Both Cp and T are by nature positive, hence this result can hold 
only when the lower limit of the integral is 0 and it is then always 
true. Thus 


s = 



. (343a) 


so that the entropy in this case has a definite absolute value. 
This is also required by the quantum theory. Nernst’s formulation : 


Lim ^ = dQjdTl = Sj 


— S2 = 0, for T = 0 . 


(344) 


does not involve the vanishing of Sj and separately, but shows 
that the entropy is unchanged by changes in the system under the 
above conditions. This woidd indicate that the entropies of two 
or more forms of a substance are equal at the absolute zero.® G. N. 
Lewis and G. E. Gibson ® consider that the entropy of a perfect 
crystal is zero at the absolute zero, but that of a non-crystalline 

1 Thermodynamik/* 3 Aufl., § 281 ff. ; 1912, 45f 5. 

2 Entropy of solids and ga^es : Latimer, J, A,’ C7. 8„ 1921, 4$9 818 ; ibid,, 
1922 44 2136 

I j. A. 0. 8., 1917, 88. 2S61 i 1920, 48, 1029. 
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form of the same substance is greater than zero, since in this case 
the arrangement of the parts of the system is more random than in 
the perfect crystal. The vanishing of the entropy of crystalline 
substances is regarded as established by experiment ; ^ experi- 
ments with glycerol in the crystalline and glassy condition indicate 
that the latter has an entropy greater by 5*6 gm. cal./l® per mol. 
at 70® abs. than that of the crystals, and this difference probably 
extends to the absolute zero.^ 

Pagliani® calculates by (343) the entropies of elements and 
compounds at the melting point. The values for elements 
diminish as the atomic weight increases, and the entropy per gram 
atom of the metals before fusion is not constant, as asserted by 
Tammann.^ 

The relation to the statistical conception of entropy will be 
clear (§ 68). The entropy is a measure of the ‘‘ mixed-up-ness 
of the systepa. When the entropy is a minimum, the mixed-up- 
ness is also a minimum. Thus, when all the molecules are in the 
same state the entropy is a minimum. They are all in the same 
state of motion at the absolute zero, since then they are all at 
rest, i.e., their kinetic energies are all equal to zero ; they may 
have zero-energy. In the case of a substance which can exist in 
crystalline and amorphous forms, the latter will have more 
entropy than the former, in which the molecules are marshalled 
into order. We may, therefore, expect that the entropy of a 
glassy substance will not vanish even at T = 0, or that the differ- 
ence of entropies of the glassy and crystalline forms will not 
vanish, since there is still some disordered arrangement of the mole- 
cules to be cleared up before the system can have the minimum 
entropy. These ideas ^ have been confirmed by experiment, as 
stated above. 

Equation (343) shows that : 

Limcp = 0 forT = 0 (345) 

since the integral does not become infinite, but approaches the 
value zero. This remarkable result appears to be verified by 
experiment (§ 4). In the same way it can be shown that : 

Lim c„ == 0 for T = 0 (346) 

1 Lewis, Gibson, and Lati&or^ 1922, 44» 1008. 

2 Gibson and Giauque, J,A^C»S„ 1923, 45> 93. 

3 A, L., 1916, 24, i., 836; N. C., 1916, 10, ii., 6 ; 1916, 11, i., 118; cf. Lewis 
and Eandall, Tbermodyna^os,** pp. 150 ff. 

4 Z. p. O., 1913, 85, 273. 

6 Partington, Thermodynamics, ** 1913, p. 631. 
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Differentiate (343a) with respect to p : 


f 


T ^ = ~ from (184a). 


But {dcpldp),j, = _ T{dhjdT\ from (62) 

/. by integration [3 v/0T]t - [dvIdT]^ ^ ^ = [Sv/ST]^ 

Lim (0i?/0T)p = 0 forT = 0 . . . . (347) 

which has been confirmed indirectly by experiment.^ 

General Statement of Nernst's Theorem, — Nernst has shown that 
the content of his principle may be stated in a form analogous to 
the two laws of thermodynamics : 

It is impossible by means of any finite process to cool a body to the 
absolute zero. 

On the assumption that all the specific heats are vanishingly 
small at the absolute zero, the theorem in the usual form (321) 
follows from the above statement.^ 

Berthelot ® had already pointed out that, if the heat capacities 
are regarded as constant, the entropy in the vicinity of the abso- 
lute zero tends to the value — oo , “ which shows that the calcula- 
tions then lose all physical or chemical significance.’’ He also ^ 
adopted “ the hypothesis ” that T (Sg — Si) is zero at the absolute 
zero, in which case the heat evolution would be equal to the 
affinity. Stern ® concludes that the entropy of solid solutions 
also converges to a zero value with falling temperature. 

125 . Results of Thermodynamics. — The results of pure 
thermodynamics are founded on two very general laws derived 
from common experience, viz., the First and Second Laws of 
Thermodynamics. The validity of these laws would now hardly 
be questioned by a person of intelligence, even though he knew 
nothing of scientific methods. The first asserts that a machine 
cannot go on furnishing work from nothing, the second that a 
machine cannot go on working without fuel at the expense of the 
surrounding heat. In the validity of their application, under 
proper conditions, we may therefore have implicit confidence. It 
is not to be anticipated that the general conclusions which depend 


1 Griineisen, A, P., 1908, 26> 211 ; and C. L. Lindemann, P. 1911, 12> 1197, 

2 Nernst, “ Grundlagen des neuen Warmesatzes/* pp. 72 ff. ; Jellinck, “ Physik- 
alisohe Chemie der Gasreaktionen,** pp. 467 ff. 

a “ Thermoohimie/^ I., 16. 
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on these two laws alone will suffer serious modifications. In 
this respect they differ from results derived from kinetic or 
molecular theories. These set out from assumptions which are so 
far from obvious that it is only with difficulty that they can be 
apprehended by serious students of science, they are liable to 
modification with the further progress of scientific investigation, 
and there is no general agreement as to their interpretation. 

In the application of the laws of thermodynamics, or conse- 
quences derived directly from them, such as the relation (Qi — 
Q2 )/Qi = (Ti — T2 )/Ti, to actual systems, it is necessary to 
introduce assumptions, some of which may be based on ex- 
perimental results, and some on particular theories. Such are 
the laws of ideal gases, and the assumptions relating to dilute 
solutions. The results then obtained, such as the Law of Mass 
Action, are not based simply on the laws of thermodynamics, 
and they may be true or not according as the assumptions intro- 
duced are correct or false. It may happen that the results are 
true even though the assumptions are incorrect, since errors may 
compensate, or incorrect assumptions give the same results as 
correct ones. We must guard against the error of supposing, 
because a result derived by means of thermodynamics from some 
particular assumptions happens to agree with some actual cases, 
that these assumptions are “ proved ’’ by the laws of thermo- 
dynamics. This cannot be the case. 

Thermodynamics enables us to deduce a great number of useful 
relations without special knowledge of the structure of matter. 
Conversely, it cannot tell us anytliing about the structure of 
matter, or if it does, it is only because we have made some assump- 
tions foreign to thermodynamics. Systems of “ molecular thermo- 
dynamics ” must be looked upon with suspicion. There are 
two schools of thought, for example, one believing that the law of 
mass action applies to electrolytes and the other that it does not. 
Both have brought forward arguments alleged to rest on the 
foundations of thermodynamics, and that science has, therefore, 
appeared to have been capable of reaching contradictory con- 
clusions. This is only because we cannot get out of any method 
of reasoning more than we put in. If we put in contradictory 
hypotheses we can get out contradictory results, and if we put in 
a suitable hypothesis we can “ prove ’’ anything on earth. 

We must also beware of assuming, because thermodynamics can 
reach results which follow also from atomic theories, that the 
latter are superfluous. For the results obtained with the assist- 
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ance of thermodynamics come from experimental data, whilst 
atomic theories can often give the same results without any 
experimental facts at all. They can also lead us very much 
further in some directions than thermodynamics, although the 
conclusions may be less certain. 


EXAMPLES XVII. 

1. By means of Nemst’s equations Q == Qq + /3/2 , + 7/3 . T® and A = 

Qq— / 3/2. T2 — 7/6. T*, find the free energy change of the conversion of 
supercooled water into ice at — 6° C. and 20° C. The latent heat of water 
atO°C. = 80 cals., and the difference between the specific heats of water 
and ice at 0° C. = 0-498. 

2. The heat of the reaction N2 + O2 = 2NO is 43200 cals, (absorbed). 
By means of Nernst’s heat theorem show that the maximum amount of NO 
formed in air at 1800° K. is about 0*1% (Nemst). 

3. The heat of dissociation of 2CO2 into 2CO + O2 is 136,000 cals. 
Calculate the degree of dissociation at 2000° C. and 1 atm. pressure. 

4. For solid iodine the constants in Nemst’s equation (336b) are Aq = 
14,609, € = 0-0143, C = 4-0 ; calculate the vapour pressure of solid iodine 
at 10° C. 

6. The heat of the reaction Hj + S (solid) = H2S is very approximately 
5000 cals, evolved. C, the chemical constant for Hg, is approx. 1*6 and for 
HgS, 3-0. Show that the logarithm of the equilibrium constant is given by 
the approximate expression — 1092/T — 1-4. 

6. The heat of combination of 2 mols Hg and 1 mol O2 to form 2H2O 
(vapour) is 116,160 gm. cals. The chemical constants of the substances 
concerned are Hgl-O; 02 2-8; HgO (steam) 3-6. Find an expression con- 
necting the degree of dissociation with the temperature when (a) the pres- 
sure is 1 atm., and (6) the pressure is 2 atm. 

Calculate from the formula the percentage dissociation at the following 
temperatures (p = 1 atm.), comparing the values obtained with those given ; 

T = 1300 1600 1706 2267° K. 

lOOa; = 0-0027 0-0197 0-102 1-77 

What is the probable cause of the discrepancy between the observed and 
calculated values ? 

7. The heat of transition of the reaction Sn (white)-->Sn (grey) is given 
by the following equation, which only holds from T = 80° K. to T = 292° K. : 
O (evolved) = 332-4 + 1-366 T — 4-37 . 10~ ^T* -f 9-72 .10- « T> - 8- 1 . 10- ®T^. 
The transition point is 19° C. (p = 1 atm.). Plot Q against T and, using 
the same axes, plot A, the affinity, against T. Compare the graph with 
Fig. 42 in the text. Produce the curves to show that they approach 
asymptotically in the neighbourhood of T = 0° K. 

8. Accord!^ to Thomsen the heat of dissociation of strontium carbonate 
is 55,770 cals, per mol, absorbed, the pressure being 1 atm. Calculate the 
temperature at which the dissociation pressure is 1 atm. 

9. Find at what temperature MnUOs is completely dissociated under 
atmospheric pressure if the heat of dissociation of this substance is 23,500 
cals, per mol. 

10. Find the E.M.F. of the cell Ag/Agl/Ig at 18° C., all the components 
being solids, from the following data : heat of formation of Agl from its 
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elements^ 13,800 cals, per mol (Thomsen) ; specifio heats : Agl » 0*057, 
Ag = 0-066 , 12 = 0*064: ; atomic weights, Ag == 107-88, l 2 = 126*92. 

11 . The molecular heat of ice is given by the equation 0 = 3*0 + 0-0223T 
and its molar heat of fusion is 1440 cals., this number increasing 9 units 
per 1° rise in ternperature. Find the maximum work of the reaction CuSOi 
+ H 2 O (ice) = CuS 04 ,H 20 at 18® 0 ., given that the heat capacity of the 
water of crystallisation = 6*99 cals, per mol, and the heat of hydration of 
anhydrous CUSO 4 by liquid water = 6460 cals, per mol at 18® 0. 

(N.B. — It is necessary to give the data for water of crystallisation in 
terms of ice, as the specific heat of water varies irregularly with 
temperature. ) 

12 . With the help of some of the data in the preceding question calculate 
an expression for the maximum work of hydration of K 4 FeCy 4 to the 
trihydrate K 4 FeCy 4 , 3 H 20 given (i.) the total heat capacity of the water of 
crystallisation = 11*76 cals, at 9® C., (ii.) the heat of hydration per mol of 
salt by liquid water = 1630 cals, at 18® C. 

13. By means of [340] show that the heat of dissociation of N 2 O 4 is approxi- 
mately 12,400 cals, per mol (absorbed), given that the degrees of dissociation 
are 0*1996 and 0*9267 at temperatures 299*7® K. and 384*3® K, respectively 
(p = 1 atm.). 



CHAPTEE XVIII 


The Quantum Theory 

126 . Specific Heats of Gases: Dynamical Theory. — The funda- 
mental equation of the kinetic theory of ideal gases is : 

rpv = mG2/3 [348] 

where p = pressure, v = volume, m = mass, of the gas, and 6 ^ is 
the mean square velocity of translation of the molecules.^ 

For unit mass, v == specific volume == 1 /density = 1 /p : 

pv = G 73 OTp = pG2/3 [349] 

The kinetic energy of translation of all the molecules is equal 
to G2/2 per unit mass, or, from [349], to 3/2 . pv = 3RT/2M, and 
the kinetic energy of translation per mol is : 

U == MG2/2 = 3RT/2 [350] 

The molecular heat at constant volume, on the assumption that 
all the energy is translational will be : 

= (aU/0T)„ = 3R/2 = 1-5 X 1*987 = 2-980 gm. cal. 

Thus : 7 = CpICv = (a + R)/C^ = (2-98 + l-987)/2-98 = 1-667. 

^ These values are found for monatomic gases such as argon, 
helium, and mercury vapour, and are independent of temperature 
up to 3000^ K. In the case of helium, the value of 7 is given 
by Scheel and Heuse ^ as 1*660 at 18° C. and 1-673 at — 180° C., 
indicating possibly a slight decrease of at very low temperatures. 

In the case of gases containing more than one atom in the mole- 
cule, the value of C|, is always greater than 2*98 ; it increases with 
the complexity of the molecule,® and also with the temperature. 

127 . Boltzmann’s Theory of the Energies of Gas Molecules. — 
The dependence of molecular heat on molecular complexity was 
explained by Boltzmann ^ by energy of rotation, in addition to the 
translational kinetic energy of [350]. In a monatomic gas rota- 

1 See the author’s “ Inorganio Chemistry,” ohap. xv. 

2 A. P., 1912, 87 , 79 ; 1913, 40 , 473 ; Z. E„ 1913, 19 , 693. 

3 Cf. the interesting calculations of i^rthelot, ” Thermochimie,” I., 47 fif. 

4 **Qa8theorie,” II,, p. 128. 
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tional energy is absent or constant ; if the centre of gravity of 
the smooth atom corresponds with the geometrical centre of a 
sphere, no change of rotational energy can be caused by collisions. 
But in a diatomic gas the two atoms may be regarded as massive 
particles rigidly attached a fixed distance apart, and the rotation 
of this dumb-bell structure can be resolved in two perpendicular 
planes. Rotation about the molecular axis will be absent or con- 
stant, since the molecule is symmetrical about this axis, and no 
change in this part of the energy can be brought about by collisions. 
The distribution of the energy among the degrees of freedom (/) of 
such a system is given by Maxwell's Equipartition Law: the 
kinetic energy is equally shared among all the degrees of freedom. 
The total energy of a monatomic molecule is 3/2 . RT per mol, and 
this is divided among three degrees of freedom of translational 
motion, hence the share per degree of freedom is RT/2 per mol, or 
kT:j2 per molecule, where k — R/Nq, Nq being Avogadro’s constant, 
or the number of molecules in one gram molecule or mol. The 
latest determinations (§ 138) give = 6'06 X 10^®, R == 8-316 
XlO’ ergs/l°, i = l*37 Xl0~^* ergs/l° C. {Boltzmann’s con- 
stant).^ 

For the diatomic dumb-bell molecule, the total kinetic energy 
will be 3/2 . RT for the three translational degrees of freedom, and 
2/2 . RT for the two rotational degrees of freedom, or 6/2 . RT, per 
mol, in all. Thus, C„ — 6/2 . R = 4-97 gm. cal. Also, Cp = 
4-97 -f 1-99 = 6-96, and y = Cp/C„ = 1-40. 

Diatomic Molecules. — The experimental values show that dia- 
tomic gases fall into three groups : ® (a) One gas, hydrogen, 
having C» appreciably lower than the equipartition value (/= 6 
Cp = 4-97) corresponding with a rigid symmetrical molecule. 
Cp diminishes with temperature fairly rapidly from 4’87 at 0° C. 
to 2*98 at — 200° C., remaining at the latter value to the lowest 
temperatures investigated (c. 30° K.). (6) A group of diatomic 
gases, including oxygen, nitrogen, carbon monoxide, nitric oxide, 
and halogen hydracids, for which Cp at ordinary temperatures is 
almost exactly the equipartition value and is constant over a 
fairly wide range of temperature. The different members of this 
group, however, exhibit small but well-established differences in 
Cp (see tables below), (c) The free.halogens, Clg, Br 2 , and I 2 , have 
appreciably higher values of Cp, approximating to 6 at ordinary 

1 The above values refer to the atomic weight standard 0 >» 16*00; k is 
independent of this. 

2 Partington, F, 8„ 1922, 17» 734. 



286 


CHEMICAL THERMODYNAMICS 


127 


temperatures, but dependent on temperature.^ This gives / = 6. 
The case of hydrogen cannot be explained on the theory of equi- 
partition. 

It is convenient to call the difference between C» and 2-98, the 
translational energy, the internal energy of a molecule. In the 
normal diatomic gases = 1-987 cal. might also be explained 
by assuming that the molecule as a whole had no rotation, but that 
the two atoms were oscillating in the line of the axis. This 
appears less probable for at least two reasons : (i.) It is difficult 
to explain the absence of rotations, (ii.) The difference between 
molecules of types (fe) and (c). 

The effect of the introduction of a second halogen atom into a 
molecule, as exemplified by the types HX and Xj, and in organic 
derivatives, is of interest. ^ 

■ ■ Molecules. — The data in this field are very incom- 

plete, and the values of C» depend on temperature in a manner 
which, although more marked than in the case of diatomic mole- 
cules, is even less accurately known. The following are typical 
results. 


Gas. 

Temperature C. 

Cr 

(Internal). 

CO 2 

. 17 

6*76 

3-78 

SO 2 

. 13 

7-27 

4-29 

NH3 

. 14-5 

6-71 

3-73 

N2O . 

. 12 

6-76 

3-78 


CO 2 and N 2 O have practically identical molecular heats. If 
the values of/i are diminished by 2-98, the rotational part, the 
remainder may be taken as a measure of the residual energy, which 
appears to run parallel with the activities of the molecules.® 

The variability of specific heat with temperature is not a fatal 
objection to the theory of equipartition. The number of degrees 
of freedom is variable only in whole multiples for each individual 
molecule, but in the gas as a whole there may be molecules with 
different numbers of degrees of freedom, and in the gas there is 
always a fraction of the molecules with energies above the average. 
The number of degrees of freedom may, for the gas as a whole, be 
treated as continuously variable with temperature. 

A detailed investigation * shows that with a theoretical value of 
dfjd^, the experimental results to the lowest temperatures may be 

1 Cf. Partington, P. Z., lOU, 16, 601, 776. 

2 Capstick, P. T., 1894, 186 , 1 ; 1895, 186 , 667 ; Streoker, A. P., 1881, 18 , 20; 

1*9 ftR 

» Partington, F. 8., 1922, 17 , 734. 

4 G. W. Todd, P. M., 1920, 40 , 367. 
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covered without recourse to the quantum theory. In this case, 
however, it is necessary to assume /<, = 3 for the diatomic gas 
hydrogen, a result difficult to interpret (since it corresponds with 
the translational energy only) if there were no influence at work 
restraining rotation, such as is postulated by the theory of quanta. 

In considering the experimental results, it must be remembered 
that the latter usually require corrections of various kinds.^ 


True Specific Heats op Gases. 


Gas. 

Temp. "*0. 


g. cals. 

g. cals. 

Ammonia ^ 

14-6 

1-308 

8-77 

6-70 

Sulphur dioxide ^ 

13-2 

1-290 

9-47 

7-34 

Carbon dioxide ^ ® . 

20 

1-303 

8-76 

6-72 

Oxygen ^ 

20 

1-3946 

7-06 

6-06 

Nitrogen ^ 

20 

. 1-4045 

6-92 

4-93 

Nitrous oxide ® 

12-2 

1-302 

8-80 

6-76 

Nitric oxide ^ . 

7-6 

1-400 

6-99 

4-99 

Chlorine ® 

18 

1-353 

8-06 

5-96 


Nitrogen. 


C„ = 4-817 + 0-00038T + 0-0728T2 (true). 


Temp. °C. 



yy 

16-7 

4-928 

6-923 

1-406 

100 

4-962 

6-963 


200 

5-003 

6-992 

1-398 

300 

6-044 

7-032 

1-394 

400 

6-085 

7-073 

1-391 

500 

6-127 

7-114 

1-388 

600 

6-170 

7-167 

1-385 

700 

5-213 

7-200 

1-381 

800 

6-268 

7-245 

1-378 

900 

5-301 

7-288 

1-376 

1000 

6-346 

7-332 

1-372 


1 See Partington, P. R, 8„ 1921,. 100 (A), 27 ; aleo § 37, 

2 Partington and Cant, P. 1022, 48, 369. 

5 Partington, P. P. 8,, 1921, 100, 27. 

4 Partington and Howe, P, P. 8., 1924, 105, 226. 

5 Partington and Shilling, P. if., 1923, 46, 416. 

6 Partington, P, Z., 1914^ 16. 601, 776. 
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Oxygen. 


C„ = 4-982 + 0-00021T + 0-0,66 (true). 


Temp. ®0. 

Co- 

S- 

y%. 

16-6 

6-049 

7-046 

1-396 

100 

6-068 

7-060 

1-393 

200 

6-093 

7-083 

1-391 

300 

6-120 

7-108 

1-388 

400 

6-148 

7-136 

1-386 

600 

6-177 

7-166 

1-384 

600 

6-207 

7-196 

1-382 

700 

6-239 

7-227 

1-379 

800 

6-271 

7-269 

1-377 

900 

6-303 

7-290 

1-376 

1000 

6-338 

7-326 

1-372 


Air.i 


C» = 4-860 + 0-00035T + 0-0,277T2 (true). 


Temp. ®C. 


S- 

y%- 

16-3 

4-963 

6-948 

1*403 


4-984 

6-975 

1*400 


6-022 

7*011 

1*396 


5-060 

7*048 

1*393 


6-097 

7*084 

1*390 


6-137 

7*124 

1*387 


6*177 

7*164 

1*384 


6*216 

7*203 

1*381 


6*267 

7*244 

1*378 


6*300 

7*287 

1*376 

1000 

6*343 

7*330 

1*372 


128. Specific Heats of Solids : Dynamical Theory. — By an 
extension of the theory of gases to splids, Boltzmann * obtained a 
result in harmony with the law of Dulong and Petit ® : for solid 

1 Partington and Shilling, F. S., 1023, 18, 380. 

2 W. B.. 1871, 68, (2), 731 ; of. F. Bioharz, 2. an. O.. 1908, 68, 366 ; 69, 146 ; 
A. Wigand, A. P., 1907, 28, 64. 

3 Seethe anthor’a “Inorganio Chemistry,” chapter zziii. 
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elements the product specific heat X atomic weight = atomic heat 
= 6’4. A solid element is composed of atoms each oscillating 
about a fixed centre. The total energy is partly kinetic and partly 
potential. Since the solid has a finite compressibility the atoms 
are maintained at small distances apart by forces, one set o[)po 3 ing 
approximation of the atoms, the other set tending to draw the 
atoms together. In the normal state these forces are in equili- 
brium. 

When an atom is drawn out of its equilibrium position through 
a distance r the force tending to restore it may be assumed propor- 
tional to the displacement, i.c., equal to Ar. The potential energy 

of the displaced atom is A| rdr = Ar^l2. If the atom is supposed 

Jo 

to execute a circular motion about the position of equilibrium, and 
if V is the velocity, the centripetal force is mv^/r = Ar. Hence 
= Ar72. Thus, kinetic energy == potential energy}- 

Suppose the solid in contact with a monatomic gas; when 
temperature equilibrium is reached, assume the theory of equi- 
partition. The number of degrees of freedom of the atom of 
solid is 3, .*. kinetic energy per mol = 3/2 . RT = potential energy, 
/. total energy = 3RT = U. Thus : 

= au/aT = 3R == 3 X 1*987 = 5*96 gm. cal . . (351) 

fairly close to the value Cp =64 (Dulong and Petit’s law; cf. § 131). 

There is an objection to Boltzmann’s theory. At very low 
temperatures the oscillations would be small, and the propor- 
tionality between force and displacement should then be very 
exact. But the atomic heats, instead of approaching the value 
5-96 at very low temperatures, become very much smaller and 
probably vanish at the absolute zero. In the case of the diamond 
the atomic heat vanishes at 30° K. Boltzmann’s theory has been 
replaced by the Quantum Theory. 

129 . The Quantum Theory. — ^In his investigations on the 
exchange of energy between radiation and matter, Planck, in 1900,* 
concluded that the energy of a linear resonator, consisting of a 
mobile electric charge which may be set in vibration by the 
electric fields of waves impinging on it, increases per saltum in 
whole multiples of a quantity e = hv^ where A is a universal 
constant, and v the frequency. The amount of energy, hv is 
called the guardum corresponding with the frequency v. 

1 Nernst, Z. E,, 1911, 17, 266. 

2 Cf. ** Theorie der Warmestrahlung,’’ 4th edit.. 1921. 
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For the present purpose, the quantum hypothesis may be stated 
in the following form : a resonator is capable of taking up or losing 
energy only in whole multiples of the quantum, e. 

The value of h, or Planch's constant, in absolute units {erg X 
second), is 6'65 X 10"*^ (see § 133). 

130 . Specific Heat of a Monatomic Solid. — The application of 
the quantum hypothesis to solids was first made by Einstein.^ 
The following treatment is due to D. L. Chapman ; 8 the others are 
too difficult to give here. 

If resonators of period v are attached to gas molecules, the 
quantum theory shows that there will be vibrators possessing 
energies 0 , hv, 2hv, etc., but none with intermediate amounts of 
energy. Let = number of atoms with zero energy, N® = 
number of atoms with energy E. Suppose the exchange of quanta 
takes place between the resonators (oscillators) according to the 
equation : 


Aq -)- nhv Aj; 

where Aq is an atom with zero energy. A® one with energy E = 
nhv. Equation [247] then gives : 

din (NB/No)/dT = Q/RT 2 = nhvjkT^ 

.’. In (Ne/Nq) = — nhvjk’i + const. 

.’. Ne = CEqC ~ where x = hvjk't 

The value of the constant C is assumed by Chapman to be 
unity, but a particular value is not required. 

The mean energy of a linear oscillator will be (e ~ ® = 1 ) : 


hv .e~^ 2hv . e ~ 8* _j_ . g — 8* _i ^ 


(362) 


which is Planck’s formula. 

A material atom may be replaced by three linear oscillators 
.". per mol : 

U = 3NoM(e* - 1) .... (353) 

which is Einstein’s formula. 

Nernst puts hfk = 4-77 X lO-^i ; h = Ry9/No, 

U = 3Ry8v/(e^>'/T _ 1) 


^ 81 ^' * 4 , 170; of. Hasendhrl, P. Z., 1911, 12 , 
1812, 18 , 606; P. A. Lindemann, Disaertation, Berlin, 
i®} J '* ^8^8' 11' ®8 J Nernst, Z. E., 101 1, 17 , 270 ; “ Lehrbuoh,” 

8-10 Anfl., 1921, p. 268. 

2 Ann. Bep, 0. 8., 1914, 2. 
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The contribution in kinetic energy per degree of freedom = 
— 1), whilst on the theory of equipartition it is 
(R/2) . T, always greater. 

When ySi'/T is very small, = 1 + jSv/T (R/2) . 
— 1) = {R/2) . T, approximately, in agreement with 
Dulong and Petit’s law. 

By differentiation of (354) with respect to T ; 

/ Bv\ 2 

C„ = 0U/OT = 3R (f ) . . (355) 

When /Sf/T is very small this reduces to 3R (Dulong and Petit’s 
law). 

When ^vjl is very large, (355) may be written : 

C„ = 3R (/3*;/T)2eS-'/T/(eP''/X)2 ^ 3R(^i»)2/T2e^-'/T. 

Now (H. M. § 35) : 

T2eswx = T2 + Hffv + (^)2/2 ! + (j3v)^IT ! . 3 ! + . . . 
the limiting value of which, when T = 0, is infinity 

Lim C» = 0 when T = 0 (366) 

This was considered in § 124, and is found by experiment {§ 4). 

T 

Krasfe^ gives = 2-91 + 2*89 tanh 2*96 log where 0 is a constant. 

Linhart * gives C,, = 6*966 kT^/^kT^ + 1), where k, K are constants. For 
Cu : log k = — 5*4965, K = 2*900. Poldnyi * shows that — > 0 as p — > oo 
if T is finite. 

131. Comparison with Experiment. — Equation (60a) gives the 
difference between Cp and ^ in terms of the compressibility, 
but as the values of a and rj for low temperatures are not known 
in most cases, an empirical equation ® : 

C, = - 0-0214 Cp2 T/T,n .... (357) 

where is the melting-point (absolute), is used. In most cases 
the following formula (A == const.) is sufficient ® : 

C. = C, - AT* (368) 

1 J. A. C. S., 1922, 44 , 784. 

2 Ibid., 141. 

« Z. p. 0., 1913, 88, 339. 

4 G. N. Lewis, J, A, C, S», 1907, 29, 1166, concludes that, within the limits 
of experimental error, x at. wt. is the same at 20® for all solid elements with 
at. wts. greater than 40. In the case of extremely electro-positive metals Cy is 
abnormally large ; of. Lewis, Eastman, Eodebush, N, A,, 1918, 4 , 26. 

6 Nernst and Lindemann, Z, E,, 1911, 17, 817 ; Nernst, “ Theoret. Chem.,” 
8-10 Aufl., 276, 

6 Lindemann and Magnus, Z* S*, 1910, 16, 269. For ice the term AT^ was used. 
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The following table illustrates the agreement with Einstein’s 
formula (356) : it gives too rapid a fall of C# with temperature : 



Copper. /9i/ = 240. 


T. 

obs. 

0^ calc. 

88 

3-38 

3-31 

334 

0-538 

0-234 

22-6 

0-223 

0-023 


C. L. Lindemann ^ finds that the mean coefficient of thermal 
expansion of metals at low temperatures is in a constant ratio to 
the atomic heat : this indicates that {dvjd'T)p tends to zero at 


T = 0.2 

132. Nemst-Lindemann Formula. — Nernst and E. A. Linde- 
mann proposed ® the empirical equation ; 

p-Spr/'/s^y 

’“2 LV'T/ 1)> \,2T/ (eWsi - 1 )sJ 


which agrees well with the experimental values : 

KCl. ;8i; = 218.* 


T. 

Cj) obs. 

calc. 

Einstein. 

calc. N.L. 

331 

6-16 

6-90 

6-06 

86 

4-36 

3-64 

4-43 

62-8 

2-80 

1-70 

2-97 

30-1 

0-98 

0-236 

1-23 

22-8 

0-68 

0-039 

0-61 


The most satisfactory equation, however, is that of Debye,® 
which is considered in § 136.® In this the idea of more than one 
frequency (two are used in 369) is considerably extended, but on a 
theoretical (not empirical) basis. 

1 P. Z., 1911, 18, 1197; Gruneisen, A. P., 1908, 86, 211 j 1910, 88, 66. 

2 Cf. Valentiner and Wallot, A» P., 1916, 46» 837. 

» B. B., 1911, p. 494. 

4 Determined by the residual ray method by Eubens and Hollnagel, P. if., 

1910. 19, 761 ; see § 135 (2). 

6 Comparison of equations : Ewald, A, P., 1914, 1213 ; Jiiptner, Z, E,, 

1913. 19, 711 ; 1914, 90, 10, 106, 187. 

6 An approximate law, corresponding with that of Dulong and Petit for 
elements, states that the molecular heat of a solid compound is equal to the sum 
of the atomic heats of its constituents (see the tables in Berthelot's Thermo* 
olumie,** I., 122 ff.). This is nearly true, eren when the atomic heats are abnormal. 
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133. Planck^s Constant. — The constant h appears in a large 
number of different regions of physical research. 

1. Radiation, — The first application of the quantum theory was 
in the study of radiation. It is known by experiment that the 
intensity and character of radiation issuing from a very small 
aperture in a vacuous enclosure, maintained at a given temperature, 
depend only on the temperature, are independent of the material 
of the enclosure, and are identical with those of radiation from a 
perfectly black body at the same temperature.^ 

The radiant energy per c.c. in a space traversed by radiation is 
defined as the radiation density, p. 

According to Planck,^ the density of radiation in equilibrium 
with a Hertzian oscillator, consistii^ of an electron vibrating 
about a fixed positive charge in simple harmonic motion is, for a 
fixed frequency v : 

='STTvm,lc^ (360) 

where c = velocity of light, = energy of the oscillator. 

On the equipartition theory (/=!,§ 127), = AT = RT/Nq 

p, = (361) 

which is Rayleigh* s radiation formula,^ 

On the quantum theory, E^ == hvl{e^^l^'^ — 1) 

P. = ^ - 1) (362) 

c 

which is Planck* s radiation formula,^ 

Rayleigh’s formula is in agreement with experiment for the 
conditions assumed, viz., for long waves, i,e., small values of v. 
It is a special case of Planck’s formula, which holds over a large 
range of wave-lengths. 

Prom radiation measurements the values : 

k = 1*369 X 10“i« erg/1® ; h = 6-625 X 10-27 erg. sec. 

have been found. Planck’s formula has been confirmed by 
experiments of Rubens and Kurlbaum, Paschen, and Warburg.® 

1 Preston, “ Theory of Heat ” ; Henning, “ Temperaturmessung,** 191iS^ 
pp. 128 ff. ; Campbell, “ Modern Eleotrioal Theory,” 1913, 222 ff. 

2 “ Theorie der Warmestrahlnng,” 1906, p. 124. 

5 P. M„ 1900, 49, 539 (given for very long waves only, and not as a general 
formula) ; Swan, P. P., 1916, 7, 164. 

4 A, P., 1901, 4, 563. Radiation formulte for the solid state deduced without 
the help of quanta : of. Byk, A, P., 1913, 48, 1417 ; Callendar, P. Jf., 1913, 86r 
787 ; 1914, 87, 870 ; BriUouin, A. de P., 1914, 1 [ix.], 13, 163, 433 ; Tolmaiv 
P. P., 1914, 8, 244 ; and Ratnowsky, D. p, (7., 1915, 17, 64. 

6 It has been oritioised by Nemst and WuLf, Z>. p, 0,, 1919, 81, 294. 
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2. Photoelectric Effect. — Tlie emission of electrons by a metal 

when exposed to light is known as the photoelectric effect. For each 
metal there is a limiting frequency, Vq, of the light, below which no 
electrons are emitted. An electron of mass m emitted with 
velocity v has the energy If the metal is given a positive 

charge, and is at the potential F, the electron is attracted back to 
the plate, and if F has such a value that the electrons all fall back 
on the plate, eF = mv^/2 = maximum energy of the photo-electron. 
If j/ is the frequency of the (mono-chromatic) light used, and if one 
quantum liberates one photo-electron : eF = mv^l2 = hv — P, 
where P is the energy used up by the electron in finding its way out 
of the metal. By plotting the voltage applied to stop all electrons 
from sodium and lithium exposed to monochromatic radiation 
(mercury lines) against the frequency (v) of the radiation, Millikan ^ 
obtained a straight line, from the slope of which h was found to be 
6‘67 X 10~*’ erg. sec. for Na, and 6’58 x 10“^'^ for Li. This is 
probably the most exact determination of h. 

3. Law of Photochemiml Equivalence. — k theory of photo- 

chemical action proposed by Einstein ^ assumes that each mole- 
cule decomposed requires the absorption of one quantum, hv, so 
that if the energy U is absorbed per mol, U = The applica- 

tion of this theory is rendered difficult by secondary effects, but 
according to Noddack * the equation is verified in the reactions 
between bromine and cycZohexane •. ■ and chlorine and 
trichlorobromomethane (liquid). A solution of chlorine in the 
latter on exposure to light probably undergoes the following 
reactions : 

CI2 + CBrClg + hv=^ CCI4 -f Cl -t- Br ; 

Cl -f CBrClg -f Br = CCI4 -j- Br^. 

The bromine could be determined spectrophotometrically ; the 
radiation absorbed was determined by a thermopile as usual. The 
quantum hv is absorbed by the chlorine molecule, which is acti- 
vated. This active state has a given “ life ” (calculated as 10-^® 
sec.), during which it may react with an acceptor. If no acceptor 
is present, the activated molecule gives up energy in the form of 
other quanta (luminescence, or heat), or transfers it to indifferent 
molecules, causing a general rise of temperature. 

In many other cases investigated the amount of chemical 

1 P. B., 1916, 7, 366. 

z A, P 1912 87 832, 

* Z. £.',’1921, ’ 27 / 869; of. Baly and Barker, C. 8 ., 1921, 119, 663. 
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decomposition is very much greater than it should be on the law 
of Photochemical Equivalence.^ 

4. Optical Spectra . — ^Modern researches in radioactivity have led 
to the view (Rutherford) that the atom consists of a positive 
nucleus, concentrated into a very small volume as compared with 
the volume of the atom, surrounded by electrons. According to 
Bohr 2 these electrons describe orbits about the nucleus. In the 
simplest atom, that of hydrogen, there is one electron describing 
a circular orbit around the nucleus. Let e, m be the charge and 
mass of the electron, E — ze the charge on the nucleus. If a is the 
radius of the circular orbit of the electron, v its velocity, and u> its 
angular velocity (= 2tt. rotation frequency), the equation of 
centrifugal force gives : eEja^ — or rm^ui^ — eE = eh. 

According to Bohr the moment of momentum of the rotating 
electron is a whole multiple of A/2 tt (quantum hypothesis), where h 
is Planck’s constant, hence : 

ma^ct) = nhj^TT {n = 1, 2, 3, etc.) 

Only those orbits which fulfil this condition are possible, hence the 
radii of the possible quantum orbits are : 

o„ = {n = 1, 2, 3, etc.) 

and the corresponding frequencies of rotation are : 

£D„ = 8Tth*z^mjn%^. 

The energy (kinetic + potential) is : 

U = + (~ eEja) = — eh/a = — e®z/2a. 

By substituting for a, we find the permissible energies : 

U„ = — 2iTh*z^mlhhi^. 

According to the hypothesis of Bohr, which is in contradiction 
to the classical electromagnetic theory of light, the atom will 
radiate energy only when the electron springs from one per- 
missible quantum orbit to another ; no energy is radiated when 
the electron is revolving in a circular quantum orbit. If U^ and 
U« are the energies in the mth and wth orbits, the frequency, v, of 
the monochromatic radiation emitted (which is not the same as 
( 0 , the frequency of rotation of the electron) will be given by the 
quantum relation ; U,» — U =hv, hence : 

A® \n^ m^/ \n^ wV 

where N = 27r^e%/A®. 

1 Of. Lind, ** Chemioal Effects of a. Particles and Electrons,*’ New York, 192 1« 

2 P. if., 1913, 26, 1, 476, 857. 
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The above expression, when 2 = 1 , is precisely that discovered 
empirically by Balmer for the frequencies in the series spectrum of 
hydrogen, provided that n — 2, and m has the values 3, 4, 6 , etc. 
The constant N which appears in the empirical formula is known 
as Rydberg’s constant, and has been determined experimentally 
from spectrum measurements as 3'29 x 10^®. Bohr’s theory 
enables us to calculate the value of this from the values of e, m and 
h, as 3-294 X 10^®. Not only is the Balmer series given by Bohr’s 
formula, but for the values « = 1, m = 2, 3, 4, etc., we get the 
Lyman ultraviolet spectrum of hydrogen, and tor n = 3, m — 4, 6 , 
6 , etc., the infra-red Bergmann series, the first two lines of which 
were measured by Paschen. 

In the case of helium, 2 = 2, and the atom consists of two 
electrons moving about the doubly charged nucleus. The ion 
formed by the loss of one electron consists of the doubly 
charged nucleus with one electron revolving around it, and the 
above formula will therefore apply with 2 = 2. The series emitted 
will be given by : 

V = iN (l/»® — 1 /m^) 

and if » = 3 , m = 4, 6 , 6 , etc., we get the so-called “ principal 
series of hydrogen ” observed by Fowler with a mixture of hydro- 
gen and helium. With w = 4 , m = 6 , 6 , 7, etc., we get the so- 
called “ second subsidiary series of hydrogen ” observed by 
Pickering. Both series had previously been incorrectly ascribed 
to hydrogen. 

The calculation of the spectra series of hydrogen and helium 
by Bohr is one of the conspicuous triumphs of the quantum theory.^ 

6 . X-Ray Spectra. — With a given anti-cathode material, bom- 
barded by the electrons proceeding from the cathode in the X-ray 
tube, it is found that two kinds of X-radiation are produced : 
impact radiation, consisting of a continuous spectrum of wave- 
lengths, and characteristic radiation, depending on the material 
of the anti-cathode, and characteristic for each element. Moseley * 
found that the characteristic spectrum lines could be arranged in 
series, as in optical spectra, the wave-lengths of corresponding 
lines being very simply related to the atomic number, z, of the 
element : v — A{z — h)®, where A and h are constants, the same 
for all elements. 

Three series of lines have been discovered (with traces of a 

1 Cf. Bohr, Z. P., 1022, 9> 1 : Fowler, “Report on Spectra,” Phye. Soo., 1022. 

2 P. M., 1913, 86> 1024 ; 1914, 87, 703. 
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fourth) : the short wave K series, the longer wave L series, and a 
still longer wave M series. Moseley found ^ that the (first line 
of K series) frequency of an element could be represented, 
approximately, by a formula of the same type as that deduced by 
Bohr for the optical spectrum : 

= N(Z - 1)2 (l/P - 1/22). 

Consider next the continuous X-ray spectrum (impact radiation). 
If ^min. is the series limit, or the line of smallest wave-length, 
emitted, this will be related to the tube voltage by the formula : 

eV = hVntax. ~ 

The rest of the spectrum can be emitted with this voltage, since 
each value of v is less than Vmax. This result is independent of the 
material of the anti-cathode, and in this way Duane and Hunt * 
found h — 6*61 X 10 “ 2? erg. sec. Newer researches ^ give values 
from 6-53 X 10 ~ 27 ^ g-SS X 10 “ 27^ excellent agreement with 
other values. 

6. Ionisation and Resonance Potentials .* — ^When metallic atonos 
in the state of vapour are bombarded by electrons, the collision is 
elastic {i.e., the electron rebounds with unchanged energy), unless 
the energy of the colliding electron exceeds a certain limiting value, 
U,. When this is reached the electron loses the whole of its 
energy to the atom, and radiation is emitted in the form of a single 
line spectrum. Thus, mercury emits the single line 2637 A. 
(Wave-lengths are usually measured in Angstrom units ; 1 A = 
10 ~ metre. If F is in volts, and A is the wave-length in A, the 
equation eV = hv = hcj\ , where c is the velocity of light, which is 
used below, becomes F = 12331/A.) This result is easily explained 
on Bohr’s theory if it is assumed that there is a single electron orbit 
outside the rest of the atom. If this is called orbit 1, then the work 
required to cause the electron to spring to orbit 2, with more 
energy, will be Uj — U^ = Avj,!- In falling back from orbit 2 
to orbit 1 the electron then emits the line of frequency Vj*!* 
Hence, on the quantum theory : U, — hv 2 ,i. This has been 
verified by experiment. In the case of sodium vapour, emission 
occurs first when the accelerating voltage of the electron is V, = 

1 Of. Sommerfeld» “ Atombau und Spektralliiiien,** 192^ Eng. Tr., 1923. 

2 P. i?., 1916, 6, 160. 

3 Webster, ibid., 1916, 7, 699 ; Webster and Clarke, W. A., 1917, 181 ; Blake 

and Duane, P. 1917, 9, 668; 10, 93, 624; Wagner, P. Z., 1920, 21, 621; 
Duane, P. P., 1916, 7, 143; Webster, P. P., 1920, 16, 31. 

4 See Bulletin of the National Besearoh Council, Vol. 2, Ft. 2, No. 10 (Wash- 
ington, 1921). 
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2‘2 volts, the so-called resonance potential. In the case of 
mercury vapour, the value of the resonance potential is calculated 
as Yf = 12331/Ag,i = 4-86 volts. The observed value is 4*9 volts. 

When more and more energy is given to the colliding electron, 
the outer electron of the atom will be carried to higher and higher 
quantum orbits. At a certain critical energy the electron will be 
removed altogether from the atom, i.e., removed to infinity, and 
the atom is ionised. In falling back to the atomic orbits the 
electron will give up energy and a spectrum of many lines will be 
emitted, each corresponding with a quantuni orbit. This is the 
ionisation spectrum, and the voltage required to produce it is the 
ionisation potential, The ionisation energy is equal to the 

quantum corresponding with the last line of the spectrum, i.e., the 
series limit. In the case of sodium, Vqq was found to be 6'13 
volts, hence Ugo = eY^j^OO = 8-17 X 10 “ erg. The limit of 
the principal series in the ionisation spectrum has the wave-length 
Agrj, I = 2413 A, hence hv^, 1 = 8*14 X 10 “ in agreement with 
Uoo- 

The best values of A, calculated by seven different methods, are as follows : ^ 

Method, h in erg sec. x 10^^. 

Stefan-Boltzmann total radiation constant 6‘561 ± 0*009 

Wien constant 6*557 ± 0*013 

Rydberg constant (Bohr’s theory) . . 6*542 ± 0*011 

Einstein photoelectric equation. . . 6*578 ± 0*026 

Quantum relation applied to X-radiation . 6*555 ± 0*009 

Lewis and Adams’ theory of ultimate 

rational units ..... 6*560 ± 0*014 

Quantum relation applied to ionisation and 

resonance potential .... 6*5543 ± 0*0025 

The most probable value (assuming Millikan’s value for the electronic 
charge, 4*774 X lO-i® E.S.U.) is 

h = (6*5543 ± 0*0025) X 10’*’ erg sec. 

According to Sanford * A is not a constant ; it may be replaced in the 
equation = hv by the expression 4*25 log m + 2*5, which is a function 
of w, the transverse mass of the electron, with great improvement in the 
accuracy of this equation. 

134 . The Second Quantum Theory. — In a modified form of the 
quantum theory proposed by Planck® it is assumed that the 
absorption of radiation is continuous, but that emission takes place 
discontinuously when the oscillator has absorbed a whole number of 
quanta. This gives the result that the mean energy of an oscillator 

1 Birge, P. P., 1919, 14, 361. 

2 P. P., 1920, 16, 338. 

9 ** Warmestrahlung,” 4th edit., f 168. 
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when T = 0 is not zero but equal to hvj2. This makes no differ- 
ence to the formulae for the specific heats, as the constant term hvl2 
in the energy (“ Nullpunktsenergie ”) vanishes on differentiation, 
but it affects the results where the energy itself is concerned. 

135 . Determination of the Atomic Frequency. — The association 
of quanta he with atoms implies the existence of a characteristic 
frequency v of the latter, which may be called the atomic frequency. 
Several methods for the determination of v have been used. 

1 . From Specific Heats. — The value of v which gives the best 
results in the atomic heat equations (365) or (359) may be taken as 
the atomic frequency. 

2 . Method of Residual Rays.'*- — ^According to modern views of 
crystal structure * the charged ions of a salt, such as NaCl, are 
assumed to be present as separate units in the crystal lattice. 
These ions can oscillate in alternating electric fields, such as are 
supposed on Maxwell’s theory to exist in light or radiant heat. 
For a certain frequency of oscillation in the incident radiation we 
should expect to obtain resonance and strong reflection. Such 
radiations are known as residual rays (“ Reststrahlen ”), since they 
remain after successive reflections of infra-red radiation from a 
number of pieces of solid. This method has been used chiefly by 
Rubens ^ and his co-workers. The table in § 132 shows that the 
values of v obtained in this way are in good agreement with those 
found from the specific heats. 

3. Elastic Properties. — The formula : 

2 ; = 2-8 X lO’A-*;?-*^-* (363) 

where A = at. wt., ?; = compressibility, p = density, was deduced 
by Einstein.* According to Lindemann ® the numerical constant 
is 3-68 instead of 2-8. The values thus found agree with those from 
the specific heats. 

4. Melting Point. — ^An ingenious method for the determination 
of V is due to F. A. Lindemann (1910).® At the melting point of a 
solid he assumes that the amplitudes of the atomic or molecular 
oscillations become so large that the particles collide with one 

''^nother, and the energy is shared (cf. below). 


1 See papers by Bubens and collaborators in A, P, and B, B, since 1910. 

2 Cf, Bragg, “ X-Bays and Crystal Structure.” 

# Cf. JeUinek, “ Gasreaktionen,** pp. 412 ff. ; 676 fl. 

4 A, P., 1911, 84» 170. Similar formulae were given by Madelung, P. Z., 1910, 
11, 898, and by Sutherland, P. Jf., 1910, 80, 667. 

5 Nernst, ** Lehrb.,” 281, where other methods of finding v are given, 
e P. Z., 1910, 11, 609 ; Pagliani, N. C., 1918, 15, 103. 
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If r is the frequency of the atom (a complete period), 

V = 27rrQi/, 

where v = velocity, and j-q = radius of circle of oscillation at the 
melting point. The mean energy of the atom (kinetic + potential) 
is (§ 128) : mv^ = This is also given by (364) : SkjSv/ 

_ 1 ) = 3A:Tq, approximately, since /Sv/T is small at the 
melting point, Tq. Hence : 

4m7r%*v® = 3iTo 

or V = const. X VT^/rnTg^. 

In a solid body we can put F = atomic volume, proportional to 
fp*, and the constant is then determined experimentally with one 
element, e.g., Ag. Thus : 

1/ = 2-80 X IQi VfjIW .... (364) 

where A — at. wt. 

Honda ^ takes the constant 3-08 x 10^®. He assumes linear 
oscillations in the solid and allocates to each atom the energy 
Aj>/(e*>'/*T _ 1)^ or — 1) per mol. The results agree 

with those from atomic heats. Rotational energy in the solid is 
assumed to be small, except at very high temperatures. The 
molecules set free on liquefaction are assumed to retain the energy 
referred to, but to acquire also rotational energy corresponding with 
2 or 3 degrees of freedom, the energy per degree of freedom being 
^hv. The total energy acquired on fusion will then be, per gram- 
molecule, Nphi; = U or f U, according as the liquid molecules have 
an axis of symmetry or not. Thus ML/ = JwU, where w = 2 or 3. 
The value of U is calculated by the formula given above with a 
value of V, the frequency, given by Lindemann’s equation, and it is 
noteworthy that although w is 2 in the case of many elements, the 
value 3 is also required for some elements {e.g., zinc) usually 
assumed to be monatomic. Honda obtains a fairly satisfactory 
agreement for a number of elements and compounds, although in 
some of the latter values of n much higher than 3 have to be 
assumed {e.g., 6 for KF, 7 for PbClg). 

It is to be expected on theoretical grounds that the energy con- 
tent of molecules at the fairly high temperatures of fusion would 
be more satisfactorily given by the formula of Debye (§ 136). 

1 P. R., 1918, 12, 425 ; P. U., 1923, 46, 189 ; of. Lindemann, P. if., 1923, 45, 
1119. 
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The following table gives some results ^ of the calculation : 


Substance. 

M. 

MLy. 

obs. 

T. 

V X 


u/ 

2T' 

ML/ 

n. 

Hydrogeu 

2 

16 

14 

2*669 

129*8 

0-0247 

1-14 

4-6 

Nitrogen 

28 

192 

62-6 

1*402 

68-17 

0-645 

3-07 

4-8 

Chlorine 

70 

814 

169-6 

1*678 

76*72 

0-836 

4-790 

6-7 

Mercury 

200 

650 

234-3 

1-361 

61-19 

0-89 

2*34 

2-6 

Bromine 

169*8 

1293 

265-7 

1-069 

61-95 

0-99 

4-879 

6 

Iodine . 

264 

1487 

386-5 

1*023 

49-75 

0-944 

3-84 

4 

Potassium 

39 

674 

336-6 

2-63 

123 

0-875 

1-71 

1-9 

Sodium 

23 

632-5 

371 

2*921 

142-1 

0-86 

1-68 

1-9 

Iiead 

207 

1118 

600 

1*99 

96-8 

0-934 

1-86 

2-0 

Sodium hy- 
droxide 

40 

1610 

633 

4*601 

223-8 

0-868 

2-543 

2-9 

Potassium fluor- 
ide 

68 

6276 

11,33 

4-737 

230-3 

0*92 

6-625 

6-0 

Silver bromide. 

187 

2370 

703 

1-92 

93-4 

0-946 

1-89 

2-0 

Lead chloride . 

178 

6160 

764 

1-40 

66-1 

0-966 

6-67 

7-0 

Barium chloride 

208-3 

6681 

1232 

1-900 

92-39 

0-96 

4-471 

4-7 

Acetic acid 

60*03 

2641 

289-7 

1-757 

85-43 

0-888 

10-91 

12-3 

Phenol . 

94 

2735 

313 

1-261 

61-31 

0-923 

7-49 

8-1 

Benzene . 

78 

2340 

278-6 

1-306 

63-6 

0-909 

8-6 

9-4 

Benzophenone . 

182 

3950 

321 

0-7447 

36-20 

0-9516 

12-28 

12-9 

Naphthalene . 

128-1 

4483-5 

353 

1-064 

61-71 

0-941 

12-70 

13-6 


136. Debye's Theory of the Solid State. — In a theory of the 
solid state due to Debye ^ the atomic structure is disregarded, and 
the heat content is regarded as the energy of elastic waves, the 
length of which is large compared with the distances between the 
atoms. There will then not be a single characteristic frequency v 
for the solid, but a whole spectrum of frequencies, cut off 
sharply at a maximum frequency imposed by the atomic 
dimensions. 


1 Stratton and Partington, P, M,, 1922, 43> 436 ; cf. Allen, P. Phys. Soc,, 1916, 
29> 204 ; 1915, 89 216 ; Narbutt, P, Z., 1921, 22t 52 ; Ratnowski, 3, 0„ 1914, 

16 , 1033. 

Latent heats of evaporation : Duclaux, C, P., 1913, 156 , 142 ; Rideal, P. M„ 
1921, 42, 166. Pagliani (A. L., 1916, 24, i., 836 ; N. (7., 1916, 11, i., 118) finds 
that the metals may be divided into three classes according as the ratio of the 
entropy (§ 124) to the frequency given by (364) has the mean value 0-36 (alkali 
metals), 0*146 (groups II., III., IV., VI. and the first series of VIII.), and 0*10 
(group V. and the second series of VIII,). The non-metals have the value 0*22 

(the constant of equation 364 is taken as 2*12 x 10^^). Sulphur must be assumed 
to be S2. Relations with elastic properties are considered. 

8 A. P., 1912, 889 789 ; Nernst and Lindemann, P. P., 1912, 1160 ; Bom and 
Kirm^n, P. Z., 1913, 14 , 66 ; Sohrfidinger, P. Z„ 1919, 20, 420, 460, 474, 497, 
523. 
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The number of vibrations between the frequencies v and v -\-dv 
per unit volume is assumed to be : 

dz — Av^v 


where A is a constant.^ 

According to the classical theory the energy associated with each 
vibration is RT/Nq 


U = 3RT = 




vHv = RTAi'aiV^No 


. . A — 9N0/v)))®. 

On the quantum theory, each vibration is associated with the 
energy Ry9r/(e^^^ — l)No 

this expression must replace RT/N^ above 


U = 


No I - 1 

•^0 



Put jSr/T = X V = a:T//3 dv = Tdxj^ 



from which values of U and C„ = dVjdT may be found.^ 
At very low temperatures : 

U = oT4, and C„ = 3R . • 

5 \pv/ 

where a and a' are constants. 


. (365) 


. (366) 


Debye’s formula is, in general, very closely verified by experi- 
ment : ® 


T. 

Copper. /5i/ =* 

323*6. 


Lead. /3i/ ■■ 88. 


Gt; obs. 

Ct? calc. 

T. 

Cf) obs. 

Cp calc. 

16-24 

... 0-0491 

... 0-0486 

16-98 

1-87 

1-87 

18-03 

... 0-0792 

... 0-0804 

22-4 

3-00 

3-06 

19-68 

... 0-1010 

... 0-1030 

30-24 

4-06 

4-03 

21-60 

... 0-1410 

... 0-1366 

47-6 

... 6-07 ... 

6-04 


It is evident from (365) that dXJ/dT must have the form 
— 3R/(^rm/T), where the function /is the same for all 
substances. On the theory of equipartition = 1. Put 


1 Cf. Jeans, “ Dynamical Theory of Oases,’* 2nd edit., p, 886 ; Planck, 
** Warmestrahlung,** 4th edit., pp. 203, 216. 

2 Cf. Nemst, “ Grnndl. W&rmesatzes,** 1918, pp. 78 ff„ and Appendix. 

s Onnes and Keesom (A. A., 1915, 189 484) find that 0^; for On decreases rather 
more rapidly at very low temperatures than according to Debye's formula 
Op - 464-l(TW Of. Griffiths, P. T., 1914, 814, 819. 
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hi>„jk — = 0, a. characteristic temperature associated with 

each substance, then : 

C, = 6-96/(0/T) (367) 


The values of /(0/T) for different values of TjO = 
given below ^ : 


T/e. 

mn 

T/O. 

mn 

T/B. 

imh 

00 

. 1*000 

0*8 

. 0*926 

0*20 . 

. 0-369 

4 

•997 

•7 

•904 

•16 . 

. -213 

3 

•994 

•6 

•872 

•10 . 

. -0768 

2 

•988 

•5 

•825 

•075 . 

. -0328 

1*6 . 

•978 

•4 

•745 

•050. 

. -00974 

1-0 . 

•952 

•3 

•607 

•025 . 

. -00122 

•9 . 

•941 

•25 . 

•503 

•000. 

. -000 


Values of 0 are : A1 396 ; Cu 309 ; Ag 215 ; Pb 95. 

The curve in Fig. 43 gives theoretical values of atomic heats 



Fxo. 43. 

found from /(0/T) ; the marks •, A, and X give the values found by 
experiment from the specific heats of diamond, copper, and silver. 

The theory of the specific heats of compounds is still somewhat 
indefinite. It appears that 0# may be expressed as a Debye 
function for the whole molecule, and a sum of Einstein functions 
(366) for the separate atoms.* 

1 Jeans, “ Dynamical Theory of Gases,” 2nd edit., p, 424. 

2 Nemst, “ Lehrb.,” 279; “Theory of the Solid State,” London, 1914; 
Sohrddinger, loc. cit, ; Beiohe, ** Quantum Theory,” 1922, p. 56. B. G. Tolman 
(P. B., 1914, i, 145) siyes a formula for the specific heats of solids and liquids 
at low temperatures wlioh agrees with Debye’s, bat he dedaoes it without making 
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137. Application of the Quantum Theory to Gases. — The energy 
of a polyatomic gas molecule may, in general, be considered as 
divided into three parts : (i.) translational kinetic energy of the 
molecule as a whole ; (ii.) rotational energy of the molecule as a 
whole ; (iii.) vibration of the atoms composing the molecule. 

It is xisually assumed that the translational kinetic energy is 
always given, even in the most complex molecule, by 3/2 . RT 
(§ 126).^ On the theory of equipartition the rotational energy of 
a diatomic molecule is given by RT (§ 127), and if the vibration 
is a simple harmonic motion (mean potential energy = mean 
kinetic energy, § 128), it will be associated with the energy RT. 
The total energy will then be : 

E = 3/2 . RT + 2/2 . RT + 2/2 . RT = 7/2 . RT 
.'. C» = 7/2 . R = 6’93 gm. cal. 

This value is not shown by any diatomic gas. We may 
assume the vibrational energy taken up in quanta, when : 



(® = ;8j//T) when there is no rotation, or 

a = 3f + 2| + R^^. . . . [369] 
when there is rotation. 

Equation [369] was applied by Bjerrum * to hydrogen and nitro- 
gen at high temperatures, with fairly satisfactory results. Better 
results were found when the Nernst-Lindemann function (§ 132) 
was used in the last term. Hydrogen and nitrogen exhibit no 
absorption bands in the infra-red, but those found with carbon 
monoxide and oxygen gave the value oi v = c/A required by 
[369]. 

In the case of triatomic molecules (H 2 O, COg), Bjerrum ® 


any assumptions as to the form of the relation connecting energy with tem- 
perature and frequency of vibration. For the specific heat of any elastic isotropic 
body Tolman deduces the following expression : 

where cr Poisson’s ration A and B are numerical constants, the same for all 
materials, and v is the volume. 

1 Cf. ParUngton, F. 8., 1922, 17, 784. 

2 Z. B., 1911, 17, 732. 

’ Z. B„ 1912, 18, 103. 
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assumed three frequencies, vi, v^, v^, and (since there are three 
degrees of freedom of rotation) : 


C« = 35 + 3| + R2 


n 


(e* - 1)* 


or the corresponding formula with the Nernst-Lindemann func- 
tion in the last term. In the case of CO 2 , the frequency of vibra- 
tion of the two oxygen atoms was taken as = 0-21 x 10^* ; for 
the frequency of vibration of the two oxygen atoms with respect 
to the carbon atom, = v^ — 0’48 X 10^*. The values foimd 
from the infra-red absorption spectrum, with wave-lengths Aj = 
14-7 M (/i = 0-001 mm.), A 2 = 4-3 n, Ag = 2-7 (i» = A/3 . 10 “ 1 *) 

also gave satisfactory results. All the frequencies, it is seen, have 
approximately the same very high value 10^^. 

The first application of the quantum theory to the rotational 
energy of the molecule was made by Nernst.^ 

Nernst assumed the rotational energies of gas molecules are 
represented by the Einstein formula, but the rotational frequency 
fiv is proportional to the square root of the absolute temperature, 
as on the classical theory : y3x» = aVU, where o is a constant. 
The following equation gives the contribution of one degree of 
freedom to C» for the rotations : — 



where a; = o/VT. 

The specific heat of hydrogen at constant volume at low tem- 
peratures was determined by Bucken,® who represented his 
results for C„ by a constant frequency /3v of 430 in Einstein’s 
equation (/ = degrees of freedom = 2) ; 

= Rx* ® 

Nernst * assumes y9i> = 460. A constant value of /3v would imply 
a vibrational, not a rotational, motion. Eucken’s calculations 
show that Einstein’s formula with y8v = 430 gives too high values 
at lower temperatures and too low values at higher temperatures. 
The results are still worse represented by the Nernst-Lindemann 


1 Z, E.f 1911, 17> 265 ; also A. Eucken, B, B,, 1912, 141 ; Bjerrum, N, F,, 1912^ 
p. 96 ; 0. Sackur, A, P., 1913, 40> 87 ; Kruger, ibid,, 1916, 50» 346; Slf 450; 
Fokker, ibid,, 1914, 4d» 810 ; van Weyssenhoff, ibid,, 1916, 51> 286 ; Keeaoni* 
P. Z„ 1914, 16, 8 ; Planck, D. p. Q., 1916, 17, 407, 438. 

2 B. B„ 1912, 141. 

» D. p. Q„ 1916, 18, 83. 
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formula with = 670, which would seem to increase the proba- 
bility that the energy is vibrational, since Nernst ^ has shown that, 
in the case of solid bodies, the mokcular motion is more correctly 
given by the Nernst-Lindemann (or still more accurately, by the 
Debye), formula, whilst the atomic vibrations are represented by 
the Einstein formula. 

An attempt to base the theory of rotational energy entirely on 
the quantum hypothesis was made by Einstein and Stern,® but the 
result is admitted to be unsatisfactory because it replaces the 
fixed frequency v in Planck’s equation by a mean rotational 
frequency, dependent on temperature : U,. = JId)® = 
where I is the moment of inertia, and U, = hDj{e^l^ ~ !)• 
Ehrenfest ® considered a molecule rotating about a fixed axis 
(one degree of freedom), and assumed that the rotational energy 
would change in multiples of \hv, since the total energy of an 
oscillator (half kinetic and half potential) changes in multiples of Jiv 

U, = |I(27rr)® = nhy/2 (n = 0, 1, 2, 3, . . . ) 

Vn — nhlinH (n = 0, 1, 2, 3, . . . ) 
and U/”) = »®h®/8:r®I. 

Thus, the molecule can rotate only with definite discrete speeds, r„, 
and hence possess definite rotational energies belonging to a series 
of values of n. The mean energy of Nq molecules is then calculated 
by an extension of a method used in the kinetic theory of gases. 
If the probability that a molecule has a rotational energy U/") at 
a temperature T is Wn, then the mean rotational energy is : 

U, = " 2“ U,(«) . w„. 

n «« 0 

The value of Wn, on the assumption that all the quantum states 
have the same a priori probability is * : 



w*. 

2 A, P„ 1913, 40, 661. 

5 D. p. (?., 1913, 16, 461. 

4 Planck, ** Tbeorie der WarmeBtrabiung,*’ 1921, p. 127. 



137 


267 


THE QUANTUM THEORY 


where a = Then dU^/dT gives the contribution to 

Cv of one degree of freedom of rotation. Ehrenfest then assumed 
that for a mcdecule with two degrees of freedom the contribution 
would be 2dUr/dT, and, by assuming a value of I, was able to 
reproduce Eucken's results fairly well. The curve of how- 
ever, passed through a maximum before the equipartition value 
was reached at high temperatures. Other calculations ^ led to a 
similar result. Reiche ^ used a model with two degrees of freedom 
(free axis), and assumed that the various quantum states had 
different d priori probabilities, which were taken into consideration 
by introducing a “ weight factor ’’ pn into the formula for Wn ' 


Wn^Pn-e 


' 0 


e 


When certain quantum states were excluded (p = 0), and the 
weight 2n was assigned to the nth quantum, the curve rose steadily 
with the temperature. The rotationless state (n = 0) receives the 
weight zero, i.c., does not exist, and this is regarded as evidence for 
rotation at the absolute zero. 

The table below gives the values of found experimentally 
by Eucken and those calculated (i.) by Einstein’s formida with 
= 430 ; (ii.) by the Nernst-Lindemann formula with = 
670 ; (iii.) by Nernst’s formula with a = 37 ; (iv.) by Reich’s 
formula. 


Table of Molecular Heats of Hydrogen (Internal). 


T. 

cJ,“‘obs. 

Calculated. 

(i.) 

(ii.) 

(Hi.) 

(Iv.) 

40 

0-00 

0-00 

0-04 



50 

0-03 

0-02 

0-11 


0-008 

80 

0-16 

0-26 

0-43 


0-18 

100 

0-44 

0-51 

0-67 


0-44 

196-5 

1-41 

1-34 

1-33 

0-74 

1-46 

273 

1-86 

1*61 

1-60 

0-91 



1 Holm, A. P., 1913, 42» 1311 ; Weyssonhoff, tdidf., 1916, 51, 286; Botazaln, 
fftici., 1918, 57, 81 ; Planck, X). p. (?., 1916, 17, 407; Fokker, A. P., 1914. 48, 
810. 

8 A . P., 1919, 58, 667. 

CX 8 
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The energy of the hydrogen molecule has been considered from 
the point of view of Bohr’s theory by T. Kriiger.^ He regards 
the hydrogen molecule as a minute gyrostat, the axis of which 
is the line joining the two positive nuclei, around which the two 
electrons are spinning in a perpendicular circular orbit midway 
between the nuclei. The result ^ is not wholly satisfactory if only 
two degrees of freedom are assumed, although Eucken’s value of 
fiv is approximately found. 

According to Bjerrum’s theory,^ molecular rotations appear as 
absorption lines in the infra-red spectrum, and it has been 
found ^ that the absorption spectrum of water vapour consists 
of two groups of lines, which agree with I = 0*96 X 10 ~ and 
I = 2*21 X 10 - 40. 

According to Bohr’s theory the angular momentum is quantised, 
and the frequency is then 

The effect of oscillation and rotation combined in the same 
dipolar molecule is to produce absorption bands corresponding 
with the frequencies {v^ + v) and (i'q — r), where v is one of the 
rotational frequencies in the very long-wave infra-red, and 
the oscillation frequency.® There will therefore be two extra 
lines, equidistant from the line in the absorption spectrum, 
due to each rotational frequency. Such lines have been found 
experimentally.*^ According to Imes the middle line (vq) is 
missing in the spectra of halogen hydracids, i.e., the molecules 
always rotate. 

138. Calculation of Chemical Constants from the Quantum 
Theory. — The calculation of the constant of integration in the 
equation of the reaction isochore [251] in terms of the sum of 
Nernst’s chemical constants (333) was an appreciable step in 
advance in the theory of chemical affinity. But the equations so 


1 A. P., 1916, 60, 346 ; 61, 460. 

2 Macdougall, J. A. C. 8„ 1921, 48, 23. 

8 Bjerrum. D. p, 0., 1914, 16, 640. 737 ; N, P., 1912, p. 90 ; Bahr, P. Jf., 1914, 
28, 71 ; Goldhammer, P. p. (?., 1914, 18, 707 ; Ehrenfesfr, P. p. P., 1913, 16, 
461 ; Epstein, P. p. P., 1916, 18, 398; P. Z., 1919. 20, 289; Kemble, P. P., 
1916, 8, 689 ; Reiche, A. P., 1919, 68, 667 ; Spence and Holley, J. Opt. Soc, 
Amer., 1923, 7, 169. 

4 Rubens, B, B., 1913, p. 613; Euoken, P. p, P., 1913, 15, 1169; Z» p, P., 
1922, 100, 169. 

6 Cf. Sommerfeld, ** Atombau und Sj^ktraUinien,*’ 3 Aufl., 1922, p. 613 ; also 
references given in Kap. 7 of this treatise. 

6 Rayleigh, P. M„ 1892,84, 410; Bjerrum, N. F., 1912, p. 90; A. Kratzer, 
Z. P., 1920, 8, 289, 460; Q. Hettner, Z. P., 1920, 1, 346 ; E. S. Imes, Astrophys , «/., 
1919, 60, 261 ; A. Haas, Z, P., 1921, 4, 68 ; E. W. Loomis, Astrophya. J., 1920, 
62, 248. 

7 B. von Bahr, P. p. P., 1913, 16, 731. 
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far given do not provide a complete solution of the problem of pre- 
dicting, from purely thermal magnitudes (heats of formation and 
specific heats) and universal constants, the behaviour of materials 
when placed together under specified conditions in the absence of 
passive resistances. The final step was taken in the case of 
monatomic substances by Sackur and by Tetrode,^ who were able 
to calculate (by methods which cannot be given here the value 
of i in terms of universal constants. If the temperature is reduced 
to such an extent that the atomic heat of the condensed phase 
becomes negligible in comparison with unity, then [330] becomes : 

lnj,= -|t+2-5lnT + i .... [329] 

since Cpr is zero for a monatomic substance, and the value of % is 
then given by : 

i = In (370) 

where m is the mass of the atom, k is Boltzmann’s constant 
(R/Nq, where is Avogadro’s constant), and h is Planck’s con- 
stant.® With numerical values (see below), and p in atm., this 
gives : 

C= - 1-589 + 1-5 log M (371) 

where M is the atomic weight, referred to the same standards 
as Nq. {k = 1-37 X 10 -16 ; A = 6*55 X 10 -2’ . = 6 06 X 

102® ; I atm. = 1013250 abs. units. ^) 

On the assumption that free electrons may be regarded as a monatomic 
gas (gaz plus que parfait, electrons mutually repellmg one another), then 
Cp = 6/2 . R, and the chemical constant may be calculated by (370) or (371) 
with M = 0 000544 : C = - 1-589 + 1*5 log M == — 6-4856. Substituting 
in [340], we obtain the relation : 

log K = - + 6/2. logT - 6-486 

1 S»okur. A. P., 1911, 87, 968; 1913, 40, 67 ; Tetrode, ibid.. 88, 434 j 1912, 
89, 266 ; Stern. A. P., 1914, 44, 497 ; Z. E., 1919, 25, 66 ; Br6dy, Z. P., 1921, 
6, 79. 

2 Statistical mechanics : see Planck, “ Theorie dec Wsrmestrahlung,” 4 Anfl, ; 
Tolman, J. A. C. S., 1920, 42, 2606 ; 1922, 44, 76 : P. S., 1918, 11, 261 ; Adams, 
J. A. C. S., 1921, 48, 1261 ; Fowler, P. M., 1923, 45, 497 ; Sohottky, P. Z., 
1921, 22, 1 ; Wereide, P. Z., 1916, 17, 62, 68. 

* On chemical constants (includine diatomic gases), of. Latimer, J. A. O, S., 
1921, 48, 819 ; Tolman, ibid., 1921, 866, 1692 ; Eastman, ibid., 1923, 45, 80 ; 

Sohames, P. Z., 1920, 21, 38 ; Br6dy, Z. p. C., 1921, 6, 79 ; Herzfeld, P. Z., 
1921, 22, 186; Planck, B. B., 1916, 663; Saoknr, A. P., 1911, 36, 968; 1913, 
40, 67, 87 ; Sohottky, P. Z., 1921, 22, 1 ; Stern, P. Z.. 1913, 14, 629 ; A. P., 
1914, 44, 497 ; Partington, P, M., 1922, 44, 988; 1923, 46, 329. 

4 See MiUikan, P. M.. 1917, 84. 1. 
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which gives the degree of ionisation of elements at any temperature and 
pressure when the ionising potential is known. ^ 

Examjjle, — Calculate the degree of ionisation of caesium vapour at 
10,000® K. and 1 atm. pressure, given that the ionisation potential of Cs 
vapour is 3*9 volts. 

If p is the pressure in atmospheres and x is the degree of ionisation, 
log px^/(l — a:^) = log K. Expressing the ionisation potential in calories, 
we have (p == 1) : 


log xV(l - a;*) = 


3-9 X 23 06 X W 
4-676 X 10,000 

17-864 


+ I log 10,000 -6-486 


a? = 8-6 X 10“*’% nearly. 


139. Gases at Very Low Temperatures. — A direct application 
of the quantum theory to the energy of gases at very low tempera- 
tures has been made by Nernst,^ who starts with two assumptions : 

(1) every gas when cooled at constant volume without condensa- 
tion reaches ultimately a state of vanisliingly small heat capacity ; 

(2) the diminution in heat capacity with fall in temperature occurs 
more rapidly the greater the density of the mass of gas taken. 

This theory is, however, regarded as much more hypothetical 
than the quantum theory of solids, and in any case the deviations 
from the gas laws would be appreciable only at very low (unattain- 
able) temperatures. 


EXAMPLES XVIII. 

1. Calculate the specific heat of Zn (/3v = 160) at 130° C., 280° C. and 
360° C., from Einstein’s formula. 

2. For MgOv (Debye) = 160-703 X lO^^ and v (Einstein) = 116-6056 X lO^^ 
Calculate the molecular heat of MgO at the following temperatures according 
to the formulae of both Debye and Einstein. The observed figures are due 
to Giinther (1916). 

(a) {b) (c) (d) (a) 

T°K. . . 39-2 42-6 62-7 66-8 81-2 

C^ obs. . . 0-038 0-096 0-161 0-391 0-982 

3. The frequency for copper y (Debye) = 658-281 X 10®. Calculate the 
atomic heat of copper at 69-66° K. and 89-38° K., using Delwe’s formula. 

4. Calculate the atomic heat of copper at 20-88° K. by the Debye formula 
and the Nemst-Lindemann formula, given By (Debye) = 323-6 and By 
(N, L.) = 321. 

6. Calculate the atomic heat of aluminium at 40° K. fiy (Debye) = 88. 

1 See Nerast, “ Gran<Uagen,** 1918, p. 164 ; Eggert, P, Z„ 1919, 80f 670 ; 
Saha, P. if., 1920, 40 » 472, 809, whose calculations are vitiated, however, by an 
error in the value of m ; also A. A. Noyes and Wilson, N, A„ 1922, 8> 303. 

2 “ Orundlagen des neuen W&rmesatzes,’* 1918, pp. 164 ff. ; B. B., 1919, 
118; of. Planck, ibid,, 1916, 663; Sackur, B., 1914, 47 , 1318; Keesom, P. Z., 
1913, 14 , 666 ; Sackur, Z, JE„ 1914, 20 , 663 ; Sommerfeld, “ Vortrage fiber die 
kineiische Theorie,** Teubner, 1914, p. 126 ff.; Brddy, Z. P., 1921, 6, 79. 
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6. The following table gives the atomic heat of Ag at various temperatures ; 

T(ab8.)= 35 46 77 100 200 216 242*4 

0^ = 1*68 2-47 407 4*86 6*78 601 6*64 

Plot the atomic heat against 

7. Find the approximate difference between and Cp for lead at 23® K. 
and 86*6® K., given Cp at 23® K. = 2*96 and Cp at 86-5® K. = 6-66, the melting 
point of lead being 327® C. 

8. The resonance potential of K is 1*65 volts, and the ionisation potential 
4*1 volts. Find the frequency and wave-length of the resonance line and the 
energy of the limit of the principal ionisation series. 

9. Calculate the wave-lengths of the first four lines of the Balmer series 

for hydrogen and compare with the following observed values : = 6663, 

= 4861, Hy = 4340, = 4102 (all in A units, 1 A = 10“^® m.). 

Find also the wave-length of the series limit. 

10. Assuming the atomic volume of a substance to be a linear function of 
the temperature calculate the atomic heat of iodine at 77® K., given that the 
atomic volume of solid Ij is 26*99 at — 38*85® C. and 27*2 at 17® C. (Dewar), 
and the melting point is 114® C. (Use Nernst-Lindemann formula.) 

11. The wave-length of the residual rays from NaCl was found by Rubens 

and Hollnagel as 61*1/* (/* == 10 cm.). Find the molecular heat at 0® 0. 

according to Einstein’s formula. 

12. The compressibility of aluminium is 1*4 X 10 cm®./kgm. wt., and 
the density 2*7, both at room temperature. Find the value of the fre- 
quency p. 

13. The density of iodine is 4*82 at the melting point 114® C. Find the 
atomic frequency. 

14. Assuming one moment of inertia of the HjO molecule to be 0*96 X 10 “ 
calculate the wave-lengths in ^ of the first four bands in the infra-red absorp- 
tion spectrum. 

16. Calculate the value of the chemical constant i for helium (atm. wt. = 4). 




SYMBOLS USED IN THE TEXT 


A Work ; sometimes atomic 

weight. 

A Angstrom unit = metre, 

A Compressibility coefficient. 
a van der Waals* constant ; 

also activity. 

a Coefficient of expansion ; 

degree of dissociation ; area. 
b van der Waals’ constant. 
p Coefficient of pressure ; also 

Nernst’s quantum constant 

= ^ = 4-77 X 10-“. 

C Current in amperes. 

C Concentration (= w/V). 

Ci,C„... Concentrations of initial 
substances. 

Cl', C 2 ',... Concentrations of pro- 
ducts of reaction. 

c Specific heat ; equilibrium con- 

centration (with subscript) ; 
sometimes velocity of light, 
c Mean specific heat. 

Cp Molecular heat at constant 

pressure. 

Cj, Molecular heat at constant 

volume. 

C Conventional chemical con- 

stant. 

D Normal density. 

d Total (or complete) differential. 

5 Infinitesimal change. 

A Molecular depression. 

0 Partial differential ; {dyldx)g 

= partial differential coeffi- 
cient of y with respect to x, z 
constant. 

E Electromotive force (E.M.F.) ; 

electrode potential ; mole- 
cular elevatibn. 

Eq Electroaffinity, 

c Charge on the electron 

(= 4-774 X 10-1® e.s.u.); 

sometimes the base of natural 
logarithms (= 2-718282), 


e Coefficient of elasticity. 

Isothermal coefficient of elasti- 
city. 

€q Adiabatic coefficient of elasti- 
city. 

V Coefficient of compressibility. 

F Faraday’s constant (— 96,500 

coulombs when 0 — 16). 

F Free energy. 

/ Function "of ; also activity 

coefficient ; free energy per 
unit mass. 

g Acceleration of gravity = 

981-194 cm./sec.2 at Kew. 

y Ratio of specific heats. 

7 ^, 7 ,, Thermal coefficients. 

r Heat capacity ; or adsorption 

excess. 

H Heat function at constant 

pressure (enthalpy). 

Planck’s constant (— 6*55 X 
10 erg sec.). 

I Integration constant of affinity 

equation ; moment of inertia. 

i van’t Hoff’s coefficient ; some- 


times the chemical constant 
(§ 122 ). 

J Mechanical equivalent of heat. 


K 

Equilibrium constant (= 

■(Cx'"^' 


X Cj'"® X . . 

.)/(Cx'*^ 

X C,"* 


...)). 



K 

= 1/K. 



K' 

Equilibrium 

constant 

(= 


(Px'”"' X 

X . . . 

■)/(Px’*^ 


X P," X . . 



K' 

= 1/K'. 




h Distribution coefficient ; Boltz- 
mann’s constant (gas con- 
stant per molecule) 1*37 x 
10~i® erg/l°C. 

L Latent heat per gram. 

Lg Latent heat of evaporation per 

gram. 

L/ Latent heat of fusion per gram. 
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Internal latent heat per gram. 
Lj Latent heat of sublimation per 
gram. 

Latent heat of surface exten- 
sion per square centimetre. 

Ip Latent heat of pressure change, 
/p Latent heat of volume change. 
In Natural logarithm or log^ ; 

In a; = 2-3026 log x. 
log Logarithm to base 10 or log^Q ; 

log X = 0-4343 In x, 

\ (Limiting density of gas)/ 

(normal density of gas) ; 

differential heat of saturation. 
Ag Molar heat of evaporation. 

Molar heat of fusion. 

\ Molar heat of sublimation. 

M Molecular weight. 

M one mol (i.e., one gram mole- 
cule). 

m Mass. 

fi Chemical potential per unit 

mass. 

fi Chemical potential per mol. 
n, N Number of mols. 

N Efficiency (= A/Q). 

No Avogadro’s constant, i,e., num- 
ber of molecules in one mol of 
gas, 6*06 X 10^*. (Loschmidt’s 
number is the number pcrc.o.) 
p Frequency, 

P Osmotic pressure or solution 

pressure. 
p Pressure. 

Pi, P 2 » • • * Partial pressures of 
initial substances of a reac- 
tion. 

Pi 9 Pi i • * - Partial pressures of 
final substances of a reaction. 
p^ Critical pressure. 

Po Vapour pressure of a pure 

liquid. 

ir Reduced pressure (= pjpc ) ; 
sometimes hydrostatic pres- 
sure. 


Reduced volume (= v/v^), 

Q,g Quantity of heat absorbed. 

Q Heat evolved (= — Q). 

Integral heat of solution. 

Qqq Heat of dilute solution. 

Differential heat of dilution 
(= dQJdx). 

Qg Differential heat of solution. 

R Molar gas constant (cf . § 34 for 
values). 
p Density. 

Pg Critical density. 

8 Entropy per unit mass ; 

sometimes concentration in 
gm./c.c., etc., as in §§ 90 ff. 

S Entropy, 

cr Surface tension. 

2 Sum of. 

J Integration. 

(J) Integration round a cycle. 

T Absolute temperature. 
t Time. 

Critical temperature. 

3- Reduced temperature (— T/T^ 

= 1/t). 

- TJT = i 

Q Temperature measured on any 
scale. 

u Intrinsic energy per unit mass. 

U Intrinsic energy, 

u Velocity of sound, 

v, V Volume. 

V Molar volume. 

Critical volume. 

W Weight. 

a?!, x^ Generalised co-ordinates. 

X|, Xt Generalised intensities. 
y Valency of ions. 

z I'hermodynamic potential per 
unit mass; sometimes atomic 
number. 

Z Thermodynamic potential. 


For very small quantities the following notation is sometimes used 
0'0e73 = 0*00000073 = 73 X lO*** 


and so on. 
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ANSWERS TO EXAMPLES 


Ex. I. (p. 8).— 1. 0-12156 cals. 2. 161-8 kg. cals. 8. c = 0-031590 + 
2-9234 X 10-« (T + Ta); Cp = 0-031590 + 5-8468 x 10-« T; Cp at 30° C. 
= 0-033362 nearly. 4, 87,137 gm. cals. 6. 0-2845 cals. ; C„ = 7-0963 + 
0-0060896T — 0-0522022T*. 6. Cu 0-093063 ; Pb 0-030379 ; Zn 0-09292 ; 

Cd 0-055784. 7. 16-75 kg. cals. 8. Cp = 8-6 -f 0-00957t ; 7-43 cals . ; 

I, 911 cals. 8-995 cals. 10. Cp (steam) = 0-449704 + O-O4336II9 4- 

0-0,11277fl»; Cp at 350° C. =0-473232. 11, 2-66 X 10"* gm. cals./atm. 

12. 67,921 gm. cals. 13. 6-194 cals. 14. 1058-4 kg. cals. 15. 6-67 cals. ; 
12,130 cals. 

Ex. II. (p. 17). — 1. J = 42,445- gm. cms. Corrected for air resistance, 
this becomes 42,394 gm. cms. 2. J = 4-216 x 10’ ergs, or, corrected for 
a vacuum, 4-212 x 10’ ergs. If g = 981-3 cm./sec.*, J = 42,923 gm. cms. 
3. 50,410 cals. ; 2-11 x 10” ergs. 4. 3,806 cals. 5, 5-066 X 10* ergs ; 
121-08 gm. cals. 6. 45-812 gm. cals. ; 1-9544 x 10® gm. cms. 7. 385-90 
gm. cals. 8. 1-7995 x 10^ eigs. 9. 9-968 x 10“ ergs. 10. J = 43,702 
gm. cms. 

Ex. III. (p. 27).— 1, 2-735 X 10* ergs. 2. 0-0145. 3. 5-08 X lO'® cal. 
perc.c. : 0-508 cal. 4. 46-3 cals. 5. 66-85 cals. 6. 0-2839. 7. — [jW/(» — 6)*] 
+ (2a/t’®). 8. 0-376 c.c. ; 9-081 c.c. 9. 8-825 X 10* gm, cal. perc.c. 10.2-414. 

II. — 12-47 cals. 12. 740 g. cals. ; 542 g. cals. 

Ex. IV. (p. 32).— 1. 118,000 cals. 2. QT = + 0-OOlT* = 12,010 -f 

0- OOIT®; Q,„ = 13.'''l<''.-..cals. 8. — 30-6 kg. cals. 4. Q» = 135,200 cals. ; 

Qiooo = 136,680 cals. 6. = 67,870 + 0-60T - 0-00065T* + 0-0,55T» ; 

Qv at 1,000° C. = 68,600 cals. 6. = 10,012 - 0-709 - 0-0,459® ; Qv 

at 800° C. = 9,164 kg. cals. ; at 1,000° C. = 8,524 kg. cals. 

Ex. V. (p. 43).— 6. 55-3%. 7. 1,484 cals. 8. 0-38. 9. 152-3 X lO" • 

atm.-i. 10. 1-57. 11. c„ = 0-05926. 12. c» = 0-088406 ; Cp/c, = 1-109. 

13. Simpli6cation of the expression given shows that the relation between 
Cp and p is Unear. 0-9 ; 1-00 ; 1-20. 14. 0-033458105. 15. 2,470 gm. cals, 
16. 0-0117 cal. ; 0-0036 cal. ; 0-0045 cal. 

Ex. VI. (p. 55).— 1. 3-41 ; 98-1. 2. 890 cals. ; 3,731 joules ; 6-805 X 

10’ gm. cals. ; 36-93 litres ; 0-3693 atm. 8. 1-36 X 10’® ergs ; 7-86 X 10’® 
ergs. 4. (1) 6-66 x 10’® ergs ; (2) 3-42 x 10’® ergs. 5. 1-0133 x 10® 
ergs ; 1-0333 X 10® gm. cms. 6. -y = 1-4016 ; 7 (corr.) = 1-4027 ; Cp = 
6-946 ; C„ = 4-962 ; C„® = 4-948. 7. - 164-4° C. 8. Cp = 6-82 ; C* = 

4-83. 10.1-42. 11. 1-45. 12. Cp/C* = 1-000 ;« = 1,432 m./sec. 18.7 = 

1- 402 ; 7 (corr.) = 1-403 ; Cp = 6-96(3) ; C« = 4-95(3). 14. Cp/C„ = 

1-302 ; C» = 6-768 ; Cp = 8-799. 15. 43-669. 

Ex. VII. (p. 66). — 1. 4,940 cals. 2. Cs : 18,300 cals, per mol ; K : 
20,760 cals, per mol ; Na : 25,130 cals, per mol. 3. 331 mm. ; 178° C. ; 
40-2 cals./gm. 4. Bertrand’s Eqn. : p (in cms.) = 18-68, 22-13, 26-18, 
30-60, 36-73, 42-12, 60-28, 68-91, 67-23, 78-26. Biot and Regnault’s Eqn. ; 
p (in cms.) = 18-68, 22-11, 26-13, 30-49, 36-67, 42-07, 50-23, 68-96, 67-48, 
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78-60. KirchhofiE’s Eqn. : p (in cms.) = 18-58, 22-11, 26-12, 30-47, 36-64, 
42-03, 60-21, 68-90, 67-46, 78-60. 5. Biot and Regnault’s Formula : 

p (in cms.) = 34-93, 41-68, 48-47, 64-06, 60-80, 66-84, 74-34. Bertrand’s 
Formula (n = 60; of. p. 60); p (in cms.) = 34-92, 41-72, 48*64, 
64-12, 60-82, 66-84, 74-41. Kirchhoff’s Formula ; p (in cms.) = 34-94, 
41-68, 48-49, 64-08, 60-81, 66-86, 74-34. 6. 97-9 cals. 7. Le at 6% 300 cals. ; 
at 10®, 296 cals. ; at 15®, 290 cals. ; assuming gas laws Lg = 326 cals. 
8 . 22,600 cals. 9. 45-13® C. ; 21-4 atm. ; 17,005 cals, per gm. 10. 0-0351® 
C. 11. 3,460 cals, per mol HgO ; 930 cals, per mol HjO, 12. 0-423 cals, 
per gm. 13. 14,880 cals. 14. 14,660 cals. 15. 8,196 cals, per mol. 
16. Ag = 14,452 cals. 17. c® = 0-028 ; pressure increase = 60 atm. 18. 97° C. 
19. Log. m = 8-789 ; log n = 3-3542. 

Ex. VIII. (p. 91). — 1. a = 74 X 10® ; 6 == 61-0 referred to c.c. as unit 
of volume and 1 atm. as unit of pressure ; R = 62-39 ; R = 82-09. 2. a 
13896*8; 6 == 2-1165 ; units -. 1 gm., 1 c.c., 1 atm. 3. 146-92; 

Pc = 35-29 atm. ; Vc == 3*96 c.c. per gm. 4. 6 = 1-818 ; a = 3177-68 

(units ; gm., c.c., atm.) ; pc = 0-1834 gm./c.c. 8. Hg ; a = 0*2108, b = 
0*01975 ; Ng -. a = 1-390, b = 0-03960 ,* COg : a = 3-601, 6 = 0-04275 ; NHg ; 
a = 4-015, 6 = 0*03696 ; SOg -. a = 3-367, 6 = 0-02829 (units *. gm., atm., 
litres). 9. Hg : 93-9® C. ; Ng : 36-9® C. ; COg ; 469® C. ; NHg : 710® C. 
11. 32-092. 12. Be == 248-73® C. (obs. value = 318-73® C.) ; Pc = 45*74 

atm. ; a = 249*012 ; b == 0-449055 (units ; atm., gm., c.c.). 14. 0*2324. 

19. CCI4 ; Le = 81*76 - 01013T ; n-CgHig ; = 185*64 - 0-3125T ; 

= — 39*6 -f 0-687T — 0-08893T* ; Trouton’s constants are 20*4, 20*7, 14*2, 
respectively. 

Ex. IX. (p. 104). — 1. Total pressure = 0*976 atm. ; partial pressure 
Ng = 0-76 atm. ; partial pressure Og = 0-2 atm. ; partial pressure of 
A = 0*0089 atm. 2. 73-1 cals./gm. 3. 199-6 cals./gm. 4, 69-5 cals./gm. 
5. 214-97 cals./gm. 6. 2-7® C. 7. 2-16 atm. ; a nearly 1% sobi. (0-986 gm. 
per 100 gm. CgHg). 9. 16-486 mm. 

Ex. X. (p. 123).—!. 0-312 cals, per 1® C. 2. 0-293 cals, per 1® C. 3. 36-64 
cals./l®C. 4. 34-66 cals./l® C. 5. 8-1 cals./l° C. 13. 63-17 litre atm. 
14. 19-64 litre atm. ; 61,424 cals. 15. 28-83 lit. atm. 16. — 6,498 cals. ; 
- 4,768 cals. 20. 17 cals./l® C. 22. 0-01 cals./l® C. 23. 11,920 cals. 
24. 390 cals. 26. 4-991 cals. 27. - 4-106 cals. 28. (as/0T)v = (1/T) 
(0u/0T)y == 0-000304 cals, per 1® C. 29. 6-12 cals. = 2-56 X 10® ergs ; 
cone. Og = 0-0084 mols/litre ; partial pressure = 0-2 atm. ; cone. Ng = 
0-034 mols per litre; entropy generated = 2-11 x 10“ cals./l® C. = 
8-83 X 10® ergs/l® C. 30. 0-3467 cals. 31. 0 0*676 atm. = 0-0437 mm. 
32. 92-32 gm. cals.; 0-347 gm. cals. 

Ex. XI. (p. 136).— 1. 16,630 joules. 2. aU = 8,930 cals. ; A = 16,043 
cals. 4. 60,235 cals. 5. 6,531-8 joules ; 1322-1 gm. cals. 6, — 16,000 cals. 
7. 66627-6 gm. cals. 11. Solubility per 100 gms. water ; 262-0 gms. at 
^° C., and 189-8 gms. at 10® C. ; observed values : 260-4 gms. and 
190-6 gms. respectively. 12. 6,880 gm. cals. 13. 16*38 kg. cals. 
16. Q = 332-4 + 1-366T - 4-37 . lO^^T® + 9*72. 10~«T® - 8-1 . 10“»T®,- 
418 gm. cals. ; 496 gm. cals. ; A = 332-4 — 3-143T log T + 6-677T + 
4-37 . 10"“®T* - 4-86 . 10“«T» + 2-7 . 10"“ ®T®. 

Ex. XII. (p. 140).— 2. 1*02 cals./l® C. 4. 4-63 cals./l® C. 5. 0-304 cals, 
per 1® C. 6. (a) aF = - 2273 - lOOS* cals. ; aZ = - 2074 - lOOSo 
cals. ; (b) aF = — 3121 — IOOSq cals. ; aZ = — 3002 cals. — IOOSq, 
where Sp is an arbitrary entropy constant. 7. aF = — 3978 — lOOS* 
cals. ; aZ = — 3779 ~ IOOSq cals., Sq being an arbitrary entropy 
constant. 8 . aF = — 3978 cals. — I^Sq ; aZ « — 3779 cals. 



ANSWERS TO EXAMPLES 269 

100 So» So being an arbitrary entropy constant. 10 « 1*61 lit. atm. ; 1*61 
lit. atm. 

Ex. XIII. (p. 167).— 1. 38,530 cals. 2. (i.) 9,880 cals. ; (ii.) 23*87% 
COa ; 23*87% H, ; 26*13% HaO ; 26*13% CO ; (iii.) about 650® C. ; 
(iv.) 58,120 cals. 3. Q = — 20,090 cals. Berthelot found — 21,600 cals. ; 
0‘98%. 4. 93,680 cals, per atom Oj. 5. 44,000 cals, and 21,345 cals. 

6 . 90,000 cals, per atom O^. 7. 2,940° K. 9. 1,300 cals. 10. 10,060, 

12,280, 11,470 cals, absorbed ; K at 900° = 0*2222. 11. (i.) 8*2 X 10 - ; 

(ii.) 53%. 12. 42,520 gm. cals. ; 747° C. 13. 1,461 cals, per mol. 14. (i.) 
7*31 X 10“* «%; (ii.) 7*31 X lO" «%; (iii.) 7*08%; (iv.) 1*77% ;(v.) 42 X 
10 “ atm. ; (vi.) 2,600° K. 15. 39 kg. cals. 16. Q = [6,582 p (v - 20*7)]/T, 
where v = vol. of 0* in c.c. per mol at p and T. 17. 34,340 cals. 
18. 16,270 cals. ; 17,260 cals. 19. Q = — 86,883 cals. ; — 43,480 cals. ; 
In K = 7 - (9,451/T) ; 46%. 

Ex. XIV. (p. 183).—!. 0 * 04819 . 2. 15,930 cals. 8 . 0*116, 0*205, 0*196, 
0*203. 4. 0*1276 mols/litre. 5. m = 2,n = l,k = 1*47 approx. 6. 17*24 mm. 

7. 0*0109 gm. 8. 0*0301. 9. 6,828 cals. 10. - 2*2 cals./l® (evolved). 

11. 107,100 cals, (absorbed). 13. 29*25 cals. ; d log (po/p)/dT = 0*00136 ; 
14*73 cals.; 9 log (p/po)/9T = 0*000684. 14. = 760*4683m - 

10*130416 m* -f 0*0447491 ; Qd = dQ^/dx = (1*07007 ~ 0 02851m + 

0*0001889m*)( 100 — m)®. 15. For pure water d In P/dT = Q/RT* ; hence for a 
saturated solution d lnp/<fT = (Q — 1)/RT*. Now T In P/p is a linear function 
of temperature ; let T In P/p = aT + 6 , so that In P/p = a -|- 5/T. By 
direct subtraction we have d(ln P/p)/dT = {d In P/dT) — (d Inp/dT) = 1/RT*. 
Comparing this with d(ln P/p)/dT obtained by differentiating In P/p = 
a -h b/T, we see that I ^ bR = constant. 16. 0*1243 c.c. 28. 4*63, 
0*808,’ 0*107. 30. %C 4 H 4 = 68*5, 4%. 31. 71*3% ; 71*2% ; 71*1%. 

32. 8*36, 19*90, 27*38, 36*46, 61*22% CCI 4 . 33. 16*5, 32*2, 69*2, 77*1 ; 
94*4, molecular % C 4 H 4 . 34. (i.) 12*23 cm. ; (ii.) 1*6 cm. ; (iii.) C 4 H 5 CI 
1*32 cm., C 4 He 5*04 cm. 35. 27 mm. ; 4 water to 1 nitrobenzene. 0*596 mol 
CeHgCl 4- 0*404 mol CeH^Br ; (a) 0*0137 and 0*9863 ; (b) 0*9927 and 

0*0073 ; 0*67 mols bromide to 0*33 mols chloride. 37. 0*82 ; 0*14. 39. 
CjC, ~ = 0*39. 40. 90*23° C. 41. Molecular % CeH^ in mixture of 

maximum vapour pressure = 8*35 ; vapour pressure of this mixture = 
308*43 mm. P == 272*1, 277*0, 281*0, 286*8, 288*4, 293*9, 301*1, 304*9, 
307*0 mm. 42. P = 760*4, 769*3, 759*3 mm. 43. 142*16° C., 73*64%. 

Ex. XV. (p. 199).— 1. CCI 4 : - 42*639 ; Et,0 : - 36*066 ; C 4 H 4 : 

- 46*3 ; C 4 H 5 CI : - 46*904 ; N, : - 17*6 ; 0, : - 20*28 ; all in dynamical 
units. 2. Uinergs:— CCI 4 ; -30*319; EtjO : - 21*006; C 4 H 4 : -27*14; 
C 4 H 5 CI : - 39*764 ; N, ; - 9*33 ; O* : - 4*03. 3. 3*5 nearly. 4. No. 
5. 1*99, hence liquid HI is a practically non-associated liquid. 6 . No. 
7. Diethyl tartarate: r X lO-i® = (a) 6*1460; (b) 6*7480; (c) 5*3660; 
(d) 4*4800; (e) 4*1090; (f) 3*1630; (g) 2*2900; (h) 1*6690; (k) 1*1140; 
(1) 0*6646. Diethyl malonate : r X lO^i* « (a) 12*6160 ; (b) 8*4590 ; 
( 0 ) 6*9470 ; (d) 5*4470 ; (e) 4*4260 ; (f) 3*4160 ; (g) 2*2760 ; (h) 1*2090 ; 
(k) 0*7058; (1) 0*3360. Diethyl succinate: r X 10""i<» = (a) 11*690 ; 

(b) 8*126 ; ( 0 ) 6*667 ; (d) 6*596 ; (e) 4*665 ; (f) 3*360 ; (g) 2*468 ; (h) 
1*627 ; (k) 0*8958 ; (1) 0*4664. 8 . n = 1, 1; « 0-2 ; n == 3-7, k = 0*26. 
9. n = 1. A; = 0*15 ; n = 2*1, k = 0*2. 10. 184*79 mm. 

Ex. XVI. (p. 211). — 1. — 1,259 cals.; 9,500 joules per equivalent. 
2. (i.) 920*6 joules; (ii.) 7866*6 joules; (iii.) 6*43 cals. ; (iv.) free energy 
change = heat of reaction = 7866*6 joules. 4. 10 x 10 ~ • gm. ion 

r r mre. 5. 0*0014223 volt/l° 0. 6 . -f 0*1061 volt ; -f 0*1336 volt. 

125,817 joules. 8 . Latent heat = — 69,360 joules ; Az «= 276,920 
joides ; Q = 345,280 joules. 10. — * 66,600 joules/equivaient. 11. 18,000 
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gm. cals. 12. Az = 26,119 cals. ; As = 11*2 cals./l®C. ; PAgCl == ® ^ 10~** 
atm. 13. + 0-0098 volt ; — 0’0061 volt ; 946-7 joules ; 492-16 joules; 
14. 1-6 X 10 mols/lit. ; 6 X 10“*® atm. 15. (a) 819 joules; 

(b) 1,081 joules ; (c) 466 joules ; (d) 120 joules. 18. Free energy decrease 

in joules (i.) at 25° C. : (a) 195,256, (b) 200,630, (c) 203,679, (d) 206,826, 

(e) 210,916 ; (ii.) at 30° : (a) 193,846, (b) 199,328, (c) 202,396, (d) 205,609, 
(e) 209,778 ; (iii.) at 35° ; (a) 192,447, (b) 197,985, (c) 201,180, (d) 204,366, 
(e) 208,659. The value of o X 10* — (a) — 1448-0 ; (b) — 1279-0 ; 

(c) - 1274-0 ; (d) - 1133-4 ; (e) - 1087-6. The value of x 10* = 

(a) -f 1-0, (b) + 3-8, (c) -4- 4-7, (d) — 4-7, (e) + 1-7. Heat content decrease 
at25°C. in joules: (a) 279,627, (b) 277,130, (c) 281,036, (d) 276,711, (e) 
279,296. 17. A, 0-155 ; B, 0-0915 ; C, 0-1626 ; D, 0-061. 18. 2-63 volts ; 
1-86 volts. 19. Yes ; E = — 0-5632 and — 0-6640 volt respectively. 
The observed E for Cu metal — ► Cu" = — 0-6640 volt. 20. 12,348 cals. 

Ex. XVII. (p. 232).— 1. At - 6°, A = 1-4 cal. ; at - 20°, A = 5-6 cal. 
3. 5-2%. 4. 0-1 mm. 6. (a) 3 log x = - 26200/T -f 1-75 log T - 0-9 ; 

(b) 3 log X = — 25200/T + 1-75 log T — 1-2 ; % dissociation = 0-0012, 

0-0090, 0-040,0-88. 8. 1403° K.; obs. 1428° K. 9, 632° K.; obs, 600° K. 
10. 0-648 volt. 11. 4,180 cals, per mol. 12. A = - 130 + 0-0044T®. 

Ex. XVIII. (p. 260).— 1. 0-0899, 0-09066, 0-09071. 2, Einstein == 

(a) 0-0005, (b) 0-0024, (c) 0-0180, (d) 0-099, (e) 0-307. Debye = (a) 0-038, 

(b) 0-096, (c) 0-1605, (d) 0-291, (e) 0-658. 3. (i.) 2-67, (ii.) 3-43. 4. (i.) 

0-1249, (ii.) 0-080. Observed value at 20-88° K = 0-1247. 5. 4-73. 

Observed value 4-72. 7. 0-0097, 0-097. 8. v = 3-771 X 10* ; \ = 

7965 A units ; 6-53 X 10 “ ergs. 9. 6,604, 4,824, 4,369, 4,129 ; 3,670 A. 
10. 4-394. 11. 6-.598. 12. 6-7 x 10“ 13. 1-64 x 10“. 14. 10-8, 11-6, 

12-4, 13-3 M. 15. 0-69. 
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AcOtTMULATOR, 210 
Activity coefi&cient, 167 
Adiabatic change, 15, 51, 89 
Adsorption, 197 ; excess, 198 ; iso- 
therm, 198 

Affinity, 145 ; calculation of, 136, 
218 ; effect of temperature on, 151 
AUotropic changes, 64, 217 
Andrews’ diagram, 73 ; experi- 
ments, 73 

Aschistic process, 13, 15 
Association in liquid state, 80, 81, 
197 

Atmosphere, 22 
Atom, structure of, 245 
Atomic heat, 7, 239, 241 ; number, 
246 

Avogadro’s law, 48, 97 


Babo’s law, 100, 175 
Bacon’s theory of heat, 12 
Balmer series, 246 
Bergmann series, 246 
Berthelot, characteristic equation of, 
72, 85 ; principle, 214 ; -Thomsen 
rule, 134, 145, 153 
Binary liquid mixtures, 178 
Bjerrura’s theory of specific heats, 
257 

Bohr’s atom, 245, 256 

Boiling point of dilute solutions, 99 ; 

rules of Ramsay and Young, 61 
Boltzmann’s constant, 235 
Boltzmann’s theory of energies of 
gas molecules, 234 ; of energy of 
solid, 238 

Bound (unavailable) energy, 110 
Boyle’s law, 45 ; (for solutions), 97 


Cailletst and Mathias, rule of, 58, 
78 

Callendar, characteristic equation of, 
91 

Caloric, 12 


Calorie, gram, 3 ; mean, 3 ; 16® 
mean, 22 ; zero, 3 
Calorimeter, copper, 6 ; vacuum, 6 
Capacity for heat, 1 
Carnot’s cycle, 35 ; theorem, 39 
Centigrade degree, 40 
Characteristic equations, 23, 71 ; 

functions, 121 ; radiation, 246 
Charles’s law (for gases), 47 ; (for 
solutions), 97 

Chemical constants, 221, 258 ; cal- 
culation of, 224 

Chemical energy, 12 ; equilibrium, 
142 ; potential, 160 
Clapeyron’s equation, 40 
Clapeyron- Clausius’ equation, 67; 

reduced, 81 
Clark cell, 217 

Clausius’ characteristic equation, 90 
Clement and Desormes’ experiment, 
50 

Coefficient of compressibility, 24, 55 ; 
of elasticity, 24 ; of expansion, 20, 
49 ; pressure, 49 
Combustion of carbon, 149 
Components of system, 176 
Concentration cells, 206 
Concentration, free, 142 ; volu- 
metric molar, 142 
Condensed systems, 228 
Consecutive reactions, law of, 115 
Conversion of heat into work, 33 
Corresponding states, 76 
Co-volume, 72 

Critical constants, 73, 76 ; point, 
123 ; temperature of mixed 
liquids, 182 ; state, conditions 
for, 74 

Crystallisation, 194 
Crystals, entropy of, 228 
Cycle, 20 ; isothermal, 38, 107 
Cyclic process, 13 


Daniell cell, 134 
Davy’s experiments, 12 
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Debye’s theory of solid etate, 261 
Decomposition voltages, 134 
Degradation of energy, 109 
Degrees of freedom, 127, 177, 236 
Demon, Maxwell’s, 114 
Density, of liquid mixtures, 182 ; 
normal and limiting, 63, 86 ; of 
saturated vapour, 68 
Depression of freezing point, 101 ; of 
solubility, 169 
Despretz, rule of, 81 
Dieterici, characteristic equations of, 
91 

Differential, equations, 118 ; perfect 
(or complete), 14, 17 
Diffusion of gases, 139 
Dilute solid solutions, 170 
Dilute solution, boiling points of, 
99 ; freezing points of, 101 ; va- 
pour pressure of, 97 
Dilution laws, 164 
Dirichlet, theorem of, 121 
Dissipation of energy, 109 
Dissociating gas, specific heat of, 166 
Dissociation, heat of, 61, 164 ; con- 
stant, 164 ; of ammonium hydro- 
sulphide, 226 ; of carbon dioxide, 
149 ; of metallic oxides, 226 ; of 
nitrogen tetroxide, 164 ; of steam, 
166, 226 

Distribution, coefficient of, 168 ; law, 
167 

Duhem-Margules’ equation, 181 ; 

Lehfeldt’s modification of, 187 
Dulong and Petit, law of, 7, 238 
Dyne, 10 


Efficiency of heat engine, 38 ; of 
refrigerator, 40 

Einstein’s theonr of thesolidstate,241 
Elasticity, coefficient of, 24 ; of ideal 
gas, 62 

Electrification, influence on surface 
tension, 199 

Electro-affinity, 202, 204 
Electrode potential, 202 
E.M.F. of reversible cell, 207 
Electron gas, 269 

Energy, 11 ; available, 109, 110, 
121 ; bound (unavailable), 110 ; 
conservation of, 14 ; dissipation 
of, 109 ; forms of, 12 ; free, 110 ; 
of gas molecules, 234, 264 ; in- 
trinsic, 13 ; unavailable (bound), 
110 ; units of, 22 


Enthalpy, 26 

Entropy, 106, 110, 117, 229; at 
absolute zero, 228, 230; of crystals, 
228 ; of ideal gas, 138 ; ot solid 
solutions, 230 ; and temperature , 
108 

Equation of state, 23 
Equilibrium, 34, 118, 120 ; box, 
143 ; constant, 144 ; in gases, 
142, 220, 224 ; in solutions, 160 
Equipartition law, 236 
Erg, 10, 22 
Euler’s criterion, 17 
Eutectic point, effect of pressure on, 
66 

Expansion, coefficient of, 20; of 
gas, 109 


Faraday, 133 

First law of thermodynamics, 12 

Fluids, 20 

Force jf unctions, 121 

Forcrand’s rule, 82 

Free energy, 110, 118, 121 ; of ideal 
gas, 138 ; measure of affinity, 146 ; 
surface, 190 

Freezing points of dilute solutions, 
101 

Frequency (y), 239, 249 ; depend- 
ence on elastic properties, 249 ; 
dependence on melting point, 249 

Fuel cells, 161 

Fusion, latent heat of, 8, 63, 260 


Gas, cell, 227 ; characteristic equa- 
tion of, 71, 90 ; coefficient of ex- 
pansion of, 49, 83 ; coefficient of 
pressure of, 49, 83 ; compression 
of, 16 ; constant, 48 ; density of, 
53 ; ideal, 46 : 

adiabatic expansion of, 51 ; 
adiabatic volttme change, 89 ; 
entropy of, 138 ; free energy of, 
138 isothermal expansion of, 
49, 128 ; mixture, 139 ; specific 
heat of, 89 ; thermodynamic 
potential of, 138 ; 
law, 47 ; limiting density of, 63 ; 
thermometer corrections (van der 
Waals’), 70; (Berthelot), 87; 
temperature scale, 48 ; velocity of 
sound in, 61, 88 
Gaseous equilibria, 224 
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ChuBes, quantum theoir and, 254 
Gay Lussao and Charles, law of, for 
gases, 47 ; for solutions, 97 
Generalised co-ordinates, 129 
Generalised intensities (forces), 
129 

Gibbs, adsorption equation of, 1§7-^ 
-Helmholtz equation, 127^ 130; 
-Konovaloff rule, 180 ; phase rule 
of, 176 [ 

Gram-centimetre, 22 
Guthrie, vapour-pressurJs equation 
of (mixed liquids), 189 


Heat, of admixture of liquids, 182 ; 
capacity, 1 ; content, 27 ; of di- 
lute solution, 171 ; of dilution, 
174 ; of dilution, differential, 172 ; 
of dissociation, 61, 154 ; engine, 
34 ; of evaporation of mixed 
liquids, 182 ; function, 27, 121 ; 
of hydration of salts, 62, 153 ; of 
ionisation, 205 ; latent, 7, 19, 23 : 
of evaporation, 8, 67, 69 ; as 
function of temperature, 60 ; of 
expansion, 19 ; of fusion, 8, 63 ; 
of cells. 111, 136 ; of surface ex- 
tension, 196 ; 

mechanical equivalent of, 10, 26 ; 
of precipitation, 206 ; of reaction, 
29, 135, 145, 216 ; of saturation, 
differential, 172 ; of solution, 171 ; 
of solution, differential, 172 ; of 
solution in saturated solution, 
130 ; specific, 1, 19, 23 : 
at absolute zero, 229 ; of com- 
pounds, 253 ; difference of, 4, 
25, 41, 88 ; melting point 
and, 241 ; pressure and, 42 ; 
temperature and, 241 ; of 
gases, 4, 89, 234, 254 ; disso- 
ciating gases, 156 ; (tables), 
237 ; and quantum theory, 
254 ; ratio of, 4, 23, 49, 90 ; 
of saturated vapour, 122 ; of 
solutions, 175 ; of solids, 6, 238, 
240; 

total, 27 ; theorem of Hemst, 
214 ; unit of, 2 
Henry, law of, 94 
Hertzian oscillator, 243 
Hess, law of, 29 

Heterogeneous reactions, 153 ; and 
, Nemst’s theorem, 221 

0.T 


Him, equation of, 72 
Hydration of salts, 62, 163 


lOB, type, 64 ; latent heat of, 63 
Impact radiation, 246 
Independent variables, 118 
Indicator diagram, 20 
Internal energy of gas molecule, 236 
Internal latent heat, 67 
Intensities, 122, 129 
Intrinsic energy, 13 ; of surfaces, 
196 

Inversion curve, 86 ; point, 70, 78, 
84 

Ionisation, 164, 248 ; of metallic 
vapours, 269 ; potentials, 247 
Inversibility, conditional, 33 ; in- 
trinsic, 33 

Irreversible changes, 33, 112, 116 
Isenergic change, 16 
Isochore, 72, 161 

Isomeric (tautomeric) changes in so- 
lution, 132 

Isothermal changes, 15, 117 ; expan ^ 
sion of gas, 49, 110. 


JoxJLB (unit), 22 ; effect, 70 ; (van 
der Waals), 84 ; (Berthelot), 88 ; 
experiments on mechanical 
equivalent of heat, 11, 17 ; law of, 
32, 46 ; extension of, 140 ; Joule- 
Thomson effect, 47, 69, 78 ; (van 
der Waals), 84 ; (!]^rthelot), 89 


Kelvin (Thomson), rule of, 133 
Kinetic theory of gases, 234; of 
solids, 238 

Kirchhoff, equation of, 29 ; vapour 
pressure equation, 60 ; (solutions), 
174 

Konovaloff (Gibbs), rule of, 180 


Laplaoe-Poisson equation (velocity 
of sound), 52 

Latent heat, 7, 19, 23 ; of evapora- 
tion, 8, 57, 59 ; as function of 
temperature, 60 ; of expansion, 
19; of fusion, 8, 250 ; internal, 

57 ; of cells. 111, 136 ; surface 
extension, 196 
Lead accumulator, 210 
Le Chatelier, law of reaction of, 162 

t 



274 


INDEX 


Liquefaction of gases, 71 
Litre atmosphere, 22 
Luther’s rule, 208 
Lyman series, 246 


Mass action, constant, determina- 
tion of, 147 ; law of, 144 ; in solu- 
tion, 162, 164, 165 
Massieu’s characteristic functions, 
121 

Maximum work, 108, 111, 216; 
equation of, 127, 130 ; law of 
(Berthelot), 145, 214 ; of gas 
reactions, 142, 147 
Maxwell’s demons, 114 ; equipar- 
tition law, 235 ; relations, 119 ; 
rule, 79 

Mayer’s calculation, 11, 26 
Megabar, 22 

Melting point, 8, 63, 249 ; effect of 
pressure on, 64 ; and specific 
heat, 241 ; effect of surface ten- 
sion on, 193 

Mixed liquids, critical temperature 
of, 178, 182 ; density of, 182 ; 
heat of evaporation of, 182 
Mixing of ideal gases (reversible and 
irreversible), 112, 139 
Mobile equilibrium, law of, 152 
Molecular heat of solid, 32 ; volume, 
86 

Molecular weight determinations, 53, 
99, 103, 170 
Motivity, 121 
Moutier’s theorem, 38 


Nbbhst’s heat theorem, 214, 228, 
230 ; and cells, 217, 227 ; and 
dissociation, 226 ; and gaseous 
equilibria, 218, 224 ; and hetero- 
geneous reactions, 221 ; and 
vapour pressures, 218 
Nemst-Lindemann specific heat for- 
mula, 242 

Nemst’s theory of galvanic cells, 203 
Newton (velocity of sound), 52 
Normal density, 53 ; substances, 81 ; 
variables, 127 


OFnoAL spectra, 245 
Osmotic pressure, 94, 101, 192 
Ostwald mlution law, 132, 164 


Oxidation electrodes, 208 
Oxy-hydrogen cell, 209, 227 


Partial pressures, law of, 94, 140 
Partition law, 167 
Passive resistance, 115 
Perpetual motion, 12, 13 
Phase rule, 176 

Photochemical equivalence, law of, 
244 

Photoelectric effect, 244 
Planck’s constant (A), 239, 243, 248 ; 
equation for saturated vapour, 
122 ; radiation formula, 243 ; 
statement of Nemst’s theorem, 
228 

Porous plug experiment, 69 
Potential, chemical, 160; dynami- 
cal, 120 ; thermodynamic, 118 
Pressure, critical, 74 ; physical con- 
stants and, 82 

Probability and entropy, 117, 229 


Quantum (e), 239 ; theory, 239 ; 
application to gases, 254 ; second 
theory, 248 


Eadiation, 243 ; oharaoteristic, 
246 ; continuous (or impact), 246 ; 
density, 243 ; formulae, 243 
Eamsay, and Shields, equation of, 
196 ; and Young, rule of, 61 
Eaoult, vapour pressure law of , 99 
Reaction isochore, 161 ; applications 
of, 154 ; for solutions, 163 ; iso- 
therm, 144 ; applications of, 149 
Rectilinear diameter, law of, 68, 78 
Reduced Berthelot’s equation, 86 ; 
equation of state, 76 ; pressure, 
temperature and volume, 76 
Reduction electrodes, 208 
Reeoh’s theorem, 23 
Refrigerator, efficiency of, 40 
Relativity, 11 
Residual rays, 249 
Resonance potentials, 247, 248 
Resonator, linear, 239 
Results of thermodmamics, 230 
Reversible cells, 133 
Reversible heat of solution in satu- 
rated solution, 130 
Reversible process, 83 
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Hobin’s theorem, 186 
Koozeboom’s theorems, 186 
Bosanoff’s vapour-pressure equa^ 
tion, 189 

Botational energy, 234, 264 
Rumford’s experiments, 12 
Rutherford’s atom, 246 


Salt hydrates, 62, 63, 163 
Saturated solution, vapour pressure 
of, 173 

Saturated vapour, specific heat of, 
122 

Second law of thermodynamics, 37, 
116 

Selectively permeable septa, 95, 113, 
144 

Single electrode potential, 202 
Solid solutions, dilute, 170 
Solubility, 94 ; depression of, 169 ; 
pressure and, 176 ; surface ten- 
sion and, 193 ; temperature and, 
130 

Solution, boiling point of dilute, 99 ; 
chemical equilibrium in, 160 ; 
chemical potential of dilul^, 161 ; 
freezing point of dilute, 101 ; heat 
of, 171 ; metal in acid, 110 ; os- 
motic pressure of dilute, 94, 96, 
101 ; pressure, 203, 206 ; specific 
heat of, 176 ; solid, 170 ; vapour 
pressure of dilute, 97 
Specific heats. See Heat. 

Stability of equilibrium, 120 
Statistical mechanics, 116, 269 
Strong electrolytes, 166 
Sublimation, 102 
Sulphur type of fusion, 66 
Supersaturation, 193 
Surface, energy, 12, 190, 196 ; exten- 
sion, latent heat of, 196 ; tension, 
190 ; and electrification, 199 ; 
melting point and, 193 ; physical 
constants and, 195; solubility 
and, 193; vapour pressure and, 
190 


Tatttombbio (isomeric) changes, 132 
Temperature, absolute, 36, 39 ; 
critical, 74 ; gas scale of, 48 


Thermal coefficients, 22, 24, 83 ; re- 
lations of liquid mixtures, 182 
Thermochemistry, 29 
Thermodynamic potential, 118 ; of 
ideal gas, 138 ; of solutions, 162 
Thermometer, gas, 49 ; correction 
for, 70, 87 

Thomsen-Berthelot principle, 134, 
146, 163 

Thomson (Kelvin) rule, 133 
Transformation of heat into work, 
34 

Transition in cells, 136 ; of sulphur, 
217 ; temperature, 64, 133, 135 
Triple point, 102, 178, 186 
Trouton’s rule. See Despretz’s rule. 


Units, conversion table of, 22 ; heat, 
2 ; work, 10, 22 


VAN DUB Waals’ equation of state, 
72 ; vapour pressure equation, 60 
Van’t Hoff’s boiling point equation, 
101 ; factor, 104 ; freezing point 
equation, 103 ; law of mobile 
equilibrium, 162 

Vapour pressure, determination of, 
63 ; of dilute solutions, 97 ; equa- 
tions, 60, 81, 189 ; low tempera- 
tures, 218 ; reduced, 79 ; satu- 
rated solution, 173 ; surface ten- 
sion and, 190 

Velocity of sound in gas, 61, 88 
Viscosity, effect on conductivity, 164 
Voltaic cells, 133, 206, 207, 217, 227 
Volume, critical, 74 


Wobstyn’s law, 32 
Wohl’s equation of state, 91 
Work units, 10, 22 ; of expansion, 
16, 20 ; adiabatic, 61 , (disso- 
ciating), 167 
Working substance, 36 


X-BAY spectra, 246 


Zbbo, absolute, 39 
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